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‘Columns and Struts

. 19.1. INTRODUCTION

Column or strut is defined as a member of a structure, which is subjected to axial
-~~ompressive load. If the member of the structure is vertical and both of its ends are fixed
~..igidly while subjected to axial compressive load, the member is known as column, for example
& vertical pillar between the roof and floor. If the member of the structure is not vertical and
" ue or both of its ends are hinged or pin joined, the bar is known as strut. Examples of struts
“are : connecting rods, piston rods etc.

8.2, FAILURE OF A COLUMN
The failure of a column takes place due to the anyone of the following stresses set up in
ue columns ; .
(i) Direct compressive stresses,
(i) Buckling stresses, and
(i) Combined of direct compressive and buckling stresses.

19.2.1. Failure of a Short Column. A short column of uniform cross-sectional area A,
_subjected to an axial compressive load P, is shown in Fig. 19.1. The compressive stress induced

. . given by : p
) o {_
=

If the compressive load on the short column is gradually increased, a
-~tage will reach when the column will be on the point of failure by crushing.
+he stress induced in the column corresponding to this load is known as crush-
Jing stress and the load is called crushing load.
: Let P, = Crushing load,
g, = Crushing stress, and
A = Area of cross-section.
I

P,

Then o, = Iﬂ .

All short columns fail due to crushing. Fig. 19.1

. 19.2.2. Failure of a Long Celumn. A long column of uniform cross-sectional area A and
of length{, subjected to an axial compressive load P, is shown in Fig, 19.2, A column is known as

A ~ng column if the length of the column in comparison to its lateral dimensions, is very large.

‘ssuch columns do not fail by crushing alone, but also by bending {also known buckling) as shown

808 .

COLUMNS AND STRUTS 809

in Fig. 19.2. The load at which the colunn just buckles, is known as buckling
load or critical just or crippling load. The buckling load is less than the crush-
ing load for a long column, Actually the value of buckling load for long columns
iz low whereas for short columns the value of buckling load is relatively high.
Refer to Fig. 19.2.
Let { = Length of a long column
P = Load (compressive) at which the column has just buckled
A = Cross-sectional area of the column
2 = Maximum bending of the column at the centre

P
g, = Stress due to direct load = —

A
. Pxe
o, = Stress due to bending at the centre of the column = 7z
where Z = Section modulus about the axis of bending. p
The extreme stresses on the mid-section are given by | Fig. 19.2

Maximum stress = g, + T,
and Minimum stress = o, — 0.

The column will fail when maximum stress (i.e., g, + 0;) is more than the crushing
stress o,. Butin case of long columns, the direct compressive stresses are negligible as compared
to bucklmg stresses. Hence very long columns are subjected to buckling stresses only.

19.3. ASSUMPTIONS MADE IN THE EULER’S COLUMN THEORY

The following assumptions are made in the Euler’s column theory :

1. The column is initially perfectly straight and the load is applied axially.

2. The cross-section of the column is uniform throughout its length. '

3. The eolumn material is perfectly elastic, homogeneous and isotropic and obeys Hooke's

law.
4. The length of the column is very large as compared to its lateral dimensions.

5. The direct stress is very small as compared to the bending stress.
6. The column will fail by buckling alone.
7. The self-weight of column is negligible.

19.4. END CONDITIONS FOR LONG COLUMNS

In case of long columns, the stress due to direct load is very small in comparison with
the stress due to buckling. Hence the failure of long columns take place entirely due to buck-
ling (or bending). The following four types of end conditions of the columns are important :

1. Both the ends of the column are hinged (or pinned).

9. One end is fixed and the other end is free.

3. Both the ends of the column are fixed.

4. One end is fixed and the other is pinned.

For a hinged end, the deflection is zero. For a fixed end the deflection and slope are zero.
For a free end the deflection is not zero.
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19.4.1. Sign Conventions. The following sign con- B

ventions for the bending of the columns will be used :

1. A moment which will bend the column with its
convexity towards its initial central line as shown in
Fig. 19.3 {a) is taken as positive. In Fig. 19.3 (a), AB
represents the initial centre line of a column, Whether the
column bends taking the shape AB' or AB", the moment
producing this type of curvature is positive.

2. A moment which will tend to bend the column
with its coneavity towards its initial centre line as shown
in Fig. 19.3 (b) is taken as negative.

&
)
&
c
S

o

TI T T T

A
{a) Pasitive (b} Negative

Fig. 19.3

19.5. EXPRESSION FOR CRIPPLING LOAD WHEN BOTH THE ENDS OF THE
COLUMN ARE HINGED

The load at which the column just buckles (or bends) is called crippling
load. Consider a column AB of length! and uniform cross-sectional area, hinged
at both of its ends A and B. Let P be the crippling load at which the column
has just buckled. Due to the crippling load, the column will deflect into a curved
form ACB as shown in Fig. 19.4.

Consider any section at a distance x from the end A.

Let y = Deflection (lateral displacement) at the section.

The moment due o the crippling load at the section = — P . ¥

(- ve sign is taken due to sign convention
given in Art. 19.4.1}

2
But moment =Ei g_y .
P
Equating the two moments, we have

2 2
EI%%:—P.y or EI%x%+P_y=o

Fig. 194
d’y P
> @t T E e

The solution™* of the above differential equation is

y=0C .cos (x \/%J +C, . 5in (x \/%] D)

\x{here C, and C, are the constants of integration. The values of C, and C, are obtained as
given below :

*The equationd—zy-t-ﬁ x y = { can be written asd—zy + oy = 0 wh 2. £ £
2 22 y = ere ot = pr or o=y
The solution of the equation is y = C; cos (o x) + C, sin (o x)

=, cos ix_‘nc + €, sin f—xx = ﬁ
1 VET 2 VEr o=V
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(i) At A, x =0 and y = 0 (See Fig. 19.4)
Substituting these values in eguation (i), we get
0=C,.co80°+C,sin 0
=C;x1+C,x0
= Cl
C =0 (i)
(i) At B, x = and y = 0 (See Fig. 19.4).
Substituting these values in equation (i}, we get

P ! P
0=0C,.cos Ix i +C,.sin|tX '
P
=0+0C,.sin I E
= C, sin {11}%] ...(iE1)

From equation (i), it is clear that either C, =0

As C, =0, then if C, is also equal to zero, then from equation Eywewill get y = 0..Th?s
means that the bending of the column will be zero or the column will not bend at all. Which is

(vcosO=1andsin0=0)

[ C, = 0 from equation ({i)]

not true. .
' P
in|l,j=|[=0
sin ( i J
=sin 0 or sin mor sin 2x or sin 3n or ...
l i'—001':&701'2ru:.1*3nor
or VEL ©
Taking the least practical value,
P
] 'E"f =T
2 .
n Kl
or = O ..(19.1)

19.6. EXPRESSION FOR CRIPPLING LOAD WHEN ONE END OF THE COLUMN
IS FIXED AND THE OTHER END IS FREE

Consider a columnAB, of length{ and uniform cross-sectional area, fixed at the end A and
free at the end B. The free end will sway sideways when load is applied at free end and curvature
in the length ! will be similar to that of upper half of the column whose both ends are hinged.
Let P is the crippling load at which the column has just buckled. Due to the crippling load P, the
column will deflect as shown in Fig. 19.5 in which AB is the original position of the column and
AB', is the deflected position due to crippling load P. ’ ’

- Consider any section at a distance x from the fixed end A.
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Let y = Deflection (or lateral displacement} at the section

a = Deflection at the free end B.
Then moment at the section due to the crippling load = P (@ - ¥}
(+ve sign is taken due to sign convention given in Art. 19.4.1)

. d2y
But moment is also =ETI Tt
. Equating the two moments, we get
d2y .
Efi—5=Pla~-yy=P.a~-P.
o la~y) a ¥
42
or EI&x—é’+P.y=P.a
d?y P P

or (A)

Ef'ﬁ.y:E - T,
The solution® of the differential equation is

¥=C,.cos [Jﬁ/%] +C, . sin (xdfpf] +a )

where C| and C, are constant of integration. The values of C; and C, are obtained from

" boundary conditions. The boundary conditions are :

(@) For a fixed end, the deflection as well as slope is zero.

d
Hence at end A (which is fixed), the deflection ¥ = 0 and also slope -&% =0.

HenceatA,x=0andy=0
Substituting these values in equation (@), we get
0=C .cos0+C,sin0+a

=Clx1+sz0+a (v c080=1,8n0=0)
=C,+a
C,=-a )]
At Ax:Oandd—y=0.
’ dx

Differentiating the equation @) w.r.t. x, we get

@y NMal 7 [T
dx—Cl.(—l)sm(x\/_E—;J. T, +Czcos(x AR EI+0

*The equation {4) can be written as
d* P P

I A SV . 2.t I
dx2+& Xxy=a xav&hereot—EIora o
. . 2xa
The complete solution of this equation is ¥ = C, cos (¢ . x} + C, sin (a0 . %) + 3
@

7 P
=Cicos | Y7 *F |+ Cysin [y 77 *¥ i va
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-C. 1#% sin {x1 }-%J +Cy. "% cos (x"EPTJ

d
Butat A,x=0and Exx =0,

. The above equation becomes as

ozuci.J% sin®+C, "E% cos O
P P _ P
=—C-“}E x0+C2.JEI xl—CZJEI .

From the above equation it is clear that either C, = 0.

} P !
—_— = 0.
or %I .

But for the crippling load P, the value of JI?}" cannot be equal to zero.

- Cy=0.
Substituting the values of ¢] = - a and C, = 0 in equation (i), we get

y=—e.cos [x\f%] + a. . R ¢213)

But at the free end of the column, x = and y = a.
Substituting these values in equation (i), we get

a=—-a.cosi], }i +a
EI

fP P
= I, |—= . = =0
or Q a.cos[ EI} or a.cos (l EI}

But ‘@’ cannot be equal to zero

; P 0 T 3n 3.4 o
—1=40= = — — Or....
cos | . il cos 5 oFr COS 2 or cos 5

PO .4
.E_zorzorz ......

Taking the least practical value,

P L. /_P_ -
VEr T2 " NE T w
2
n“EI
or P= #412 ..{19.2)

19.7. EXPRESSION FOR CRIPPLING LOAD WIEN BOTH THE ENDS OF THE
COLUMN ARE FIXED

Consider a column AR of length ! and uniform cross-sectional area fixed at both of its
"endsA and B as shown in Fig. 19.6. Let P is the crippling toad at which the column has buckled.
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Due to the crippling load P, the column will deflect as shown in Fig. 19.6.
Due to fixed ends, there will be fixed end moments (say M) at the ends A
and B. The fixed end moments will be accting in such direction so that slope
at the fixed ends becomes zero.

Consider a section at a distance x from the end A. Let the deflection
of the column at the section is y. As both the ends of the column are fizxed
and the column carries a crippling load, there will be some fixed end mo-
ments at A and B.

Let M, = Fixed end moments at A and B.

Then moment at the section = M, — Py

2

. d
But moment at the section is also = ET dx_g

-. Equating the two moments, we get

dzy
EI‘E =M0—P.y

2
or EI%+P.3’=MO

. dzy P M, ’
_ (A
or a2 TEY T Er : A
Mo JP_P M

*PTE P
The solution* of the above d1fferent1a1 equation is

fP fP M
y:CI.COS[x' EJ+CZ.sin(x' E‘IJ"’?D .{f)

where C| and C, are constant of integration and their values are obtained from boundary
conditions. Boundary conditions are :

FyAtA,x=0,y=0and als % =0 as A is a fixedend.

() AtB,x =1,y ="0and also % = 0 as B is also a fixed end.

*The equation (A) can be written as
d¥y My P P
Z 2 i Y
e tatxy = gy where o =FF O e=4pr
The complete solution of this equation is

y=Clcos{u.—x)+Cﬁsin(a.x)+'m

=C, cos £-xx + €, sin —xx + My

=Creos | Y7 2P W Er BT x Lo
Er

_ i . P My

C, cos[rx EI]+Czsm(xxm]+ P
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Substituting the value x = 0 and y = 0 in equation {i), we get

M
0=Clx1+02x0+~—P} (- cos0=1)
M,
=G+ %
M ’ : :
== 5 ‘ D)

Differentiating the equation {{), with respect to x, we get

ﬂ_ JP ’P ’P P
dc (= 1)sm(x EI} +C,cos | x. %I N +0
P P
=-C, sm[ ) Bl +C, cos[x JE‘}—) K

Substituting the value x = 0 and -d—i’ = 0, the above equation becomes
P .
0=—C'1><0+sz1x1HEf {( sin0=0andcos0=1)
P
=G EI -

, P
From the above equation, it is clear that either C, = ¢ or S 0. But for a given

crippling load P, the value of | EI cannot be coual to zero,
C,=0.

Now substituting the values of C| = - and C, = 0 in equation (i), we get

LM P, Y
==p cos(x EI]+ P AL

At the end B of the column, x =l andy = 0.
Substituting these values in equation (iii), we get

My [P, My
0=— P cos{l, Ef_]+ P
M



- as shown in Fig, 19.7.
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l.‘—;—[ =0, 2x, 4%, 6, ...

