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UNITI 

INTRODUCTION: The finiteelement analysis isanumericaltechnique.Inthismethodallthecomplexities of 

the problems, like varying shape, boundary conditions and loads are maintained as they are but the solutions 

obtained are approximate. Thefast improvements in computer hardware technology and slashing of cost of 

computers have boosted this method, since the computer is the basic need for the application of this method. 

Anumber ofpopular brand offinite element analysispackagesare now available commercially Some of the 

popular packages are STAAD-PRO, GT-STRUDEL, NASTRAN, NISA and ANSYS. Using these packages 

one can analyze several complexstructures. 

The finite element analysis originated as a methodofstress analysis inthe designofaircrafts. It started as an 

extension of matrix method of structural analysis. Today this method is used not only for the analysisin solid 

mechanics, but even in the analysis of fluid flow, heat transfer, electric and magnetic fields and many others. 

Civil engineers use this method extensively for the analysis of beams, space frames, plates, shells, folded 

plates, foundations, rock mechanics problems and seepage analysis of fluid through porous media. 

Bothstaticanddynamicproblemscanbehandledbyfiniteelement analysis. This method isused extensively for 

the analysis and designofships, aircrafts, spacecrafts, electric motorsand heatengines 

The basic unknowns or the Field variables which are encountered in the engineering problems are 

displacementsinsolid mechanics, velocities influid mechanics, electricand magneticpotentials inelectrical 

engineering and temperatures in heat flow problems In a continuum, these unknowns are infinite. The finite 

element procedure reduces such unknowns to a finite numberby dividing the solution region intosmall parts 

called elements and by expressing the unknown field variables in terms of assumed approximating 

functions (Interpolating functions/Shape functions) within each element. The approximating functions are 

defined in terms of field variables of specified points callednodes or nodal points. Thus in the finite element 

analysis the unknowns are the field variables of the nodal points. Once these are found the field variables at 

any point can be found by using interpolation functions. After selecting elements and nodal unknowns next 

step in finite element analysis is to assemble element properties for each element. For example, in solid 

mechanics, we have to find the force-displacement i.e. stiffness characteristics of each 

individualelement.Mathematicallythis relationshipisofthe form 

[k]e{δ}e={F}e 

where [k]e is element stiffness matrix, {δ }e is nodal displacement vector of the element and {F}e is nodal 

force vector. The element of stiffness matrix kij represent the force in coordinates direction ‘i’ due to a unit 

displacement incoordinate direction‘j’. Fourmethodsare available for formulating these element properties 

viz.directapproach,variational approach,weightedresidual approach andenergy balanceapproach.Any 
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one of these methods can beused for assembling element properties. Insolid mechanics variational approach 

is commonly employed to assemble stiffness matrix and nodal force vector (consistent loads). 

Elementproperties are usedto assemble globalproperties/structure properties to get systemequations[k] 

{u} = {F}. Then the boundary conditions are imposed. The solution of these simultaneous equations gives 

the nodalunknowns.Usingthesenodalvaluesadditionalcalculationsaremade toget the requiredvalues 

e.g.stresses,strains,moments,etc.insolid mechanicsproblems. 

 

Thusthevariousstepsinvolved inthefiniteelementanalysisare: 

(i) Selectsuitable fieldvariablesandtheelements. 

(ii) Discritisethecontinua. 

(iii) Selectinterpolation functions. 

(iv) Findtheelementproperties. 

(v) Assembleelementpropertiestogetglobalproperties. 

(vi) Impose theboundaryconditions. 

(vii) Solvethesystemequations togetthenodalunknowns. 

(viii) Maketheadditionalcalculationstogettherequiredvalues. 