Taking the least practical value,

i, P =2 P= 2EI (19.3}
o S om or =R ..(19.

- 19.8. EXPRESSION FOR CRIPPLING LOAD WHEN ONE END OF THE COLUMN IS
' FIXED AND THE OTHER END IS HINGED (OR PINNED;

: Consider a column AB of length ! and uniform cross-sectional area

- fixed at the end A and hinged at the end B as shown in Fig. 19.7. Let P is

_ the crippling load at which the column has buckled. Due to the crippling

_oad P, the column will deflect as shown in Fig, 19.7.

There will be fixed end moment (M} at the fixed end A. This will

" try to bring back the slope of deflected column zero at A. Hence it will be
" acting anticlock wise at A. The fixed end moment M, at A is to be bal-
- anced. This will be balanced by a horizontal reaction (H) at the top end B

Consider a section at a distance x from the end A.
Let y = Deflection of the column at the section,
M, = Fixed end moment at A, and
H = Horizontal reaction at B.
The moment at the section = Moment due to crippling load at B
+ Moment due to horizontal reaction at B

=—P.y+H.{l-x)
But the moment at the section is also
a2 ¥
=El —%
2
Equating the two moments, we get
d2
Efdx—§=—P.y+H<z-x}
. d?
" or _Erﬁw.y:mz_x)
) d®y P .
or (l x} (Dividing by EI) ...(A)

VR E
P P H(l—x)_

(l J:)XF E[. P

LUMNS A '
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The solution* of the above differential equation is

P . P
y=C, cos (x ‘}E] + O, sin (x\ E] + % I~z - (D)

where C; and C, are constants of integration and their values are obtained from boundary
conditions. Boundary conditions are :

(@) At the fixed end A, x = 0, y = 0 and also % =0
(ii) At the hinged end B, x =l and y = 0.
Substituting the value x = 0 and ¥ = 0 in equation (i), we get

H H.l
0=Clx1+C2x0+?(l—0)=C +-—-};—-
H
Cl=—"15" A ()

Differentiating the equation (i) w.r.t. x, we get

dy [P /P P [P _H

_C i

d (- 1) sin {x EIJ +Cyc05 (. EI 2P
. P P P H
“Clsm(x'\lm}dﬁ“*cz‘m("wfﬁ]- WP

d;
AtA,z=0and Ey = 0.
P H .
(}=—C3'1_><0-1-C2 1 E—F (v sin0=0,c080=1)
P H H |EI
CNgr—F " G PNT
H
Substituting the values of C 7 land C, = % % in equaticn (1), we get

—~§~-lcosx£+£ ﬂ xﬁ E(l
Y=-F - )P AP N NE TP YT

*The equation (4} can be written as

d?y H P P
a2y S 2 I
2+01.ny[(! Jp)wherecz—E[ L

The complete solution of this equation is
H{-x)
Bl « o

P H (-2
=, cos Elxx +C, sin E}xx + 5T [i)
. EI
’ ’ H
=C cos(xx EI]d—Czsin{XK -gl-}-i-?(lﬁx)

y=C,cos(o.x)+ Cysinfa. x}+
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" Attheend B,x=landy=0.
Hence the above equation becomes as

__H [Py, H [EL Pl . H
0= Plcos[l ﬁ}JrP P sm(l EJ+P(Z_1)
H { p H |EI P
==7 I cos VJ-E—I]+F -f)—sm[l EJH)
H [EI _ Py H P
or 7 7 sin [l -—I—J— 7 { cos (l —Iu)

or tan},’{f":.—.
(EI I

The solution to the above equation is, I . = 4.5 radians

£
El
Squaring both sides, we get

P
2. =452=20.25

" EI
EI
P=20.25 l_g
But approximately 20.25 = 212
2n” Bl

= -.-(19.4)

19.9. EFFECTIVE LENGTH (OR EQUIVALENT LENGTH) OF A COLUMN

The effective length of a given column with given end econditions ie the length of an

equivalent column of the same material and cross-section with hinged ends, and having the

valge of the erippling load equal to that of the given column. Effective length is also called
equivalent length.

Let L, = Effective length of a column,
! = Actual length of the column, and
P = Crippling load for the column.
Then the crippling load for any type of end condition is given by
_ nEl
=73 .-{19.5)

2

The crippling load (P} in terms of actual length and effective len, - [ i
J 1 gth and alsp the relation
between effective length and actual length are given in Table 19.1.

COLUMNS AND STRUTS R 819
TABLE 19.1
S.No. End conditions Crippling load in terms of Relation between
of column effective length
Actual length Effective length and actial length
, n*El n*El
1. | Both ends hinged 7 L2 L,=1
1
2 2
n“El neEl
2. } One end is fixed Pre) —E2— : L,=2
e
and other is free
3 | Both ends fixed an’El AZEl P
. th ends fixe ==
o 12 Le2 L]
4P EI n2El L. L
4. | One end fixed and 7 L2 = g
other is hinged

There are two values of moment of inertia i.e., I,and I .

The value of 7 (moment of inertia) in the above expressions should be taken as the least
value of the two moments of inertia as the column will tend to bend in the direction of least
moment of inertia. -

19.9.1. Crippling Stress in Terms of Effective Length and Radius of Gyration.
The moment of inertia (I) can be expressed in terms of radius of gyration (k) as

I = Ak? where A = Area of eross-section.
As I is the least value of moment of inertia, then
k = Least radius of gyration of the column section.
Now crippling load £ in terms of effective length is given by
2Bl n%E x AR (o I=AKD

P: L2 = LB

anxAzanxA

e
PR k

And the stress corresponding to crippling load is given by
_ Cripplingload _ P

...(19.6}

Crippling §tress — hen T A
= E?EL;JZ {Substituting the value of P}

(%)
= il (187
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19.9.2. Slenderness Ratio. The ratio of the actual length of a column to the least
radius of gyration of the column, is known as slenderness ratio.

Mathematically, slenderness ratio is given by
Actual length I
Least radius of gyration ~ &

Slenderness ratio = ...(19.8)

19.10. LIMITATION OF EULER’S FORMULA
From equation (19.6), we have
2B

(%)

2
For a column with both ends hinged, L, = . Hence Crippling stress becomes as = ng

Crippling stress =

I
where z s slenderness ratio.

N Y A T -
If the slenderness ratio (a.e., E] is small, the crippling stress (or the stress at failure)

will be high. But for the column material, the crippling stress cannot be greater than the
crushing stress. Hence when the slenderness ratio is less than a certain limit, Euler’s formula
gives a value of crippling stress greater than the crushing stress. In the limiting case, we ean
find the value of I/£ for which crippling stress is equal to crushing stress.

For example, for a mid steel column with both ends hinged,
Crushing stress = 330 N/mm?
Young’s modulus, £ = 2.1 x 10° N/mm?2.

Equating the crippling stress to the crushing stress corresponding to the minimum value
of slenderness ratio, we get

Crippling stress = Crushing stress

2 2 5
~E 2.1x 10
or —5 =330 or 2T XT0 =330

) )

; (i)
gf w2 x 21 10°

{ h) = e = 6282

!
3= V6282 = 79.27, say 80.

) Hence, if the slenderness ratio is less than 80 for mild steel column with both.ends
hinged, then Euler’s formula will not be valid.

) Problem 19.1. A solid round bar 3 m long and 5 cm in diameter is used as a strut with
* both ends hinged. Determine the crippling (or collapsing) load. Take E = 2.0 % 105 N/mm?®.
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Sol. Given :
Length of bar,
Diameter of bar,
Young’s modulus,

I =3 m = 3000 mm
d=5c¢m=50mm
£ = 2.0 x 10° N/mm?

Moment of inertia, I= G_IEL x 5% = 30.68 cm* = 30.68 x 10* mm?*

Let P = Crippling load.
As both the ends of the bar are hinged, hence the crippling load is given by equation
(19.1).
n2El  x? x 2 x 10° x 30.68 x 10*
P=—p—= 2
{ 3000
= 67288 N = 67.288 kN. Anms.
Problem 19.2. For the problem 19.1 determine the crippling load, when the given strut
is used with the following conditions :
() One end of the strut is fixed and the other end is free
(ii} Both the ends of strut are fixed
(iii) One end is fixed and other is hinged.
Sol. Given :
The data from Problem 19.1, is I = 3000 mm, diameter = 50 mm, E = 2.0 x 10° N/mm?
and I = 30.68 x 104 mm.
’ Let P ;ACrippling load.
i) Crippling load when one end is fixed and other is free

) ) 22El af x 2% 105 x 30.68 x 10*
Using equation (19.2), P= T 1 30002

= 16822 N. Ans.

Alternate Method _
The crippling load for any type of end condition is given by equation (19.5) as,
2
w B _ )
L, :

P=

where L, = Effective length.
The effective length (L} when one end is fixed and other end is free from Table 18.1 on

page 819 is given as
L, = 21 = 2 x 3000 = 6000 mm
Suhstituting the value of L in equation (1), we get
2 5 4
p_ = x 2 x 10° % 3068 x 10 - 16822 N. Ans.
6000%
(i) Crippling load when both the ends are fixed

. . p 4Bl 4% x 2 x 10° x 3068 x 10*
Using equation (19.3), == = 30002

. =269152 N = 269.152 kN. Ans.
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Alternate Method

. . n’El
Using equation (19.5), P = 5
e
where L, = Effective length

= ,% {when both the ends are fixed)

= ‘3%(“}9 (. [ =3000)

= 1500 mm '
2 105 4

p=T % 2.0 x 10” % 30.68 x 10 - 268152 N. ‘Ans.

1500
(i) Crzpplmg load when one end is fixed and the other is hinged
2n? EI _ 2xn® x2.0x 10° x 30.68 x 10*

U tion (19.4), P =
sing equation ( ), 30007

= 134576 N.  Ans.

Alternate Method

: 2
EI
Using equation (19.5), P = EL -

e

where L, = Effective length

T when one end is fixed and the other is hinged)

T
x?x 0x105x306sx104
P= = 134576 N. Ans.

(M
&)
Problem 19.3. A column of timber section 15 cm x 20 em is 6 metre long both ends being
fixed. If the Young's modulus for timber = 17.5 kN /mm?Z, determme
() Crippling load and
(1) Safe load for the column if factor of safety =
Sol. Given :
Dimension of section
Actual length,
Young’s modulus,
(i) Let P = Crippling load
Using equation (19.5), we get

n2El
L 2

(4

O/—\

!i

=15 ¢cm x 20 em
{ =6 m=86000 mm
E =17.5 kN/mm?

P= D)

where L, = Effective length

DS | o

(when both the ends are fixed)

)

e
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= —6—020—0 = 3000 mm (-

I = Least value of moment of inertia
Moment of inertia of the section about X-X axis,

15 x 20° Al
IJC’{ = T = 10000 Cm4

= 10000 x 10* mm?* ;
And moment of inertia of the section about

{ = 6000 mm)

Y-Y axis,
3
Iy= @—;‘ZE— = 5625 cm*
= 5625 x 104 mm*, L I ST o X
Since Iy is less than Iy, therefore the column 20 om

wiltl tend to buckle in Y-Y direction.

And the value of [ will be the least value of the
two moment of inertia.

I = 5625 cm? = 5625 x 10% mm*
Substltutmg the values of I = 5625 x 10* mm* I

Y
and L = 3000 mm in eguation (I), we get . . .
2 4 17.5 x 5625 x 10* T 188 ’
mo % < x X
P= 3060 = 1079.48 kN. Ans.
(i) Safe load for the column
Factor of safety =3.0 {given)
Crippling load ~ 1079.48 _
.. Safe load = Factor of safely 3 = 359.8 say 360 kN. Ans.

Problem 19.4. A hollow mild steel tube 6 m long 4 em internal diameter and 6 mm thick
is used as @ strut with both ends hinged. Find the crippling load and safe load taking factor of
safety as 3. Take E = 2 x 10° N/mm?.

Sol. Given :

Length of tube, {=6m=:600cm
Internal dia., d=4cm
Thickness, t=5mm=05cm

-. External dia., D=d+2t=4+2x05=4+1=5cm
Young's modulus, E =2 % 10° N/mm?
Factor of safety =3.0

Moment of inertia of section, [ = é (Dt -

n
=21 {625 — 256) = 18.11 em?* = 18.11 x 10¢ mm?

Since both ends of the strut are hinged,
Effective length, L, = I = 600 cm = 6000 mm
Let P = Crippling load

4y T 4 447 end
ah 64[5 4% em
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Using equation (19.5), we get
w2 Ef
L2
m? % 2.0 x 10% x 18.11 x 10*
60002
Crippling load 9930
Factor of safety =730
Problem 19.4 (). A simply supported beam of length 4 metre is subjected to a uniformly

distributed load of 30 EN/m over the whole span and deflects 15 mm at the centre. Determine
the crippling loads when this beam is used as a column with the following conditions :

(i) one end fixed and other end hinged

(ii) both the ends pin jointed.