 

 

MethodsofEngineeringAnalysis 

Therearethreemethodsareadoptedforanalyzingtheproduct 

1. Experimentalmethods 

2. Analytical methods 

Numerical methods 

Experimentalmethods 

Inthesemethodstheactualproductsortheirprototype modelsoratleasttheir materialspecimenaretested by using 

some equipments 

Ex:UTM, Rockwellhardnesstester 

Analyticalmethods 

Thesemethodsaretheoreticallyanalyzingmethods.Onlysimpleand regularshapedproductslikebeams, shafts, 

plates can be analyzed bythese methods 
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Numericalmethods 

For the products of complicated sizes and shapes with complicated material properties and boundary 

conditions getting solution using analytical methods is highly difficult. In such situation the numerical 

method can be employed 

There are three numerical methods 

i)Functionalapproximatingmethods 

ii) Finiteelementmethod 

iii) Finitedifferencemethod 

 

 

ApplicationofFEM 
 

 

S.No AreaofStudy Analysingproblem 

1 CivilEngineeringstructures Analysisoftrusses,foldedplates,shellroofs,bridgesand 

prestressed concrete structures 

2 Aircraftstructures Analysisofaircraftwings,fins,rockets,spacecraftand missile 

structures 

3 MechanicalDesign Stressanalysis ofpressure vessels,pistons,composite 

materials, Linkages and gears 

4 HeatConduction Temperaturedistributioninsolidaandfluids 

5 Hydraulicandwaterresources 

Engineering 

Analysis of potential flows,freesurfaceflows,viscous 

flows, analysis of hydraulic structures and dams 

6 Electrical Machines and 

Electromagnetic 

Analysisofsynchronousandinductionmachineseddycurrent and 

core losses in electric machines 

7 NuclearEngineering Analysis ofnuclear pressure vessels and containment 

structures 

8 Geomechanics Stressanalysisinsoils,dams,layeredpilesandmachine foundations 

 

AdvantagesanddisadvantagesofFEM 

Advantages 

Using FEMweareableto 

1. modelirregularshaped bodiesquiteeasily 

2. handlegeneralloadconditionswithoutdifficulty 
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3. modelbodiescomposedofseveraldifferent materialsbecausetheelement equationsareevaluated 

individually 

4. handleunlimitednumbersandkindsofboundaryconditions 

5. varythesizeoftheelement tomakeitpossibletousesmallelements 

6. alterthefiniteelementmodeleasilyandcheaply 

7. includedynamiceffects 

Disadvantages 

1. Thefiniteelementmethodistimeconsumingprocess 

2. FEMcannotproduceexactresultsasthoseofanalyticalmethods 

 

EquationsofEquilibriumfor3DBody 

Typicalthreedimensionalelement ofsizedx×dy×dz. Faceabcdmaybecalledasnegative faceofxand the face 

efgh asthe positiveface ofx since the x valuefor face abcdis lessthanthatforthe face efgh. 

Similarlythefaceaehdis negativefaceofyandbfgc ispositivefaceofy. Negativeandpositivefacesof 

zaredhgcandaefb.Thedirect stressesσandshearingstressesτactingonthenegative facesareshownin the Fig. 

withsuitable subscript. It may be notedthat the first subscript ofshearing stress is the plane and the 

second subscript is the direction. Thus the τ xy means shearing stress onthe plane where x value is 

constantand y is the direction. 
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Let the intensityof bodyforces acting onthe element in x, y, z directions be X, Yand Z respectivelyas 

showninFigTheintensityofbodyforcesareuniformover entirebody.Hencethetotalbodyforce inx, y, z 

direction onthe elementshown are given by 

(i) Xdx dydzinx –direction 

(ii) Ydxdydziny–directionand 

(iii) Zdxdydzinz–direction 

 

EquationsofEquilibrium 

Consideringallforcesareactingwecanwritetheequilibriumequationsfortheelement 

Simplifyinganddividingthroughoutbydxdydz 
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SimilarlyFy=0andFz=0Equilibriumconditions give 
 

Mx=0 

 \ 

Neglecting small quantitythen 
zy=yz 

 

My=0thenwewillget 

xz=zx 

 

MZ=0thenwewillget 

xy=yx 

[]
T=[xyzxyyzxz] 

 

andtheequilibriumequationsare 
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StrainDisplacementequations 

Takingdisplacement componentsinx,y,zdirectionsasu,v,andwrespectively, therelationsamong components 
ofstrain and the components ofdisplacementare 

 

 

strains are expressed up to the accuracyof second order (quadratic) changes in displacements. These 

equationsmaybesimplifiedtothefirst(linear)orderaccuracyonlybydroppingthesecondorderchanges terms. Then 

linear strain – displacement relation is given by: 
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LINEARCONSTITUTIVEEQUATIONS 

Theconstitutive lawexpressestherelationship among stressesand strains. Intheoryofelasticity, usuallyit 

isconsideredaslinear.Inonedimensionalstressanalysis,the linearconstitutive lawisstressisproportional to 

strain and the constant of proportionality is called Young’s modulus. It is very wellknown as Hooke’s law. 