Sol. Given :

Length, L = 4 m = 4000 mm

Uniformly distributed load, w = 30 kN/m = 30,000 N/m

30,000
~ 1000

Deflection at the centre, 8 = 15 mm.

For a simply supported beam, carrying U.D.L. over the whole span, the deflection at the
centre is given by,

=9929.9 say 9930 N. Ans.

And safe load = =3310N. Ans.

(Annamalai University, 1990)

N/mm = 30 N/mm

] wx L
T 384" T EI
or 15 B, 30x4000%
384 ET
5 30x4000*
“384 15
5  3x256 2

2 1B_Z 13 2
_384X 1 x 10 —3x10 N mm?Z.

(i) Crippling load when the beam is used as a column with one end fixed and other end
hinged.
The crippling load P for this case in terms of actual length is given by equation (19.4) as

97 « BT

7T where [ = actual length = 4000 mm

P:

2xnlx 2 x 10%8
= ‘“‘W— = 8224.5 kN. Ans.

{#1) Crippling load when both the ends are pin-jointed
This is given by equation (19.1) in terms of actual length as

95 x EI

P= —F where [ = actual length = 4000 mm

alx 2 x 1012 .
= %o = 4112.25 kN. Ans.
4000
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Problem 19.5. A solid round bar 4 m long and 5 cm in diameter was found to extend -
4.6 mm under a tensile load of 50 kIN. This bar is used as a strut with both ends hinged. Determine
the buckling load for the bar and also the safe load taking factor of safety as 4.0,

Sol. Given :

Actual length of bar, L = 4 m = 4000 mm

Dia. of bar,d = 5 em

- Areaofbar, A= g x 52 = 6.257 cm? = 6.25r x 102 mm? = 625x mm?

Extension of bar, 8L = 4.6 mm

Tensile load, W = 50 kN = 50000 N.

In this problem, the values of Young's modulus (E) is not given. But it can be calculated
from the given data.

Tenstile load
Tensile stress _ [W—]
Tensile strain Extension of bar
( Length of bar ]

- Young’s modulus, E=

Lead
St =
( ress =

and strain = ali)
L

L 50000 4000

- ~ \ ,
5L 6 ag = 2214 x 10* N/mm?.

Since the strut is hinged at its hoth ends,

Effective length, L, = Actual length = 4000 mm
Let P = Crippling or buckling load.
Using equation (19.5), we get

2
p-= F;'I
L=
2 4 n 4 4
n* x 2214 x 10° x — x 5% x 10
= 64 ( =2 x5t x 10t mm4]
4000 = 4000 64

= 4189.99 say 4190 N. Ans.
Crippling load 4190
= Factor of safety 4

And safe load = 1047.5 N. Ans.

. Problem 19.6. A hellow alloy tube 5 m long with external and internal diameters

40 mm and 25 mm respectively was found to extend 6.4 mm under a tensile load of 60 kN. Find

the buckiing load for the tube when used as a column with both ends pinned. Also find the safe

load for the tube, taking a factor of safety = 4. (AMIE, Summer 1989)
Sol. Given :

Actual length, L =5 m=5000 mm

External dia., D =40 mm
Internal dia., d =25 mm
Extension, 8L = 6.4 mm
Tensile load, W=60kN=60,000N

Safety factor =4
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E (D2— g = % (402 — 252) = 766 mm?

o T pa oty 2 TS apt_ oRd
.Momentofmertla, 1_64 €2, d)_64 (40 - 254}

Cross-section area, A=

T

x :
L - L = 4
=51 (2560000 — 390625) 6d * 2169375 = 106500 mm

The value of Young’s modulus is obtained as given below

%)
_ Tensilestress | A
” Tensile strain ( 8L ]

L

60,000
[ 766 ]H 60,000 N 5000
= od =766 64 = 6.11945 x 104 N/mm?

(5%
Since the column is pinned at both the ends.
- Effective length, L, = Actual length = 5000 mm
Let P = Buckling load
Using equation (18.5), we get

nEI ® x 611945 x 10* x 106500
L2 50002
Buckling load 2573
= Factor of safety Ty

Problem 19.7. Calcuidate the safe compressive load on a hollow east iron column (one
end rigidly fixed and other hinged) of 15 cm external diameter, 10 cm internal diameter and
10 m in length. Use Euler’s formule with a factor of safety of 5 and E = 95 kN/mm?.

(AMIE, Winter 1981)

= 2573 N. Ans.

And gafe load =643.2 N. Ans.

Sol. Given :

External dia., D =15 cm

Internal dia., d = 10 em

Actual length of column, [ = 10 m = 10000 mm
Factor of safety = 5.0° .
Young’s modulus, E = 95 kN/mm? = 95000 N/mm?
Moment of inertia of hollow column,

=g DF-dh= o (154~ 109 = T (50625 - 10000)
= 1994.175 cm* = 1994.175 x 10! mm*
Since one end of the column is fixed and other end is hinged.
‘ 10000
J2

Let P = Crippling load. ' !

- Effective length, L, =

i~
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Using equation (19.5), we get

nZEl
P =
L?
72 x 95000 x 1994.175 = 10* ( 10000
- o L=—
J2

10000]2

J2

22 x 95000 x 1994.175 x 10* x 2
10000 x 10000

Crippling load  373.95

“ Factor of safety 5

Probliem 19.8. Deterﬁine Euler’s crippling load for an I-section joist 40 cm x 20 cm x
1 em and 5 m long which is used as a strut with both ends fixed. Take Young’s modulus for the
Jjoist as 2.1 x 105 N/mm?.

= 373950 N = 373.95 kN |

But safe load =74.79 KN. Ans. '

hd 1
Sol. Given : 2*—-20 Cm—:-"*“_'f i:"l
Dimensions of I-section = 40 cm x 20 cm x 1 cm 1 T
Length actual, { = 5 m = 5000 mm i
Young's modulus, £ = 2.1 x 10% N/mm?2, |
Moment of inertia of the section about X-X axis, i
Iy = MLO.L of rectangle of dimension ) X ! X 40 b
20 cm x 40 cm — M.O.L of rectangle of dimension !
[(20- 1), (40 -1 1)] —*;‘—‘Cm
1 1 i
i pgs_ — 3
= g bd 2 b,d, ! n
1 3 1 3 [ E i fmv_
:EX2OX40—EX19X38 v EOCm—P!
(v b, =19,d, =38) Fig. 19.9
= 19786 cm*.

Similarly the moment of inertia of the section about Y-Y axis
Iy =M.O.IL of rectangle of dimension {38 x 1)
+ M.O.I of two rectangles of dimension (1 x 20)

-1 1
- = 3 ol 3
_12x38x1 +2x12x1x20

= 3,166 x 1333.33 = 1336.5 cm*.
- Least value of the moment of inertia is about ¥-Y axis.
7 =1336.5 cmm? = 1336.5 % 10* mm*
As both the ends of the strut are fixed

~. Effective length, L = =—— =2500mm
Let P = Crippling load.
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Using equation (19.5), we get

2Bl w? x21x 10° x 13365 x 10*
Lr " 25007

- = 4432080 N = 4.432 MN. Ans.

Problem 19.9. Determine the crippling load for a T section of dimensions 10cm x10cm x2em
“and of length 5 mowhen it is used as strut with both of its ends hinged. Take Young’s modulus,
"E=2.0x10°N/mm?.

Sol. Given : |q—___;i1o cm—+] il
Dimensions of T-section= 10 cm x 10 em x 2 ¢ | fg o
Length actual, I = 5 m = 5000 mm K3
Young’s modulus, E = 2.0 x 10> N/mm?2.

I
i
|
First of all, calculate the C.G. of the section. The given | X
... -section is symmetrical about the axis ¥-Y, hence the C.G. of ) 10 cm
{
' y
|
|

l the section will lie on Y-¥ axis.
AI—'L

P=

Let 7'= Distance of C.G. of the section from bottom
end.

For the flange, we have a, = 10 x 2 = 20 cm? 2em-s| | e
¥, = Distance of C.G. of area a, from the bottom end Iy
=8+1=9ecm Fig. 19.10

For the web, we have a, = 8 x 2 = 16 em?

8
¥o = Distance of C.G. of area a, from bottom end = 3= 4 cm

. . = MYy Y4y
Using the relation, ¥ = Gyt an
20x9+16x4 180 +64
=T 20+16 3§ ~6TMem

Moment of inertia of the section about the axis X-X,

3 3
; _(10"8 +20x2.2232]+(%~+16x2.7772J

xx- 12
= (6.667 + 98.834) + (85.333 + 123.387) = 314.221 cm*.
Moment of inertia of the section about the axis ¥-Y,

_2x10% 8x28

T Ty T
Least value of moment of inertia is about Y-¥ axis
- =172 em* = 172 x 10¢ mm?
Since the strut is hinged at both of its end
. Bffect length, L, = I = 5000 mm
Let P = Crippling load
Using equation {19.5), we get

= 166.67 + 5.33 = 172 cmn®.

P 2Bl n? x2.0x10% x 172 x 10* 1358057 N, An
TLE T 50007 = O, A
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Problem 19.10. Calculate the Euler’s critical load for o strut of T-section, the flange
width being 10 cm, overall depth 8 cm and both flange and stem 1 em thick. The strut is 3m
long and is built in at both ends. Take E = 2 x 10° N/mm?. (AMIE, Winter 1990)

Sol. Given : :

Actual length, { = 3 m = 3000 mm

Value of E = 2 x 105 N/mm?*

The dimensions of T-section are shown in Fig. 19.10 (a). First of all, caleulate the C.G.
of the section. The given section is symmetrical about the y-y axis.

Hence the C.iz. will lie on y-y axis.

Let ¥ = Distance of C.G. of the section from the bottom end.
For the flange a, = Area of flange = 10 x 1 = 10 cm?
¥, = Distance of C.G. of area @, from the bottom end
1_
=7+ 3 = 7.5 em.

For the stem or web, a, = Area of stem =7 x.1 = 7 cm?
¥, = Distance of C.G. of area a, from the bottom end

=%=3.5cm

Y

i
fe———10cm f
-~ rFy [}
[¢ ! Flange |
o HEORL
1
|

!
e ; Stem or Web
gem ; e
¥=5.85cm i
¥ _ ¥ ¥ _._I
1jcm
ly
Fig. 19.10 (a)
Gy Xy +agxyy 10x75+7x35
Now using the relation, y = ay +ay = 107
75+ 245 995 ~
TR 5.85 cm.
Now calculate the moment of inertia about x-x axis and y-y axis.

1x7%

10x 13
I = [ St % (2.15 - 0.5)2] J{

+a, x (585 - 3.5)
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- 119, 10« 1652] [343 +7x 2352}=95.298cm4
12 12

1%x10% 7x13
12 12
The least value of moment of inertia is about y-axis.
I=1Iy,=83.2316 cm? = 839160 mm*.
As the strut is fixed at both ends, hence its effectwe length (L} will be half of its actual
length.

=83.33 + 0.583 = 83.916 cm™.

and I Vo'l

= §(J2ﬂ = 1500 mm

| o~

L =

e

Let P = Euler 5 critical load.

200

U cion (19.5). P = x2E]  n° x2x10° x 839160
sing equation ( ), P= L = 15003

= 736190 N = 736.19 kN. Ans.

Problem 19.11. A strut length [, moment of inertia of cross-section = I uniform through-
out and modulus of material = E, is fixed al its lower end, and its upper end is elastically
supported laterally by a spring of stiffness k. Show from the first principles that the crippling

load P is given by anal 1- L , Where o = 2* {AMIE, Summer 1984)
al k Er

Sol. Given :

Length of strut =1

Moment of inertia =T

Young’s modulus =K

Stiffness of spring =k

Crippling load =F.

The strut is shown in Fig. 19.11 in which
H = Lateral force due to spring of stiffness &
a = Deflection of the end B
Then I = Stiffness of spring x Deflection of end B
=kxa. D)
Consider any section at a distance x from the fixed end A.
Let ¥ = Deflection at the section.
Then moment at the section = Moment due to crippling load
‘ + Moment due to lateral force £
=Pla-y)-H{l-x)=P.a-P.y-H({-x)

Fig. 19.11

d2
But moment is also =Kl -—-5
dx
Equating the two moments, we get

d2
EISY =pa-Py Hi-x
dx

dzy
EI E +Py=Pa-H(-x)
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d*y P P H o
or T E yz‘ﬁ.a—ﬁ(l—x) (Dividing by EI) ...(4)
P H.
“m P E
P P H P
= a- 2 gin==|a-=0-
7T Fi P d-x) i [a P( x)]

The solution® of the above differential equation is

y=C,.cos (x'JEI‘JIJi-C Sln(x. ;]+a—% (I-x)

H
P (I-x)

o2 P P
Soatmar sy |G

where C,; and C, are constant of integration and their values are obtained from boundary
conditions. The boundary conditions are :

=C,.cos{x. )+ Cy.sinlx. a)+a-

d
(i) For fixedend A, x = 0 and y = 0 also X _9

dx
iy Atx=I,y=a.
Substituting the values x = 0, y = 0 in equation (ii), we get

H
0=Cl.l+CZ.0+a—~};(l—0) (v cos0=1,8n0=0)
H
= Cl +a-— F {
¥
Ci=-a+ ) { {3
Differentiating equation (if) w.r.t. x, we get
dy . H
E;=~Cl.a.sm(x.cc)+Cz.a.cos(x.a)+0—F -1)
. H
=—C1.d.$ln(x.(I)+C2.U..COS(x.OL)+'F
*The equation (A} can be written as
i x 2 _‘PL ( ) h - i ﬁ
2 voxy=ealxa- g7 U-*) wherea=m or o= oo
The complete solution of this equation is
2
y=Ccosla.x)+ Cysin(ae vi+ 53
a
/P‘ -
=C, cos xx |+ C,sin ’ixx +G—M
Er EI BT x P
EI

—CICOS[xx‘,§I}+C sin [IXJ—;]+&~§U x)
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832
dy : ;
Substituting the values at x =0, " 0, in the above equation, we get
H .
G:uCl.a.0+Cﬁ.a.1+}; (- 5in0=0,c0580=1)
= C?. Lo F
C,=- % o)
Substituting the values of C, and C, in equation (ii), we get
H H H
y=- (0— -5 l] . cos {x.a) — 7 sin (x.0) + @ - Fl i-x ..
Attheend B,x =!andy=a.
Substituting these values in equation (v), we get
 H H H
a=—la-—=I|. cosloy— < sin(l.al+a-— U-D
P oP P
H H
=- [a —FlJ ccos (o) -~ sinla) + @
H
or a+ [a—%l} cos (l.d)—a:—ﬁ sin (1.c0)
H H
or [a Y l] cos (Lo} == Py sin ({.a)
1)
sin (La) .
or cos ({.a) 8
ol
-5
or tan (.o} =— R R
ea. P H aP
or tan (lLa) = - gt p l.?
ao.P a o P ) . .
= +lo=- + o[+ H=ka from equation (i)]
H k.a
%P
=— k + O
Dividing by ., we get
tan {a.) a.P P
e oL l=- T+
al kol W
tan (c.l) r
S =1—-—. Ans
or Yy 1 i s

Problem 19.12. Determine the ratio of buckling strengths of two columns one hollow
and the other solid. Both are made of the same material and have the same length, cross-

sectional area and end conditions. The internal diameter of hollow column s half of its exter-
(AMIE, Winter 1982, Summer 1985)

.

nal diameter.
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Sol. Given :
Let d = Dia. of solid column
D = External dia. of hollow column

Internal dia. of hollow shaft = g

Both the shafts are made of the same material and have the same length, cross-sectional
area and end conditions. As areas of solid and hollow shafts are equal. '

Area of solid shaft = Area of hollow shaft

2 2
E xlpe (D 2 D 3p?
Za2_2|D ﬂ(——] 2o | D - — - 25
or 2 d 2 [ 3 ord [ 4 J 4
3D )
== A0
Buckling load of a column as given by Euler's formula is
a’El i
= 3 [see equation (19.5)]

As the shafts are having the same length, same material, same cross-sectional areas
and same end conditions. Hence the value of A4, E and L for both shafts are same.
o P«] {+ A, E and L are same) ...{(ii)
Let P, = Buckling load of the hollow column
P, = Buckling load of solid column
I, = Least moment of inertia of the hollow column

Aty (DY m|ne DY|_m 15,
-mF{J‘mDﬁﬁwﬁwD

I, = Least moment of inertia of the solid column

64 "
From equation (i), we have
Ak R_L
Il IZ ' PZ 12
n 15 _4
T xi2D
_ 84167 [ L =X«Bpeg =ld4]
T ""es 160 T 64
64
_15D* 15 D¢ ( =@)
T 16 4t 16 zp)t 2
2 J
15 D 15 5
-2 =-— == = 1667
169 5« 9 3 6
16
Buckling toad of hollow column - 1.667. Ans.

Buckling load of solid colamn
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Problem 19.12 (a). Using Euler’s formula, calculate the critical stresses for a series of
struts having slenderness ratio of 40, 80, 120, 160 and 200 under the following conditions :

(i) both ends hinged and
(ii) both ends fixed.

Take E = 2.05 x 10° N/mm?2. {Annamalai University, 1990)

Sol. Given :
(i) Critical stresses when both ends hinged

l
Slenderness ratios, 5= 40, 80, 120, 160 and 200
The critical stress or crippling stress is given by equation (19.7).

a’x E

Critical stress =

where L, = Effective length
But for both ends hinged, L, =
where [ = actual length.

Critical stress =

)
When = 40, the critical stress becomes as

' xE 72 x205x 10°
402

1600
{
When = 80, the critical stress becomes as

2 xE 72 x205x10°

802 6400

i .
When = 120, the critical stress becomes as

_afxE 5 x2.05x10°

= —————————— = 140.5 N/mm?.

120° 14400

i
When = 160, the critical stress

_a?xE 2?%205x10°
T 160° 25600

i
When P 200, the critical stress

_ x*x B n®x205x10°
T oa00% T 400,00

= e — = 79,03 N/mm?3,

= 50.58 N/'mmZ.

(v L=1)..0GD

= e = 1264.54 N/mm?®.  Ans.

= ——— = 316.135 N'mm?2, Ans.

Ans,

Ans,

Ans.

Lo
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(i) Critical stresses when both ends fixed
Using equation (19.7},

L s % xE
Crippling or critical stress = 7 ~
-_=
)
A
When both ends fixed, L, = 2
a’xE 42" xE

Critical stress =

{
When e 40, the critical stress becomes as

~ in’ x E ~ 4 xn? x 2.05 x 10%

(£J2 - 402
k

4xn? x2.05x 10°
1600

= 5058.16 N/mm>®. Ans.

i
When 3= 80, the critical stress becomes as

i xE  4xn’x205x10°
TN 80°
(%)

A
When 7= 120, the critical stress becomes as

= 126454 N/mm?2. Ans.

4x’ x E 4 xn® x205x 10° 562.02 N/ 2 An
="150% - 1907 = .02 N/mm*=, S,

!
When 3 160, the eritical stress becomes as

~ 472 % 2.05 x 10°

1607 = 316.135 N/'mm?2, Ans.

I
When P 200, the critical stress becomes as

4% x 2.05 % 105

2002 = 202,32 N'mm?. Ans.

19.11, RANKINE’S FORMUILA

In Art. 19.10, we have learnt that Euler’s formula gives correct results only for very long
columns. But what happens when the column is a short or the column is not a very long. On
the basis of results of experiments performed by Rankine, he established an empirical formula
which is applicable to all columns whether they are short or long. The empirical formula given
by Rankine is known as Rankine's formula, which is given as
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1 1 1 _
P P TP D)
—~where P = Crippling load by Rankine’s formula

P = Crushing load = o, x 4

o, = Ultimate crushing stress

A = Area of cross-section

Pg = Crippling load by Euler’s formula

2 .
_ nLE;I , in which L, = Effective length

For a given column material the crushing stress g, is a constant. Hence the crushing

_load P, (which is equal to o, x A) will also be constant for a given cross-sectional area of the

¢ column. In equation (i), Py is constant and hence value of P depends upon the value of Py. But

for a given column material and given cross-sectional area, the value of Py depends upon the
“effective length of the column.

(i) If the column is a short, which means the value of L, is small, then the value of

o 1
*..'Pp will be large. Hence the value of o will be small enough and is negligible as compared to
‘ E

1 1
~-the value of P Neglecting the value of 7 in equation (), we get
c E
1 1
2 — 7, or P— P
] Hence the crippling load by Rankine's formula for a short column is approximately equal
to crushing load. In Art. 19.2.1 also we have seen that short columns fail due to crushing.
{ii) If the column is long, which means the value of L, is large. Then the value of P;E will

. ' 1 i 1
-- be small and the value of 7= will be large enongh compared with —— . Hence the value of ——

Py Fe Fe
may be neglected in equation (i}.
: 1 1
7= g or P—Pg.

Hence the crippling load by Rankine’s formula for long columns is approximately equal
~ to crippling load given by Euler’s formula.

1 1
Hence the Rankine’s formula BB gives satisfactory results for all lengths of
. c E
_columns, ranging from short to long columns.
1 1 1 _ P, et P, (&

Now the Rankine's formula is P = AI% + Py = Py P

Taking reciprocal to both sides, we have
P, . Py B

a P gt PC - 1+ &
E
(Dividing the numerator and denominator by Pg)
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g, xA
=TT 6, A v Poeo,.Aand Py, -

14 2es 2
=% EI
—ET

But I = Ak2, where k = least radius of gyration
The above equation becomes as
g, . A o, . A
p= o,.A.L> B Ie] L2
e 1+ 54 (wﬂ-]
n E. Ak E \k
LT . .(19.9)

3
L,
1+a.(k)

g R o
where g = — EE and is known as Rankine’s constant.
w

x? EI
L2

e

The equation (19.9) gives crippling load by Rankine’s formula. As the Rankine formula
is empirical formula, the value of ‘@’ is taken from the results of the experiments and is not
calculated from the values of o, and E.

The values of g, and « for different columns material are given below in Table 19.2.

TABLE 19.2
5. No. Material o, in N/mm? a
1
1. Wrought Iron 250 5000
1
2. Cast Iron 550 1600
. ) 1
3. Mild Steel 320 7500
: L
4. Timber 50 %50

Problem 19.13. The external and internal diameter of a hollow cast iron column are
5 cm and 4 cm respectively. If the length of this column is 3 m and both of its ends are fixed,
determine the crippling load using Rankine's Jormula. Take the values of o, = 550 N/ mm? and

1
== ine’ i
1600 in Rankine’s formuia

Sol. Given :
External dia., D =5 cm
Internal dia., d =4 cm

a

Area, A= % (57— 42} = 2,957 em? = 2,251 x 102 mm? = 2257 mm®

Moment of Inertia, I= 614 [5% - 44] = 5.7656 m cm*
= 5.7656n x 10¢ mm? = 57656x mm*
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. Least radius of gyration,

I {5765631:
k= \{; = 295 = 25.6256 mm

Length of column, { = 3 m = 3000 mm
As both the ends are fixed,
{3000

=~ Effective length, L, = 5 g = 1500 mm

Crushing stress, o, = 550 N/mm?2

_1

1660

Let P = Crippling load by Rankine’s formula
Using equation (19.9), we have

Rankine’s constant, ¢ =

oA 550 x 2257
L &]2 1+Lx(ﬁf
k 1600 125625

550 x 225n

= "ay1415 - 1237560 N. Ans.
Problem 19.14. A hollow cylindrical cast iron column is 4 m long with both ends fixed.
Determine the minimum diameter of the column if it has to carry a safe load of 250 kN with a
factor of safety of 5. Take the internal diameter as 0.8 times the external diameter. Take

1
o, =550 Nimm? and a = 1500 in Rankine’s formula. (AMIE, Winter 1983)
Sol. Given :
Length of column, ! = 4 m = 4000 mm
End conditions = Both ends fixed
{ 4000
Effective length, L, = 3775 = 2000 min
Safe load, =250 kN
Factor of safety, =5
Let External dia., =D
Internal dia. =08xD
Crushing stress, g, = 550 N/mm?
1
V £.2 = - - td
alue of ‘a 1600 in Rankine’s formula
Now factor of safety _ Cirippling load r 5= Cirippling load
) Safe load 250
Crippling load, P =5 x 250 = 1250 kN = 1250000 N
Area of column, = z (D2 - (0.8D)]
= 7 D~ 06407 = 7 X 0.36D7 = 1 x 0.00D2

2|

Moment of Inertia, 1 [D* - (0.8D4] = 6—’; [D% - 0.4096D4)
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- 6‘% x 0.5904 x D* = 0.009225 x 7t x D*

But [ = A x k2, where k is radius of gyration

4
ks\[z= 0.009225“12 032D
A nx008xD
0..A

Now using equation (19.9), P = —& —

L
1+a (T)
550 09 D?
or 1250000 = 1" ke 02300 . (v A=nx009DY

) Y Phutidl

1600 (0.321)]

1250000 e D?* x D?
560xxx009 = 7 24414 8038 = o ord1a
D? ’

or 8038D? + 8038 x 24414 = D* or D*— 803802 - 8038 x 24414 = 0
~or D?- 8038 D?— 196239700 = 0.
The above equations is a quadratic equation in D2 The selution is

_ 8038 = /80382 + 4 x 1x 196239700
2

D2

—_— -+ 2 —
Roots = b= b° - 4ac

2q

_ B038 = /646094 + 784958800 _ B038 £20147

a 2
8038 + 22147
- W; {The other root is not possible)
= 18592.5 mm?

D= /185925 = 136.3 mm
.. External diameter = 136.3 mm. Ans.
Internal diameter =0.8 x 1363 = 109 mm. Ans.

Problem 19.15. A 1.5 m long column has a circular eross-section of 5 em diameter. One
of the ends of the column is fixed in direction and position and other end is free. Taking factor
of safety as 3, calculate the safe load using

(a) Rankine’s formula, take yield stress, o, = 560 N/ mn;ag and a = for pinned ends.