Thesimilarrelationisexpressedamongthesixcomponentsofstressesandstrainsandiscalled ‘Generalized 

Hookes Law”. This may be stated as: 

 

 

where D is 6 × 6 matrix of constants of elasticity to be determined by experimental investigations for each 

material. As D is symmetric matrix [Dij = Dji], there are 21 material properties for linear elastic 

Anisotropic Materials. Certain materials exhibit symmetry with respect to planes within the body. Such 

materials are called Orthotropic materials. Hence for orthotropic materials, the number of material 

constants reduces to 9 as shown below: 
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Notethatthereare12materialproperties inabove equationsHoweveronlynineoftheseare independent because the 

following relations exist 

 

 

ForIsotropicMaterialstheabovesetofequationsarefurthersimplified.Anisotropicmaterialistheone that has 

same materialpropertyin alldirections. Inother word for isotropic materials, 

 

 

Henceforathreedimensionalproblem,thestrainstressrelationforisotropicmaterialis, 
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PLANESTRESSPROBLEM 

Thethinplatessubjecttoforcesintheirplaneonly, fallunderthiscategoryoftheproblems.Fig.showsa typicalplane 

stress problem. In this, there is 
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PLANESTRAIN PROBLEM 

 

Alongbodysubjecttosignificantlateralforcesbutverylittlelongitudinalforces fallsunderthiscategoryof problems. 

Examples ofsuchproblems are pipes, long strip footings, retaining walls, gravitydams, tunnels, etc. Inthese 

problems, exceptfor a smalldistance at the ends, stateofstress is represented by 

anysmalllongitudinalstrip.Thedisplacementinlongitudinaldirection(z-direction)iszerointypicalstrip. Hence the 

strain components, 
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FunctionalApproximationMethods 

Thenatureoftheproblemsforwhichthesolutionstobe foundoutare 

i) Equilibriumproblems 

ii) Eigenvalueproblems 

iii)probagationproblems 

Thefunctionalapproximationmethodsforsolvingtheabovetypesofproblems areclassifiedintomajor types 

i) Variational methods 

ii)Weightedresidualmethods 
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Rayleigh-Ritzmethodisgoodexampleforvariationalmethod Weighted 

residual method 

 Pointcollocationmethod 

 subdomaincollocationmethod 

 Leastsquaremethod 

 Galerkin'smethod 

Rayleigh-RitzMethod 

Rayleigh-Ritz methodisatypicalvariationalmethodinwhichprincipleofintegralapproachisadoptedfor solving 

the complex structural problems 

i) Minimumpotentialenergymethod 

ii)Integral approach method 

Minimumpotentialenergymethod 

Inthismethodthetotalpotentialenergy''isconsideredasthefunctionofgeneralizedcoordinatedwhich 

areexactlyequaltothenumberofdegreesof freedom 

=U-W 

U=Internalenergy 

W=workdonebytheexternalforce 

Polynomialseries 

y(x)=a1+a2x+a3x
2+--------------------- 

a1,a2,a3 ----------------- areRitzparameters 

Integralapproachmethod 

Differentialequationis 
 

D𝑑2𝑦+Q=0 
𝑑𝑥2 

 

I∫0 𝑙[𝐷/2(𝑑𝑦/𝑑𝑥)-Qy]dx 
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ONEDIMENSIONALPROBLEMS 

BarandbeamelementsareconsideredasOneDimensionalelements.Theseelementsareoftenusedto model 

trusses andframe structures 

 

TypesofLoading 

i) Bodyforce(f) 

Itisdistributedforceactingoneveryelementalvolumeofthebody.UnitisForce /Unitvolume.Ex:Self weight due to 

gravity. 

ii) Traction (T) 

Itisdistributedforce actingonthesurfaceofthebody. Unit isForce/Unit area. But foronedimensional problem, 

unitisForce / Unit length. Ex: Frictional resistance, viscousdrag and Surface shear. 

iii) Pointload(P) 

Itisforceactingataparticularpointwhichcauses displacement. 