1

1600

(b) Euler’s formula, Young’s modulus for Ci. = 1.2 x 10° N/ mm2.
(AMIE, Summer 1978)

Sol. Given :

Length, I = 1.5 m = 1500 mm

Diameter, d =5 ¢cm
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Area, A= Z— x 52 = 19.635 cm? = 19.635 x 10% mm?

- .
Moment of inertia, =6 ” 5% = 30,7 cm = 30.7 x 10* mm*

- . - JT 30.7 x 104 195
wad least radius of gyration, & = i N19.635x102 =12. mml.

End conditions = One end is fixed and other end is free.
Effective length, L, = 2] = 2 x 1500 = 3000 mm

Factor of safety = 3.

() Safe load by Rankine’s formule

Yield stress, o, = 560 N/mm?

Rankine’s constant, a = 1600

Let £ = Crippling load by Rankine’s formula
Using equation (19.9), we have
' g, x A

TR
1 e
va 2]

560 x 19635

PR [@99]
16800 \ 125
=29708.1 N
Crippling load
* Factor of safety
29708.1
3

(~+ L =3000 mm and & = 12.5)

Safe load

=9902.7 N. Ans.

(&) Safe load by Euler’s formula
Young’s Modulus, E = 1.2 x 10% N/mm?
Let P = Crippling load by Euler’s formula
PRI
Using equation (19.5), P = EL 5 .

2

2 1.210° x 30,7 x 104
A x 12107307 > 10 (= L =3000 mm)
30600
= 40200 N oot
Crippling load 420200
Safe load = Tractor of safety = 3 = 1340 N. Ans.

Problem 19.186. A short length of tube, 4 cm internal diometer and 5 ¢cm external diam-

- ter, failed in compression at a load of 240 kN, When a 2 metre length of the same tube was
- casted as a strut with fixed ends, the load at failure was 158 kN. Assuming that o in Rankine’s
formula is given by the first fest, find the value of the constant o in the same formula. What will

e the crippling load of this tube if it is used as a strut 8 m long with one end fixed and the other
hinged ¢ © (AMIE, Summer 1983)
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Sol. Given %
External diameter, D = 5 cm
Internal diameter, d = 4 cm
251

Ay _E 242y 2L
ea, =7 (5% — 4% < 22.25:"561112:2257{1111'1'12

M N o 7
oment of inertia, =51 [54 - 44 = w {625 — 256}

= 5.7656 x m cm* = 57656 1 mm*

. . . { 57656
.. Least radius of gyrat: k= L = | = :
gyration, Yy 9957 = 16 mm

Crushing load =240 kN.
The value of ¢, in Rankine's formula is given by the crushing load of 240 kN.
5 = Crushing load of 240 kN

¢ Area

The value of

240
= So5n = 0-3395 kN/mm?
Length of the strut, [ = 2 m = 2000 mm
End condition = Both the ends are fizxed

Effective length, L, = 3="g = 1000 mm

Crushing load of strut, P = 158 kN.
(2} Value of constant ‘o’

Let a = Value of Rankine’s constant
Using equation (19.9), we have

P= g, A
]
l+a. [EJ
k
158 = 033953 x 2256 239.99
[1000]2 T 1+3906.25 % @
1+a.| —
16
239,99
1+ 3906.25 = =
X @ 158 1.5189.
1.5189-1.0 _ . 1
a 390625 - 0.0001328 = 7530° Ans.

(it} Crippling load for the strut of length 3 m when one end is fived and other is hinged

Actual length, { = 3 m = 3000 mm
End conditions = One end fixed and other is hinged
. 4 3000
Effective length, L = — = ——
CETR
Let P = Crippling load.
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Using equation (19.9),
o, . A

L2
l+a|=%
+a(kJ

0.33953 x 2256z

1 3000 )’
e
7530 "\ V2 x 16
_ 0.33953 x 226 x - 71.97 kN. )
1+2.3344

Problem 19.17. Find the Euler crushing load for a hollow cylindrical cast iron column
20 em external diameter and 25 mm thick if it is 6 m long and is hinged at both ends. Take
E=12x 105 N/mm®.

Compare the load with the crushmg load as given by the Rankine’s formula, taking

g =560 N/mm? and a = ﬁ s for what length of the calumn would these two formulae give

the same crushing load ? {AMIE, Winter 1984)
Sol. Given : _
External dia., D =20 cm
Thickness, ¢t = 25 mm = 2.5 cm
Internal dia., d=(D-2xH=20-2x25=15cm.

175
4

Area, - E (20% - 15%) = = 137.44 em? = 13744 mm?

- P By L ~
Moment of inertia, [I= o [(20t- 15 = 64 (160000 .50625)

= 5368.93 cm? = 53689300 mm*
Least radius of gyration,

I ’53689300
= \/; = 5744 - 62.5 mm
Length of column, ! = 6 m = 6000 mm
End conditions = Both ends are hinged
Effective length, L, = [ = 6000 mm

Value of E = 1.2 x 10° N/mm?2.
Euler’s erushing load is given by equation (19.5),
&% EI

Lt
n” x 1.2 x 10° x 53689300

= . = 1766307 N. Ans.
6000 |

Crushing load by Rankine’s formula
The value of o, = 550 N/mm?

1
Val =— .
alue of @ 1600 :
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Let P = Crushing load by Rankine’s formula
Using equation (19.9),

v A 50 % 1 '
o, o PR0xI3TL 11189248 N. Aus.

i I+ E—e- ’ 1+—1 x(—GGOO
1 1600 | 625

The length of the column for which the above two formulae gives the same
crushing load
Let L = Length of the column

. 2
Crushing load by Euler’s formula = z L2EI

G, . A

2
L
1 pnai
‘ +a ( k]
Equating the crushing loads given by the above two formulae, we get

J'IZEEI_ G, .Q
L2 - L 2
1 =
+a(kJ

Substituting the all known values except ‘L', we get

Crushing load by Rankine’s formula =

w” x 1.2% 10% x 53689300 _ _ 550x 13744
L? 1 ( L )2
14—l —
1600 1625
7% % 12 x 105 x 53689300 I’
o 550 x 18744 S
T —————
6250000
or 8411800 = - .
 —
6250000
L2
14— =712
or 8411800 [ + 6250000] =L
8411800
S _r2_F2
or 8411800 + 6250000 LA=1L
or 8411800 + 1.346 L2 = L2 or 1.346 L2 = L% = — 8411800

~ 8411800 .
X 2=_8411 [, o frmrre i
ar 0.346 L 8411800 or J 5346

The above equation gives the imaginary value of length L.
Hence it is not possible to have the same length of the columns, which have the same
crushing load for the two given formulae. Ans.
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Problem 19.18. A hollow cast iron column 200 mm outside diameter and 150 mm in-
de diameter, 8 m long has both ends fixed. It is subjected to an axial compressive load. Taking

_at fuctor of safety as 6, 0, = 560 N/imm2, a = 1—60-5 , determine the safe Rankine load.
(AMIE, Summer 1990)

Sol. Given :

External dia., D = 200 mm

Internal dia., d = 150 mm

Length, [ = 8 m = 8000 mm

End conditions = Both the ends are fixed
Crushing stress, g, = 560 N/mm?

Rankine’s constant, ¢ =

Safety factor = 6

1600

X
Area of cross-section, A = z (D2 - o) = 1 (2002 - 150%)

{40000 — 22500) = 13744 mm?

»M;t

Moment of inertia, I= — (D4—d¥ = é (2004 - 1504

= — (16000000060 — 506250000) = 53689000 mm?

. , I ’53689000
Least radius of gyration, & = \/: = B37dd 62.5 mm

Let; P = Crippling load by Rankine formula.

R[= 2|

Usi_ng equation (19.9), P = if}lé“g
1+a (m}f)
\rhere L, = Effective length = i = ﬁ%o-g = 4000 mm
560 x 13744

Rankine’s critical loads. Take o, =550 N/ mm?, ¢ =
0 NImmZ,

P= :
1 [ 4000}
4o x| ——
1600 \ 62.5
7696640 7696640

= 1+256 © 356

_ Cripplingload _ 2161.977
= Factor of safety = §

= 2161977 N = 2161.977 kN

- Safe load

g Problem 19.19. A hollow C.I. column whose outside diameter is 200 mm has a thick-
“hess of 20 mm. It is 4.5 m long and is fixed at both ends. Calculate the safe load by Rankine's
formula using o factor of safety of 4. Calculate the slenderness ratio and the ratio of Buler's and

1
1600

= 360.3295 kN, Ans.

in Rankine’s formula and K = 9.4 x

(AMIE, Winter 1979 ; Annamalai University, 1991)

COLUMNS AND STRUTS

845

Sol. Given :
Qutside diameter, D = 200 mm
Thickness, £ = 20 mm

Inside diameter, d =D -2x¢=200-2 x 20 =160 mm

s m
A L pi_ghy =2
rea, A 4(D d%) 4(2

: b7 7t
M t of inerti =— (D*-dY = — 4o
oment of inertia, I o1 (D*-dY 6d (260

And the least radius of gyration,

00? - 160%) = 11310 mm?

_ \/I (46370000
“Va oV os10

Length of column, ! = 4.5 m = 4500 mm
End condition = Both the ends are fixed

160%) = 46370000 mm*

{
Effective length, L, = 3= 4_520_Q = 2250 mm
Factor of safety = 4
Value of o, = 550 N/mm?
Value of a = 1600
Value of £ = 9.4 x 10* N/mm?.
(i) Slenderness ratio
Using equation (19.8), we get
{ 4500
Slenderness ratio == =70.30. Ans.
k 64
(if) Safe load by Rankine’s formula
let P= Crlppllng load by Rankine’s formula
Using equation (19.9), P = —Ze A 850X 1310 4515450y
1+a g.._e_ . 1 2250
k 1600\ 64
Crippling load 3511000
Safe load * Tactor of safety = n =8777TN. Ans.
{iit) Ratio of Euler's and Rankine’s critical loads
Let Pp = Euler’s critical load
Euler's critical load is given by equation (19.5)
2 2 4
; X 4
P= Es ff _x x 9.4 x 10 ><2 6370000 849770 N
S 2250
Euler'scritical load g
Rankine's eritical load P
_. 8497700 (+ P =3511000 N)
3511000
= 2,42, Ans.
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Y

Problem 19.20. A column is made up of two chcmngl

ISJC 200 and two 25 em x I ¢m flange plate as shown in

Fig. 19.12. |

Determine by Rankine’s formulo the safe load, t.he |

column of 6 m length, with both ends fixed, can carry with |

a fuctor of safety 4. The properties of one channel are ‘
A=17.77 em? Iy = 1,161.2 em? and I, = 84.2 em?. X-—

Distance of centroid from back of web = 1.97 cm. Take o, = |

0.32 kN /mm? and Rankine’s constant = 1/7,500. I

i

l

|

I

|

¥

+

le——25cm

1em -

Sol. Given:
Length of the column, [ = 6 m = 600 mm r'_ﬂ
Factor of safety = 4 :
Yield stress, o, = 0.32 kN/mm? Y

' 1 Fig. 19.12
Rarnkine’s constant, a = W

o i 208}

1
T1 cm

L.et P = Crippling load on the column.
From the geometry of figure, we find that area of column,
A=201777+25x 1)
= 85.54 em? = 8554 mm?
and moment of inertia of the column section about X-X axis,

95 x 13
12

Lx=2x11612+2 [ +25x1x 10.52} cmt = 7,839.0 em*

11258
2

Similarly, Iyp=2 +842+ 1797 x (5 + L9’?)2} cm* = 4,499.0 em*.

Since I, is less than I, therefore the column will tend to buckle in y-y directiop. Thus
we shall make the value of I as I, = 4,499 em?. Moreover as the column is fixed at its both
ends, therefore equivalent length of the column,

I 6000
L=5=" =3000mm
and I = 4499 cm* = 4499 x 10* mm“

We know that the least radius of gyration,

4
1 =F - 14499;" 107 _ 795 mm
A 8554
a

o A

Using the r@lation, P= with usual notations

Y\

1 He

va ( . ]
_ (.32 x 8554 . = 9998 kKN
1+ 1 [3000)
7,500\ 72.5
We know that the safe load on the column .
P
2228 = 557 kN. Ans.

= Factor of safety =Ty
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19.12. STRAIGHT LINE FORMULA
) The Euler’s formula and Rankine’s formula give only the approximate vélues of crippling
load due to the following reasons : i

1. The pin joints are not practically frictionless.

2. The end fixation is never perfectly rigid,

3. In case of Euler’s formula, the effect of direct compreséion has been neglected.

4. The load is not exactly applied as desired.

5. The members are never perfectly straight and uniferm in section.

6. The material of the members is not homogeneous and isotropic.

On account of this, the empirical straight line formula are commonly used in practical
designing. They are of the form

L .
P=g xA-n (_ke_) x A - -(19.10)
where P = Crippling load on the column,
o, = Compressive yield stress,

. L ‘
A = Area of cross-section of the column, —% = Slenderness ratio, and

"k
n = A constant whose value depends ipon the material of the column.
In equation (18.10), if P is plotted against (%—] , we will get a straight lifie and hence

the equation (19.10) represents a straight line formula. The equation (19.10) can also be writ-
ten as - :

P
where Y represents the stress corresponding to load A.