 

FiniteElementModeling 

Ithastwoprocesses.(1)Discretizationofstructure(2)Numberingofnodes. 
 

 

 

 

CO–ORDINATES 

(A) Globalco–ordinates,(B)Localco–ordinatesand(C)Naturalco–ordinates. 

 

 EquationofStiffnessMatrix forOnedimensionalbarelement 
 

 



 

 

 

Forasteppedbarloadedasshowninfigure.Determinea)Nodaldisplacements 

b)supportReactionsc)ElementStress 

 

 

 

Solution 
 

 

Element1 Element2 Element3 

A1=15 cm2 A2=15 cm2 A3=24 cm2 

E1=20X106N/cm2 E2=20X106N/cm2 E3=20X106N/cm2 
L1=75cm L2=75cm L3=60cm 

α1= 11X10-6cm/cm0C α2= 11X10-6cm/cm0C α3= 11X10-6cm/cm0C 

∆T=100C ∆T=100C ∆T=100C 

 

F0(1)=A1 E1α 1∆T=33000 N 

F0(2)=A2 E2α 2∆T=33000 N 

F0(3)=A3 E3α 3∆T=52800N 

The Nodal Forces are 

F1=R1+P- F0(1)= R1-33000 

F2=P2 + F0(1) - F0(2) = 10000 

F3=P3+F0(2)-F0(3)=-39800 

F4=R4+ P3+F0(2)-F0(3)=R4+52800 

The stiffness values are 

k1=A1E1/L1=4X106N/cm 
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k2=A2E2/L2=4X106N/cm k3=A3E3/L3=8X 

106 N/cm 

thenodalconditionsareu1=0andu4=0 

 

solvetheabove matrixthen you willget thevaluesofu2and u3as- 3.48 X10-3 cmand as- 0.49 X10-1 cm R1 = 

34960 N 

R4= -24960N 

r(1)=(1)-
2 

0(1)=-2330.7N/cm 

r(2)=(2)-
2 

0(2)=-2997.3N/cm 

r(3)=(3)-
2 

0(3)=-1010N/cm 
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TwoDimensionalTrusses 
UNITII 

Figure shows a typical plane truss. The truss may be statically determinate or indeterminate. Inthe analysis 

alljointsareassumedpinconnectedandallloads act at jointsonly. Theseassumptionsresult into no bending of any 

member. All members are subjected to only direct stresses–tensile or compressive. Now we are interested to 

seethe finite elementanalysis procedure for suchtrusses 
 

Step1:FieldVariablesandElements 
Joint displacementsareselectedasbasic field variables. Sincethere is no bendingofthe members, wehaveto 

ensure only displacement continuity (Co-continuity) and there is no need to worry about slope continuity 

(C1continuity). Hence we select two noded bar elements for the analysis of trusses. Since the members are 

subjectedto onlyaxial forces, thedisplacementsareonlyin theaxialdirectionsofthe members. Thereforethe 

nodalvariable vector for the typical bar elementshown in Fig 
 

whereδ’1,δ’2areintheaxialdirectionsoftheelement. Buttheaxialdirectionisnotsameforall members. 
Ifweselect x-yasglobalcoordinatesystem, therearetwodisplacement componentsateverynode. Hencethe nodal 
variable vector for atypical elementis, 
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Step6:BoundaryConditions 

Ifhandcalculationsare madeusuallyeliminationapproachisusedand ifcomputersareusedpenaltyapproach isused 

for imposing boundaryconditions. The method isexactlysameasexplained in theanalysis ofcolumns and tension 

members. 

Step7:SolutionofSimultaneous Equations 

Thisstepisalsosameasexplainedintheanalysisoftensionbarsandcolumns. 

Step8:AdditionalCalculations 

Analystsareinterestedinfindingstressesandforcesinthemembersofthetruss. 

FiniteElementsfor2‐DProblems 

GeneralFormulafortheStiffnessMatrix 

Displacements(u,v)inaplaneelement areinterpolatedfromnodaldisplacements(ui, vi)usingshapefunctions Ni as 
follows, 

 

whereNistheshapefunction matrix,uthedisplacement vector anddthenodaldisplacement vector. Herewe 

haveassumedthat u depends onthenodal values ofu only, andv on nodal values of vonly. Most commonly 

employed2‐D elements arelinear or quadratictriangles and quadrilaterals. 
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ConstantStrainTriangle(CSTorT3) 

 

Thisisthesimplest 2‐Delement,whichisalsocalledlineartriangularelement. 
 

For this element, we have three nodes at the vertices of the triangle, which are numbered around the element in 

thecounter clockwisedirection. Eachnodehas twodegrees of freedom(canmoveinthe x and ydirections).The 

displacements u and v are assumed to belinear functions within the element, that is, 

 

Wherebi(i =1,2,..., 6) areconstants. Fromthese,thestrainsarefoundtobe, which are 

constant throughout the element. 
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30  

 

UNITIII 
ElasticityEquations 

Elasticityequationsareusedforsolvingstructuralmechanicsproblems.Theseequationsmustbe satisfied if 

an exact solution to a structural mechanics problem is to be obtained. The types of elasticity 

equations are 

1. Strain–Displacementrelationshipequations 
 

 

2. Stress–Strainrelationshipequation 
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σ–Stress,τ–ShearStress,E–Young’sModulus,v–Poisson’sRatio,e–Strain,γ-ShearStrain. 

3. Equilibriumequations 

 

 

σ–Stress,τ–ShearStress,Bx-Bodyforce atXdirection, 

By-BodyforceatYdirection,B z-BodyforceatZdirection. 

 

4. Compatibilityequations 

Therearesixindependentcompatibilityequations,oneofwhich is 

 

 

Theotherfiveequationsaresimilarlysecondorderrelations. 

 AxisymmetricElements 

Mostofthethreedimensionalproblems aresymmetryaboutanaxisofrotation.Thosetypes of problems are 

solved bya specialtwodimensionalelement called as xisymmetric element. 

 

 AxisymmetricFormulation 

Thedisplacementvectoruisgiven by 
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Thestraineisgivenby 

 

 

 

 

 

EquationofshapefunctionforAxisymmetricelement 

Shapefunction, 
 

 EquationofStrain –DisplacementMatrix[B]forAxisymmetricelement 
 

 

 EquationofStress–StrainMatrix[D]forAxisymmetricelement 

 

Thestressσisgivenby 



33  

 

 EquationofStiffnessMatrix[K]forAxisymmetricelement 

 

 

 TemperatureEffects 

 

Thethermalforcevectorisgivenby 

 

 

 Problem1.Forthegivenelement,determinethestiffnessmatrix.TakeE=200GPaandυ=0.25.2. 
 

 

 2.Forthefigure,determinetheelement stresses. TakeE=2.1x105N/mm2andυ=0.25.Theco – 

ordinates are in mm. The nodal displacements are u1=0.05mm, w1=0.03mm, u2=0.02mm, 

w2=0.02mm, u3=0.0mm,w3=0.0mm. 
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 3. Alonghollowcylinderofinsidediameter100mmandoutsidediameter 140mmis subjectedto an 

internalpressure of 4N/mm2. Byusing two elements onthe 15mm length, calculate the displacements at 

the inner radius. 

 Isoparametricelement 

Generallyit isverydifficult to represent the curved boundariesbystraight edge elements. A large number of 

elements may be used to obtain reasonable resemblance between original body and the assemblage. In 

order to overcome this drawback,isoparametric elements are used. 

 

 

 

 

 

Ifthenumberofnodesusedfordefiningthegeometryissameas numberofnodesuseddefiningthe displacements, then 

itis known as isoparametric element. 

 

 Superparametricelement 

Ifthenumberofnodesusedfordefiningthegeometryismorethannumberofnodesusedfordefiningthe displacements, 

then it isknown as super parametric element. 

 

 

 

 

 

 

 

 

 

 

 Subparametricelement 

Ifthenumberofnodesusedfordefiningthegeometryislessthannumberofnodes usedfordefining the 

displacements, then itis knownas subparametric element. 
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 EquationofShapefunctionfor4nodedrectangularparent element 

 

 

 EquationofStiffnessMatrixfor4nodedisoparametricquadrilateralelement 
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 Equationofelementforcevector 

 

 

N–Shapefunction,Fx–loadorforcealongxdirection,Fy–loadorforcealongydirection. 