19.13. JOHNSON'S PARABOLIC FORMULA

The critical load according to Prof. Johnson, is given by

P=g, .Amr(%J x A {19.11)

where o, = Compressive yield stress,
r = A constant whose value depends upon the material of the column and is taken as

4:122:‘_2 , where E = Young’s modulus

L.
Tf’_ = Slenderness ratio
A = Cross-sectional area of column.

In equation (19.11); it P is plotted against (-%—) , we will get a parabolic curve and

hence the formula represented by equation (19.11) is known as a parabolic formula.
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: 19.14. FACTOR OF SAFETY

The ratio of the critical load to the safe load is known as féctor of safety. The values of
the safety factors ugually used for different materials are given below :

Column material Factor of safety
Mild steel 3
Wrought iron 3
Cast iron 5
Timber 6

19.15. FORMULA BY INDIAN STANDARD CODE (1.S. CODE) FOR MILD STEEL

The direct stress in compression on the gross area of the section of an axially loaded
. compression member shall notexceed the values of o, calculated as follows and given in
... Table 19.3. :

9y
. in : L
T 1+ 0.20sec I-iL mpc'} [forf=0t0160)
' E Y 4E
: =. ' - Le (for Ei =160 and above)
and %= % [1'2 800 k) B |

where o, = Allowable axial compression stress obtained from Table 19.3
‘= A value obtained from the above secant formula

[4

g, = The guaranted minimum yield stress taken as 260 N/mm? for mild steel
m = Factor of safety taken as 1.68
% = Slenderness ratio

F = Modulus of elasticity = 2.047 x 10° N/mm?.
) Safe stresses (0,) in axial compression according to LS. code for mild steel column is
given in Table 19.3 for various values of slenderness ratio.

TABLE 19.3

Slenderness, Safe stress, Slenderness Safe stress,
ratio = Ly o, (Nimm?Z) ratio = %f— g, (N/mm?

[¥] 1.25 150 47.4

10 124.6 160 42.3

20 123.9 170 37.3

30 122.4 180 33.6

40 120:3 194 30.0

50 1172 200 27.0

60 113.0 210 24.3

70 3 107.5 220 21.9
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_________ .
80 100.7 230 T Tiee T T
a0 ) 92.8 240 181
160 84.0 250 16.6
110 75.3 300 | 19.9
120 67.1 350 7.8
130 59.7
140 58.1

Problem 19.21, Determine the safe load by LS. code for a hollow cylindrical mild steel
tube of 4.0 cm external digmeter and 3 em internal diameter when the tube is used as a column
of length 2.5 m long with both ends hinged. :

Sol. Given :
External diameter, D =4 cm
Interndl diameter, d =3 em

P
.. Area, A= I (42— 32] = 1.75n em? = 175n mm?2

Moment of inertia, I= % [4%— 34 = 2.7348x% cm?*

= 27543% mm*
Length of colun:[m, { =25 m = 2500 mm
End conditions = Both ends hinged
- Effective length, L, = I = 2500 mm

To determine the safe load by LS. code, first find the value of slenderness ratio. Then
corresponding to the slenderness ratio, obtain the safe compressive stress (i.e., value of @)
from the Table 19.3. Safe load will be equal to the product of o, and area A. ‘

) L
Now slenderness ratio = =%

k
where k = Least radius of gyration = \E =, 27343 = 15.62
k 175x
00

=160.

5
-8l tio = ——
enderness ratio 1555 ‘
From Table 19.3 corresponding to slenderness ratio of 160, the allowable compressive
stress is 42.3 N/mm?.
o, = 42.3 N/mm?

.. Safe load for the column = o, x A

=42 3 % 175x N = 23255.6 N. Ans.

19,16, COLUMNS WITH ECCENTRIC LOAD

Fig. 19.13 (&) shows a column AB of length ¢ fixed at end A and free at end B. The
column is subjected to a load P which is eccentric by an amount of ‘e’. The free end will sway
sideways by an amount ‘@’ and the column will deflect as shown in Fig. 19.13 (b).

Here a = deflection at free end B

e = BEccentricity
A = Area of cross-section of column
Consider any section at'a distance x from the fixed end A.
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the section = P(a +e—y¥)

Let y = deflection at the section then moment at P
(+ ve sign is taken due to sign convention given Eb’
3

in Art. 19.4.1.}
d2
But moment is also = EI —Z
dx
d%y
EIEx——P(a+e—y)=P(a+e)—ny "
2
or EI%‘%+ny=P(a+e)
4y P ' ‘
= s
o @t BT EI(““’} : "
The above equation can be written as {a}
2 : Fig. 19.13
iix—g+(x2y=(x2(a+e) )
P P
where ol==— or «

S EI “VEr
The complete solution of the above equation is,
y=C, cos {o.x) + Cysinfa.x)+ (e +ée)

P P
=Clcos[1“ﬁfxx)+czsin[‘“ﬁfxx]+(a+e)
p | xx /!i ,
=C| cos |xx N7 + C, sin Bl +(a +e) ()
and slope, % -C, {sm (xx‘}g[] X TEEE +C {cos[xx E}‘)Iﬂ X % +0 (i)

(- @a+ e is constant, Hence differential is zero}

In equations (i) and (#) C, and C, are constant of integration. Their values are obtained
from boundary conditions.

d .
(YAt A, x =0,y =0andalso a—xy—=0 {~+ Ais a fixed end)
From equation (i) where x-= 0 and y = 0, we get
0=C +a+e - Ci=—la+e)

From equation {ii) where x = 0 and % =0, we get

,P
O=C2X 'E? S CZ=0

Substituting the values of C, and C, in equation (i}, we get

- (@ +e) cos (x x %J +{a+e} . LD

( EBf can not be zero)
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(i) at x =, ¥ = @, hence equation (iii) becomes as

a=-(a+e)cos [li%J +(a+e)
or (a+e)cos[lx\/%]:a+e—a-—-e

e

te= —— === =esec |l L i |
a+e= [ = } = X i i)
cos li#

ET

Maximum stress
Let us find the maximum compressive stress for the column section. Due to eccentricity,
there will be bending stress and also direct stress.
) P
a,.. = 0y + 0, where o, = direct stress = A

o, = Max. bending stress.
The maximum bending stress will be at the section where bending moment is maxi-
mum. Bending moment is maximum at the fixed end A.
Max BM.at A, M=Px{az+e)

=P 1 }4..} = ’_1 i 1
X e gec ( X ] |: o +¢=¢esec (! x ]from equation (lv):i

. M Ty M M
Using TIT or Gy = XY =7y
| 5)
= M where Z = z = Bection modulus
Z ¥
P x esec liP
El M=Pxesec|l! JP
= Px i
ET

{1912}

Hence maximum compressive stress becomes as
f P
Pxesec|lx,—
EI
Umu=00+06=z +

A
The equation (19.12) is used for a column whose one end is fixed, other end is free and
1oad is eccentric to the ecolumn. In this equation, [ is the actual length of the column. The
relation between actual length and effective length for a column whose one end is fixed and
other end is free is given by

2l lL
= or I=-

Substituting the value of I is equation (19.12), we get a general formula which can be
used for any end condition. Hence general formula'is

L, ’P
Pxexsec(?x EIJ

P .
_ P .{19.13
G 2t v } )
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: Problem 19.22. A column of circular section is subjected to a load of 120 kN. The load
is parallel to the axis but eccentric by an amount of 2.5 mm. The external and internal diameters

-of columns are 60 mm and 50 mm respectively. If both the ends of the column are hinged and
L _column iz 2.1 m long, then determine the maximum stress in the column. Take E = 200 GN/m?2.

Sol. Given :

Load, P= 120 kN = 120 x 10° N

Eccentricity, e = 25 mm = 2.5 x 107 m

D=60mm=0068m,d=50mm=005mm,[=21m

Both ends are hinged, L, ={=2.1m

Value of £ = 200 GN/m? = 200 x 10° N/m?

The maximum stress is given by equation (19.13) as

Pxexsec ﬁx,’i
2 EI

Gy =t > i)

w |

" where A = Area of section

[D? - g% = E [0.062 - 0.05]

% 0.0011 = 8.639 x 10~* m?

RN

I = Moment of inertia = % (D% — d%
= 4_ 4 4
= 64 (0.06% - 0.05%) mm’

- 614 (1.996 x 105 — 0.625 x 10-5) = 0.0329 x 10°5
Z = Section modulus

14
henynd 0.064 — U b

1 a(pr-dtl_

"y e4a (DY 0.03
3

_ 7(1.296 x 107° - 0.625 x 10°°]

- 64 x 0.03

1.0975 x 1075 m?

sec L—ex i = 8¢l g_'l_x( 1ZOXI03
2 “VEI 2 200 x 10° x 0.320 x 1073

= sec (1.4179 radians) (Here 1.4179 is in radians

180
=1.4179 x % =81.239)
=sec (81.239) = 6.566
Substituting these values in equation (i} above, we get
o - 120 % 10° , 120 108} % (2.5 x 107 %) x 6.566
mar 8630 x 107 1.0975 x 1077

= 138.9 x 108 + 179.48 x 10° N/m?
= 318.38 x 10° N/m2 or 318.38 N'mm? Ans.
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19.17. COLUMNS WITH INITIAL CURVATURE

of its ends. The column is having initial curvature and this posi-
tion is shown by AC'B. Let P be the crippling load at which the :
column has just buckled (i.e,, has just started bending). This
position is shown by AC"B. The initial shape of the column may
be assumed circular, parabolie or sinusoidal without making

Problem 19.23. If the given column of problem 19.22 is subjected to an eccentric load of

100 kN and maximum permissible stress is limited to 320 MN/m?Z, then determine the maxi-
mum eccentricity of the load. i

Sol. Given :

Data fror problem 19.23
D=60mm=0068nm,d=50mm=0.05m,[=21m,L,={=21m,
E = 200 GN/mE = 200 x 10° N/mZ, I = 00829 x 1075 m*,
Z=10975x 105 m?3 A = 8.639 x 107* m?

Fccentric load, P = 100 kN = 100 x 10° N

Max. stress, o,,,, = 320 MN/m? = 320 x 10° N/m?

Let e = Maximum eccentricity
Using equation (19.13), we get :
L , P
P ey |
x e x sec( 5 % EI]
+ D)

Z

L, [P
Let us first find the value of sec | 5 ® Er )

L [P 2.1 100 x 10°
sec | — X ,J— |=8eC;i—X 3 =
2 "VEI 2 {200 10° x 00329 x 10

' 0
= gec [1.294 rads] = sec (1.294 p: 1813 ]

Opmay =

|

= sec {74.16%) = 3.665
Substituting the known values in equation (Z), we get
100x 10° (100 x 10%) x e x 3.665
B639x 107 © 1.0975x 107
=115.754 x 10% + 33394 ¢ x 108
390 = 115.754 + 33394 x ¢
320-115.754
33394

320 x 108 =

e= m=6116x103m= 6.116F§nm. Ans.

Y|
-

Fig. 19.14 shows a column AB of length T’ hinged at both
Final position
of columa

much difference to the final result. But the most commeon form is ¥ X
- in | X
y'=Cxsin ( i ) X1 P~ nitial curvature
where ¢ = Maximum initial deflection. _‘Ll_

3 = Initial deflection at a distance x from end A.
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% = %E cos {%) . D)
d’y _Cx [ﬂ) in [
and de = I I .S ]
2
- Ci sin (EJ’ ---(ii)
e l

At the crippling load ‘P, the final shape of column is s shown by AC"B. Let vy is the final
deflection at a distance x from end A.

Change of deflection = (y — ¥').

Let change of deflection = y*

Then y* = (y - ")

This change of deflection is due to B.M equal to P x y

B.M. at the section due to crippling load = - (P x ¥).
(— ve sign is due to sign convention given in Art. 19.4.1.}

dZ d2 _af .
But bending moment is also = dzj; or EI % (v y*=y-9)
Equating the two bending mox{aents, we get
dz{y—y') ) d2y dzy' ny
M ga T e G g TTTE
dZ P_}' d2yr
or —_ = BT T gt
Cr? (E]
=— ———1-2— sin 1
2 2 .
[ ix_yz == —Cii;—- sin {—?—) from equation (ii):l ...(19.14)
Let the solution of the above differential equation is y = mC sin (—J‘?—J (1)

where mi is a constant of integration.