 NumericalIntegration(GaussianQuadrature) 

TheGaussquadratureisoneofthenumericalintegrationmethodstocalculatethedefiniteintegrals.In FEA, 

thisGaussquadrature method is mostlypreferred. Inthis methodthe numericalintegration is 
 

achievedbythe followingexpression, 



37  

 

 

 

Tablegivesgausspointsforintegrationfrom-1to1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Problem1.Evaluate, byapplying3pointGaussianquadratureandcomparewith 

exact solution. 

2. Evaluate, usingonepointandtwopointGaussianquadrature.Compare 
with exactsolution. 

3. Fortheisoparametricquadrilateralelementshowninfigure,determinethelocalco–ordinatesofthepoint P 

which has Cartesian co- ordinates (7, 4). 
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4. Afournodedrectangularelementisinfigure.Determine(i)Jacobianmatrix,(ii)Strain–Displacement matrix 

and (iii)Element 

Stresses.TakeE=2x105N/mm2,υ=0.25,u=[0,0,0.003,0.004,0.006,0.004,0,0]T,Ɛ=0,ɳ=0.Assumeplane stress 
condition. 
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UNIT IV 

 
Onecouldobtaintheglobalstiffness matrix of a continuous beamfromassemblingmember stiffness matrix of 

individual beam elements. Towards this end, we break the given beam into a number of beam elements. The 

stiffness matrix of each individual beam element can be written very easily. For example, considera continuous 

beam ABCD as shown in Fig. 1a. The given continuous beam isdivided into three beam elements as shown in 

Fig.1b. It is noticed that,in this case,nodes arelocated at thesupports. Thus each span is treated as an individual 

beam. However sometimes it is required to consider a node between support points. This is done whenever the 

cross sectional area changes suddenly or if it is required to calculate vertical or rotational displacements at an 

intermediate point. Such a division is shown in Fig. 1c. If the axial deformations are neglected then each node 

of the beam will have two degrees of freedom: a verticaldisplacement (corresponding to shear) and a rotation 

(corresponding to bending moment).In Fig.1b,numbersenclosed in a circlerepresents beam numbers. Thebeam 

ABCD is divided into threebeam members. Hence, therearefour nodes and eight degrees of freedom. The 

possible displacement degrees of freedom ofthe beam are also shown in the figure. Let us use lower numbers to 

denote unknown degrees of freedom (unconstrained degrees of freedom) and higher numbers to denote known 

(constrained) degrees of freedom. Such a method of identification is adopted in this course for the ease of 

imposing boundary conditions directly on the structure stiffness matrix. However, one could number 

sequentially as shown in Fig. 1d. This is preferred while solving the problem on a computer. 
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Intheabovefigures, singleheadedarrows areusedtoindicatetranslationalanddoubleheadedarrows areused to 

indicate rotational degreesof freedom. 

 

BeamStiffnessMatrix: 

Fig. 2 shows a prismatic beamof a constant crosssectionthat isfullyrestrainedatends inlocalorthogonalco- 

ordinate system x'y'z'. The beam ends are denoted by nodes j and k. The x' axis coincides with the centroidal 

axis ofthe member withthepositivesensebeing definedfrom j tok. Let L bethelengthofthemember, A area of 

cross section of the member andI zz is the moment of inertia about z'axis. 
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Two degrees of freedom (one translation and one rotation) are considered at each end of the member. Hence, 

there are four possible degrees of freedom for this member and hence the resulting stiffness matrix is of the 

order 4 X 4. In this method counterclockwise moments and counterclockwise rotations are taken as positive. 

Thepositivesenseof thetranslation and rotation arealso shown in thefigure. Displacements areconsidered as 

positive in the direction of the co- ordinate axis. The elements of the stiffnessmatrix indicate the forces exerted 

on the member by the restraints at the ends of the member when unit displacementsare imposed at each end of 

the member. Let us calculate the forces developed in the above beam member when unit displacement is 

imposed along each degree of freedom holding all other displacements to zero. Now impose a unit 

displacement along y' axis at j end of the member while holding all other displacementsto zero as shown in 

Fig.a. This displacement causes both shear and moment in thebeam. Therestraint actions arealso shown in the 

figure. By definition they are elements of the member stiffness matrix. In particular they form the first column 

of element stiffnessmatrix. 