2
The value of m will be obtained by finding the value of %‘é—’ and substituting this value

and value of y in equation (19.14)
2
Let us find the value of *3??,; and substitute this value in equation (19.14)

Differentiating equation (iii) w.r.t. x, we get

d_ )
dx = mL X l cos l
Again differentiating the above equation, we get -
d%y

J'l:2 . o
;ﬂ'x_z=—mcxl—2$m[7)
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2
Substituting the values of g"%" and y in equation (19.14), we get
k4

) .
R X P blh% 2

— Cn® . [nx

m{ x ¥el sm( J K XmCSm( 7 J = 7 sin [—l )

Concelling sin ( 7 ) to both sides, we get ) -
2P Cr? ”
—mCX'iE--i-“ETme:__le . -

Also concelling C to both sides, we get

nz P 2
mx rl—gﬁ _E_f - 12
or mﬁ2—£m=£2~ or m(ﬁ—ml-iJ:fi
1 EI e 1?0 R ®
11:2
| 5o
o "Il P |, Pxlt o L)
(75‘@5} T Exx®

(Dividing muamerator and denomenator by n2/i2)
We know that Pg = Euler’s load is given by

n? x Ef
E= N
e as = EI . . :
Hence substituting the value of I in equation {iv), we get
m= LI Fs
- P p,-P

|
Fyg

The above equation gives the value of m in terms of Euler's load and axial load
Substituting the value of m in equation (iii), we get

__ C x si (_m:_)
y - {PE _ P) x X §51n l ...(19.15)

Equation {19.15} gives the final deflection at any distance x from end A.

Maximum deflection

The deflection will be maximum at the mid-point where x = % Let this maximum de-

flection is y

max

i
Abx = §’y=ymax

Now the equation (19.15) becomes as

—ﬁ"fg*"-xstin Exl
Imax = (Pg ~ P) 12

(¢ 3=mann=d)
- max) 2
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={PEPfP} x Cxsin 5
: o
C c gin—=1
(PE - P] * 2
: Maximum stress
' The maximumt stress (o, ) is due to direct stress () and maximum bending stress
Crma.): =Ty + Ub N (v)

The bending stress should be compressive, It will be maximum, where bending moment

" is maximum.

. (Pg)
But B.M. = P x y. Hence maximum B.M. = Pxy, . wherey . = Py - xC
i BM., M=P P _,c
Ma.g:mu.m M., = X(PE—P)
Py
M PX(PE—PJXC I AR
g, === —+A—"ot —— where Z=—=
L4 [Akz) Yo Ve
. Ye
{ ‘where ¥, = Distance from the neutral axis of the extreme layer in compression
Substituting the vatue of o, in equation (v), we get
Pz
Px—E _x(C
Pz -P) _ Py Ye
Gmu=00+—T -00+ Px——_(PE—P) xC XAk?'
Ye
P Py " Cxy,
=%t A -P) R
PE nyc |i.‘. £=U}
e[ ) ] L
PE nyc
=0°{1+[PE -P]"T]
- O max Pr Cxy,
=14 — X
L or 5o B~ P K
N o Py Cxy,
mer 1| =
o [cro } PP &
og J Cxy 1 Cxy,
S|l X7 T 2
Op — 0y k Gy k
. Og
o (Omee 1} (y_ 00 )= Ex2e ¢ .(19.16)
. Gy O k
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Py . .
The term PP has been written in turms of stresses as

2 — £

Py :
PE A UE 1
P,-P~ P P T og ~op) T A-cylog)
A A '

In equation (18.16), C is the initial maximum deflection and y, is the distance of ex-
treme layer in compression from neutral axis.

Problem 19.24. Determine the maximum stress developed in a circular steel strut which
is subjected to an axial load of 140 kN. The outside and inside diameters of the sirut are
200 mm and 140 mm respectively. It is 5 m long and has both of its end hinged. The strut is
having initial curvature of sinusoidal form with initial maximum deflection of 8 mm. Take
E =205 GN/m?.

Sol. Given :

Axialload, P=140 kN =140 x 10* N, D =200 mm = 0.2 m,d = 140 mm = 0.14 m,l =5 m,

both ends are hinged, initial maximum deflection, C' = 8 mm = 0.008 m, E = 205 GN/m® = 205 x
10% N/m?2,

Let o, = Maximum stress developed

Now, - ' A= % (D= d2) = g (0.2%— 0.14%) m?

72— (0.04 — 0.0196) = 0.016 m?

T g T 4_ 4y 1k

I= g (D*-dY= 5, (0.2~ 0.149m
= 6—1 (0.0016 — 0.000384) = 5.968 x 10- m*,
-5
B2 = i - 5.968 x 107" = 0.00373

A~ 0016

Let us now find the values of g, (stress due to direct load), Og (stress due to Euler's load)
and y, :

P 140 x10° 6 N2
UO—A—W—8.75K10 me

B
ap = IEwhere Py =Euler’s load

2 2 3 ' 5
_ :n:léEI _=® x205x1052x5.968x10 - 483 x 105N

_ 483 x10°
© 0016
¥, = distance of extreme layer in compression from neutral axis -
D 02

- =—=01m

2 2
These values are substituted in equation (19.16)

= 301.87 x 10% N/m?

It
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Now using equation (19.16), we get
Tmax _ g {1_&3} _Cxy,
Ty Og k2

Omer 1) [12_878210° | 000801

or 875 x 10° 30187 x 10° 0.00373
g
—Tmer __ 1| (1-0.02898) = 0.21447

o (8.75 x 10° ) ( )
: G 21447

_ Omex g &S
or [8.75 % 10° ] = (1= 0.02808) - 22088

Cpe = (1 +0.22088) x 8.75 x 108
= 10.683 x 105 N/m?%. Ans.

19.18. STRUT WITH LATERAL LOAD (OR BEAM COLUMNS)

Columns carry axial compressive loads. If the columns are also subjected fo trans-
verse loads, then they are known as beam columns. The transverse load is generally uni-
formly distributed. But let us consider two cases when

(i) Transverse load is a point load and acts at the centre

(if) Transverse load is uniformly distributed.

19.18.1. Strut Subjected to Compressive Axial Load or Axial Thrust and a Trans-
verse Point Load at the Centre. Both ends are Pinned. Fig. 19.15 shows a strut AB of
length I’ subjected to compressive axial load P and a transverse point load W at the centre. The
strut is pinned at hoth of its ends. Consider any section at a distance x from the end A. Let %’
is the deflection at this section. The bending moment at the section is given by,

M:~Py—%x i)

Fig. 19.15
. . a? ¥ ..
B.M. is also given by, M = EI ) : i)
~ Equating the two B.M. given by equations (i) and (ii),
d?y W 42 P W
EEL - _py_ 8 oy e
it CAC R e A A Y7 A
or d’y + P )
et Xy = XX
T R T 2E
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The solution of the above differential equation is

y=Clcos(xxJ%]+Czsin{xx‘ng_g%
EI

El x

P : P Wxx ‘
=C, cos [xx,JwETJ + C, sin [xx"ﬁ]— 5P (i)

The slope at any section is given by

dy fP . P ' ’P' . fP W
E=_Clx -E—Ism(xx\/'E:I)+sz EEcos[:cx Ef]_ﬁ

e (17

The values of C, and C, are obtained from boundary conditions.
At x =0, y = 0. Hence from equation (i) we get

0=C,
I dy . .
Atx=§, E:O. Hence from equation (iv), we get
’P‘ i ‘P ’P I P W
0=-C, x Exsm[-éx —E?]+sz Ecﬂs[-z—x EI_]—EF
[P i P\ W
=0+C,x [—eos| sy |-Z |- o8 (- C,=0)
2" NE (2" EIJ 2P !
W El 1 w EI { ’P
or C2=—X—X_=—x — X 5eC | — X f—
2P )of { ’P 2P P -2 VEr
CO8| — X |-
2 VEI

Substituting the value of C, and C, is equation (iit), we get

=0+1V—+ Exsec £x £ sin{ x x ﬁa _Wxx
¥ 2P "\P 2 \VEl “VET | ™ 2P
—Ex mE—I-xsec £>< £ sin | x x Pl _Wxx (o) -
=P *{'p o “VEI ™" Ver |~ =2p VY

The ahove equation (v), gives the deflection at any section.
Let us now find maximum deflection, maximum bending moment and maximum stress
induced. '

.

Maximum deflection (y, ). The deflection is maximum at the centre, where x = 2

. { . . . .
Substituting x = - in equation (v}, we get maximum deflection.

2
——W—x £l X gec £>< i sin £x ﬁ .—E—xi
Ymax = 9B *N T 2 " VEI 9 VEr 1" 2p "2
w [EI I [P Wxi )
_w E R i)
9P “V P Xt‘m{zx EI] 4P , w
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Maximum bending moment. The B.M. is given by equation () as

_ M:—(ny+%r—xxJ

l -
The hending B.M. will be maximum at the centre where y =y, and x = 3 Substituting

- these values in the above equation, we get

W I
Mm=_(nymax+—é—x'2_J

N P LA 1 AR 0 L I 431 D
T e Y e 2 VEI) 4P [T2 32

[Substitute y,,,, here from equation (vi)]

W El L fP Wl Wxl!
= [ X J—— xtan | — % Jr |~ +

2 P 2 EI 4 4

W fEI l ’P
= | — x| xtan| —x  j—

2 P 2 EI

The — ve sign is due to sign convention. Hence the magnitude of maximum B.M. is given

, . W ET I P
M. (magnitude) = 7 x 5 x tan (5 X Ef)

- _b_y

-(18.17)

Maximum stress (o, ). Maximum stress induced is due to direct axial compressive ~

7" load and due to maximum bending stress

0,0 = Og + U, where o = Stress due to direct axial compressive load

P
=7 +0, 0, = Stress due to bending. -
The stress due to bending of strut is given by,
M o '
I
“or o] _Mxy Mxy.
BRI T AR
“-where y, = distance of the extreme layer in compression from neutral axis
I=AR?
% = Radius of gyration
M = Mmm:
M
Max. bending stress = —%= >2< e
Ak
W ,EI l { P
—x, J— xtan | —x ,f—
2 2 VEI
- AK? e

X

ro |5
|

X

&
Ia‘
—
b |

X
5[+
Pl

[ From equation 1817, M =
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Hence maximum stress induced becomes as
P W _|EL ! / P e
Umax_ A+{2 X P xtan[Ex E‘?J:IXA]EZ {1918)

Problem 19.25. Determine the maximum stress induced in a cylindrical steel strut of
length 1.2 m and diameter 30 mm. The strut is hinged of both its ends and subjécted to an axial

‘thrust of 20 N at its ends and o transverse point load of 1.8 EN at the centre. Tuke E = 208 GN/ mZ,

Sol, Given :
1=12m;d=230mm={0.08 m; axial thrust, P =20 kN = 20 x 10% N ; transverse point
load, W= 1.8 kN = 1.8 x 103 N; K = 208 GN/m? = 208 x 1.0? N/m?

n m
Area, A= Z d? = Z {0.032) = 7.068 x 10~ m?
: n

MO, Ie o di= % (0.03) = 3.976 x 108 m?
Direct stress is due to axial thrust.

P _20x10° s )

. gy = A= —7.068 10 = 28.29 x 109 N/m* = 28.29 MN/m

Maximum bending stress is given by

M X

a, = M ge X Ve D)

I
Max. bending moment is given by equation (19.17), as

: w [E [ [P
~ _— — P + e
Mue= 3"y p "tan(z XVEI] (i)
P
Let us find "mEI .

P 20 x 107 :
NOW, —_— = - = =
ET V(@08 10%)x (3976 100 - V24183 = 1508
’EI 1
and — = ——— =0.643
P 1555
P o
Also L, f— = L2, 1.555 = 0.933 rad = 0.933 x 180°_ 53.45°
2 E 2 b/
t L x L. 0.9 °
an |5 x5 | = tan (0.933 rad) = tan (53.45°) = 1,349
Substituting known values in equation (i£), we get
3
M, =181 06431549 = 780.66 Nm.
Substituting the above value in equation (i), we get
780.66 x ¥,
G=
780.66 x 0.015
T 3976x10°°

( Yo = % = % =15 mm = 0.015 m and [ = 3.976 x 107 m“]

= 294.51 > 105 N/m? = 284.51 MN/m?
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Magximum stress induced is given by
Criax = 00 + Cb .
= 28.29 MN/m? + 294.51 MN/m? = 322.8 MN/m?, Ans.

19.18.2 Strut Subjected to Compressive Axial load or Axial thrust and a
Transverse Uniformly Distributed load of Intensity w per unit length. Both ends are
Pinned. Fig. 19.16 shows a strut AB of length 7' subjected to axial thrust P at its ends and also
a transverse uniformly distributed load of intensity w/unit length. The strut is pinned at both

of its ends. ) _ . -
Consider any section at a distance ‘«”from the end A. Let " is deflection at this section.
The bending moment at the section is given by,

)
Mszxy-l—(wxx)x-;E-— wzx XX
wxx® wxlxzx .
Py nE wxlxs )
2
Id--x—>| wiunit fength B
A
p_,ﬁ'n‘nmvnn;k T p
¥ v,
¥ max
S |
¢ 12 »|
H { !
Ry =202 Helxrg
Fig. 19.16
Bending moment is also given by,
: 42 .
M= Erdx—g : )
Differentiating the equation (i), w.r.t.x., we get
dM dy wx2x wxl
dx =-F dx Ty Ty
dy wxl
=-P dr +Wxx— B
Differentiating the above equation again, we get
d2M d?y
— e dez +w Wi
o dhy M o . 3 C s
From equation (i7), TS ED Substituting this value in equation (i), we get
x
d*M M 2
T ==Px——+w or d"M +—IixM:w
dx EI a2 EI
The above equation can be written as
d*M P [P
e + o?M = w where o = & T C=NE
This equation is a differential equation in M and is more useful as the maximum bend-

ing moment can be obtained directly ffom this. .
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The solution of the above equation is

M:Clcos(axx)+025in(cz.x)+:’7

P P
=C, cos [\’_EI X x) +C, sin {‘)—E— x xJ +% );)EI
P P El
= ¢y cos (x x 1/5} +Cysin [x x ,}_EIJ P i)

Let us find % also from the above equation
M ’ [ ’
%:-Clx E%sin[xx %}+sz %cos(xx %)4—0
:-m C, JE% sin [x x J%J + 0, x ’"E{} cos(x 3 }%] (v}

The values of C| and C, are obtained from boundary conditions. At x =0, M = 0, hence
from equation (iv), we have

[

wx Bl wx BT
0=0C) + P o Cy=- P
I dM L L
Atx = 9 de = ( (as at the centre shear force =R, —w x é = w; - w; =0) hence
from equation (v), we get

P [L, B P z /P
0=-C, x ﬁsm 9 EI + % Excos 2" BT
_(_M{]x igin i)( i +C P cos _l_x _f_

P EI 2 VEI 2\ &g 5 VEI
' ( u"JXEI)
ey =
P
or O—wXEIxi ¢ P + . £>< £
S e PR R Rt TR

. , P .
{Concelling ¥ to both sides)

It

L ’P :
or C__LUXEIX sm§>< ET _ wxEItan —{x\/z

SRR TR ]
2 El

2
Substituting the value of C, and C; in equation (iv), we get

(22 ol ) [ Bl )22
- (252 e [B o (B Jon s B 1)
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Expresston for maximum bending moment, maximum deflection and maximum
. stress
Maximum bending moment :

[ .
The bending moment is maximum at x = 7 Hence above equation becomes as

MW(::«%EE] Hé\[g)g@[;g]l]

wx EI [z PJ
= Cos| —x |— |+

—0052 £x1’£ +sin? ix f- -1
wx EI 2 Er 2 Er

_ wxEIT 1 _1

wxEl| (1 [P
- LA (19,19
==~z sec{zx EI} 1] ( }

(~ ve sign is due to sign convention)
Maximum deflection : The corresponding maximum deflection (y,,, ) is obtained from

{ s
max A0 X = 3 Hence equation (i) becomes as

equation (7}, in which M =Max,y =y

p w [if,w_lxi
M= xymm+2x 2 2 9

wxl?  wxl

=—nynmx+.—8— - —4--“
wx
=_nymaxm_8—_'

wi?
=-(nym+ a J

But from equation {19.19),
_ wx Kkl sec 1 x P 1
Mie == 2 VEr

X P
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Equating the two values of M,  , we get
~|Pxy +w—l2 =_wxEI seC £:'c L -1
mar g P 2 VEI
1 2
CwxEl e Ly [E 44| @
or i XY e = T { 2 x 7 8
wx EI I [P wi?
or o= pE % 5T | 1 ~8p -{19.20).
Maximum stress :
The maximum stress is then given by,
Oy = Tg + Ty
= L + Mo whare —22% = Mg = Mg % e
A z z ( I J I
' Ye

where y_ = distance of extreme layer in compression from N.A.

Problem 19.26. Determine the maximum stress induced in a horizontal strut of length
2.5 m and of rectangular cross-section 40 mm wide and 80 mm deep when it carries an axial
thrust of 100 kN and a vertical load of 6 XN/ m length. The strut is having pin joints af its ends.
Take E = 208 GN/m>2

Sol. Given :

[=25m;b=40mm =004 m; d=80mm=0.08 m; axial thrust, P = 100 kN = 100
x 1000 N ; uniformly distributed load, w = 6 kN/m = 6 x 10% N/m ; E = 208 GN/m? = 208 x 10 N/
m? Area, A = b x d = 0.04 x 0.08 = 0.0032 m2

7. bd’ _ 004x008°
Ci2 12
Let us now find the value of maximum bending moment (ie., M,
(19.19), we get

EI { P
M, .= %- [SEC [5 x \’E] - 1] (magnitude) (neglect - ve sign)

= 1.7066 x 108 m*

). Using equation

where % ~ 208 x 13322.17(:)?3% <10¢ - 02817 and % = 63%17 =355
or \/g = Jf0.2817 = 0.5307
Also, é- x \/EP—; = %5— »x 0.5307 = 0.6634 radians
_ 0.6634: 180° 38

i P
s8¢ 5”‘ B = sec 38° = 1.269
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M__=wx EI';I {sec[l 1‘;}—1} = (6 x 10%) x 3.55{1.269 ~ 1]

866

=5729.70 Nm
. P 100 x 1000 _ 5 9
Stress due to direct load, o, = T = 0003z N/m? = 31.25 x 108 N/'m
M
Max. bending stress, o, = __ﬂ@}_x_yc_
where y, = distance of extreme layer in compression from neutral axis
80
=%=? =40mm=0.04m

5729.7 x 0.04
Gy = =
17066 x 10
Maximum stress induced is given by
crm =0+ G
or o= 31.25 % 109 +134.3 x 10° N/m?
= 166.55 x 108 N/m? = 166 .55 MN/m® Ans.

134.3 x 10% N/m?

HIGHLIGHTS

1. A vertical member of a structure, which is subjected to axial compressive load and is fixed at
both of its ends, is known as a column.

2. Strutis a member of a structure which is not vertical or whose one or both of its ends are hinged
or pin joined.

3. All short columns fail due to crushing whereas long columns fail due to buckhng and crushing.

4. The load at which the colurmm just buekles is known as buckling load or critical load or crippling

load.
5. The crippling load for a column by Euler's formula for different end conditions is given by
2
n* El
P= 2 when both ends are hinged

n? EI . .

= F when one end is fixed and other is free
4x® EI

= 7z when both ends are fixed
on® EI _ ' -

= 2 when one end is fixed and other is hinged

where { = Actual length of column
E = Young’s modulus of the material of the column
I = Least moment of inertia of the cobumn.
6. The effective length of a given column with given end conditions is the length of an equlvalent
column of the same material and cross-section with hinged ends, and having. the value of crip-
pling load equal to that of the given column.
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7. The crippling load for any type of end condition is given by
- Bl
=7z

e

whereL, = Effective length
= | when both ends hinged
= 2] when one end is fixed and other is free

é when both ends are fixed
{
=Tz when one end fixed and other is hinged
where { = Actual length of the column.
8. Crippling load and crippling stress in terms of effective length and radius of gyration are given

by
- n’E A
Crippling loads, P= >
L
Lo
(%)
IIcZE

and Crippling stress =

’ I
where L, = Effective length and k£ = Least radius of gyration = A

where [ = Least moment of Inertia.
8. Slenderness ratio is the ratio of the effective length of the column to the least radius of gyration.
Mathematicaily,

Slenderness ratio = %
10. The crippling load by Rankine’s formula is given by
po . GeX : ;
l+a [f)

where o, = Ultimate crushing stress
A = Area of cross-section of column
a = Rankine’s constant
L, = Effective length
k = Least radius of gyration.
11. The crippling load by straight line formula is given by

P=GE.A—n(%J.A

where o, = Compressive yield stress
A = Area of cross-section of column

L
(f) = Slenderness ratio and 2 = A constant.
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12. Johnson’s parabolic formula for crippling load is given by
2
P=q, A-1 (L_] A
k
L. N . .
where o,, A and -—é— are compressive yield stress, area and slenderness ratio respectively and
a2
r = A constant = m .
EXERCISE 19
{A) Theoretical Questions
1. Explain the assumptions made in Euler's column theory. How far are the assumptions valid in
practice ? (AMIE, Summer 1982)
2. Define the terms : column, strut and crippling load.
3. Explain how the failure of a short and of a long column takes place ?
4. What do you mean by end conditions of a column ? What are the important end conditions for.a
column ? Explain them. .
5. What is ‘equivalent length of a column’ ? How is the concept used in the column theory ?
(AMIE, Winter 1982)
6. What is ‘equivalent length of a column’ 7 Give the ratios of equivalent length and actual length
of columns with various end conditions. (AMIE, Summer 1985)
7. Derive an expression for the Euler’s crippling load for 2 long column with following end conditions.
(a) Both ends are hinged (b) Both ends are fixed.
8, Explain how Rankine-Gordon formula is used to calculate the intensity of stress in short, inter-
mediate and long columns. (AMIE, Winter 1981)
9, Prove that the crippling load by Euler’s formula for a column having one end fixed and other end
free is given by
_nEI
4l
where = Actual length of the column,
E = Young’s modulus, and
I = Least moment of inertia.
10. Find an expression for crippling load for a long column when one end of the column is fixed and
other end is hinged.
T . 2 E
11. Prove that crippling stress by Euler's formula is given by f, = —— .
LE
(%)
12. Define slenderness ratio. State the limitations of Euler’s formula.
13. How will you justify that Rankine's formula is applicable for all lengths of columns, ranging
from short to long columns.
14, What is a Rankine’s constant ? What is the approximate value of Rankine’s constant for cast iron
column ?
15. Deduce an expression for the Buler’s crippling-load of an ‘ideal column’ pin-joined at each end.

Explain the limitations, if any, in using the formula.
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16.

17,

3.

10,

L.

12,

(#ii} One end is fixed and other is hinged.

Derive the equation for the Euler’s crippling load for a column with one end fixed and the other
is free. {Annamalai University, 1981)
Derive expression for Euler's buckling load for a long column of length L with both ends fixed,
from first principle. Mention the assumptions made in the derivation.

(Bangalore University, 1991)
(B) Numerical Problems

A solid round bar 4 m long and 6 cm in diameter is used as a strut with both ends hinged.
Determine the crippling load. Take E = 2 x 105 N/mm?, [Ans. 78.486 kN]
For the problem 1, determine the crippling loads when the given strut is used with the following
conditions :
{i) One end is fixed and other end is free  (if) Both the ends are fixed and
[Ans. (i) 19.621 XN (ii) 313.94 kN (iii) 156.96 kN]
A column of timber section 10 cm x 15 cm is 5 m long both ends being fixed. If the Young's
modulus for timber = 17.5 kN/mm?, determine :
(£) Crippling load, and (z£) Safe load for the column if factor of safefy =3.
{Ans. (i} 45.4 kN and (#) 135.1 kN)
A hollow mild steel tube 5 m long, 4 cm internal diameter and 5 mm thick is used as a strat with
both ends hinged. Find the crippling load and safe load taking factor of safety as 3. Taking
E =2 x 10° N/mm?®. [Ans. 14.99 N and 4766 N]
A solid circular bar 5 m long and 4 c¢m in diameter was found to extend 4.5 mm under a tensile
load of 48 kN. The bar is used as a strut with both ends hinged. Determine the buckling load for
the bar and also the safe load taking factor of safety as 3.0. [Ans. 2105.5 N and 701.8 N}
Calculate the safe compressive load on a hollow cast iron column {one end rigidly fixed and other
binged) of 10 cm external diameter, 7 cm internal diameter and 8 m in length. Use Euler’s
formula with a factor of safety of 4 and £ = 95 kN/mm?. {Ans. 27.3 kN3
Determine Euler’s crippling load for an I-section joist 30 cm % 15 cm x 2 em and 5 m long which
is used as a strut with both ends fixed. Take Young's modulus for the joist as 2 x 10° N/mm2.
fAns. 3.6 MN3
Determine the crippling load for a T-section of dimensions 12 cm x 12 em x 2 ¢m and of length
6 cm when it is used as a strut with both of its ends hinged. Take E = 2 x 10° N/mm?. '
(Ans. 161.57 kN}
Determine the ratio of buckling strengths of two columns one hollow and the other solid. Both
are made of the same material and have the same length, cross-sectional area and end condi-
tions. The internal diameter of hollow column is 2/3rd of its external diameter. [Ans. 2.6 : 1}
The external and internal diameter of a hollow cast iron column are 5 em and 3 em respectively.
If the length of this column is 4 m and both of its ends are fixed, determine the crippling load
1

1600 in Rankine’s formula.

using Rankine’s formula. Take the value of f, = 550 N/mm?® and @ =

[Ans. 540.09 kN]

A hollow cylindrical east. iron column is 6 m long with both ends fixed. Determine the minimum
diameter of the colummn if it has to carry a safe load of 300 kiN with a factor of safety of 4. Take the

internal diameter as 0.7 times the external diameter. Take f, = 550 N/mm?® and a = 166G in
Rankine's formula. [Ans. D = 9.58 em, d = 6.67 cm]
A 2.0 m long column has a circular cross-section of 6 cm diameter. One of the ends of the celumn
is fixed in direction and position and other end is free. Taking factor of safety as 3, calculate the

safe load using