In Fig.b, the unit rotation in the positive sense is imposed at j end of the beam while holding all other 

displacements to zero. The restraint actions are shown in the figure. The restraint actionsatendsare calculated 

referring to tablesgiven in lesson… 
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In Fig. 3c, unit displacement along y' axis at end k is imposed and corresponding restraint actions are 

calculated. Similarly in Fig.d, unit rotation about z' axis at end k is imposed and corresponding stiffness 

coefficients arecalculated. Hencethe member stiffness matrix for thebeammemberis 
 

The stiffness matrix is symmetrical. The stiffness matrix is partitioned to separate the actions associated with 

two ends of the member. For continuous beam problem, if the supports are unyielding, then only rotational 

degree of freedom shown in Fig. is possible. In such a case the first and the third rows and columns will be 

deleted. The reduced stiffness matrix will be, 
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Insteadofimposingunit displacement alongy'at jendofthemember inFig.a,applya displacement u'1alongy'at j end 

of the member as shown in Fig. a, holding all other displacements to zero. Let therestraining forces developed be 

denoted by q11, q21, q31 and q41. 

 

 

 

Theforces areequalto, 

 

q11= k11u'1; q21=k21u'1; q31=k31u'1; q41=k41u'1 

 

Now, give displacements u'1, u'2, u'3 and u'4 simultaneously along displacement degrees of freedom1, 2, 3 and 4 

respectively. Let the restraining forcesdeveloped at member ends be q1,q2 ,q3 and q4 respectively as shown in 

Fig. b along respective degrees of freedom. Then by the principle of superposition, the force displacement 

relationship can be written as, 
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Beam(global)StiffnessMatrix: 

Theformationofstructure(beam)stiffness matrixfromitsmember stiffness matricesis explainedwithhelp of 

twospancontinuous beams shown inFig. a. Notethat noloadingis shownonthebeam. Theorthogonal co- 

 

ordinatesystemxyzdenotestheglobalco-ordinatesystem. 

For the case of continuous beam, the x- and x’ - axes are collinear and other axes ( y and y' , zand z' ) are parallel 

to each other. Hence it is not required to transform member stiffness matrix from local co-ordinate system to 

global coordinate system as done in the case of trusses. For obtaining the global stiffness matrix, first assumethat 

alljoints arerestrained. Thenodeand membernumbering for thepossible degrees of freedomare 
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shown in Fig b. The continuous beam is divided into two beam members. For thismemberthere are six possible 

degrees of freedom. Also in the figure, each beam member with its displacement degreesof freedom (inlocalco 

ordinatesystem) is alsoshown. Sincethecontinuous beamhas thesamemoment ofinertia andspan, the member 

stiffness matrix of element 1 and2 arethesame. Theyare, 

 

 

 

 

The local and the global degreesof freedom are also indicated on the top and side of the element stiffness matrix. 

This will help us to place the elements of the element stiffness matrix at the appropriate locations of the global 

stiffness matrix. Thecontinuous beam has six degrees of freedomand hencethestiffness matrix is of the order6. 

Let [K]denotes thecontinuous beamstiffness matrix oforder 6X6. FromFig., [K] maybe writtenas, 
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The4X4 upper left handsectionreceives contributionfrommember 1 (AB)and4X4 lower right handsection of 

global stiffness matrix receives contribution from member 2. The element of the global stiffness matrix 

correspondingtoglobal degrees of freedom3 and4 receiveselement fromboth members 1 and2. 

FORMATIONOFLOADVECTOR: 

Consider a continuousbeamABCasshowninFig. 

 

 

Wehavetwotypes of load: member loads andjoint loads. Joint loads couldbehandledveryeasilyasdonein case 

of trusses. Note that stiffness matrix of each member was developed for end loading only. Thus it is required 

to replace the member loads by equivalent joint loads. The equivalent joint loads must be evaluated such that 

thedisplacements produced by them in thebeamshould bethesameas the displacements produced bytheactual 

loadingonthebeam.This isevaluated byinvokingthe method of superposition. 
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The loading on the beam shown in Fig. (a), is equal to the sum of Fig. (b) and Fig. (c). In Fig. (c), the joints are 

restrained against displacements and fixed end forces are calculated. In Fig.(c) these fixed end actionsareshown 

in reverse direction on the actual beam without any load. Since the beam in Fig. (b) is restrained (fixed) against 

any displacement, the displacements produced by the joint loads in Fig. (c) must be equal to the displacement 

produced by the actual beam in Fig. (a). Thus the loads shown in Fig. (c) are the equivalent joint loads .Let, p1, 

p2 , p3 , p4 , p5 and p6 be the equivalent joint loads acting on the continuous beam along displacement degrees 

offreedom1,2,3,4,5and6respectivelyasshown inFig. (b).Thus the global loadvector is, 
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SOLUTIONOFEQUILIBRIUMEQUATIONS: 

After establishingtheglobalstiffness matrixandloadvector ofthebeam,theloaddisplacementrelationshipfor the 

beam can be written as 

 

 

Where is the global load vector, { P } { u } is displacementvector and is the global stiffnessmatrix. In the above 

equation some jointdisplacements are known from support conditions. The above equation may be writtenas 
 

Where{pk} and { uk} denoterespectively vector of known forces and known displacements. And {pk} and { uk} 

denote respectively vector of unknown forces and unknown displacements respectively. Nowexpandingequation 

{pk}k11{uu}k12{uk} 

{pu}k21{uu}k22{uk} 
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Since ukis known, the unknown jo int displacements can be evaluated. And support reactions are 

evaluated fromequation, after evaluating unknown displacementvector. 

LetR1,R3andR5bethereactionsalongtheconstraineddegreesoffreedom.Sinceequivalent jointloads are 

directly applied at the supports, theyalso need to be considered while calculating the actual reactions. 

Thus, 

 

Thereactionsmaybecalculatedasfollows.ThereactionsofthebeamshowninFig.aareequalto the 

sumofreactions shown in Fig. b, Fig. c and Fig. d. 
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Memberendactionsq1, q2, q3andq4arecalculatedasfollows.Forexampleconsiderthefirst element1 
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UNITV 

 

Dynamicanalysis 

 

Modalanalysis-Naturalfrequencyandmodeshapes 

 Harmonicanalysis-Forcedresponseofsystemtoasinusoidalforcing 

 Transientanalysis-Forcedresponsefornon-harmonicloads(impact, 

step or ramp forcing etc.) 

DYNAMICCONSIDERATIONS 

Static analysis holds when the loads are slowly applied. When the loads are suddenly 

applied, or when the loads are of a variable nature, the mass and acceleration effects come 

into the picture. If a solid body, such as an engineering structure,is deformed elastically and 

suddenly released, it tends to vibrate about its equilibrium position. This periodic 

motiondue to the restoring strain energy is called free vibration. 

Thenumberofcyclesper unittimeiscalled frequency. 

Themaximumdisplacementfromtheequilibriumpositionistheamplitude. 

 

 

FORMULATION 

WedefinetheLagrangeanby 

 

L=T-П 

 

whereTisthekineticenergyandПisthepotentialenergy. 
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Example 

Considerthespring-masssysteminFig..Thekineticandpotentialenergiesaregivenby 

 

 

UsingL= T– П,weobtainthe equationsofmotion 

 

Whichcan bewrittenintheform 
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where M is the mass matrix, K is the stiffnessmatrix, and  andxarevectors 

representing accelerations and displacements. 

SolidBodywithDistributedMass 

Considerasolidbodywithdistributedmass.Thekineticenergyisgivenby 

whereρisthedensity(massperunitvolume)ofthematerialand 

 
isthevelocityvectorofthepointatx,withcomponentsInthefiniteelementmethod,wedive the 
bodyinto elements, and in each element, 

weexpressuintermsofthenodaldisplacementsq,usingshapefunctionsN. 
 

Indynamicanalysis,theelementsofqaredependent ontime, whileNrepresents(spatial) shape functions 

defined ona master element. The velocity vector is thengiven by 

 
thekineticenergyTe inelementeis 
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wherethebracketedexpressionistheelementmass matrix 
 

Thismassmatrixisconsistent withtheshapefunctionschosenand iscalledthe 

consistent mass matrix. On summing over allthe elements, we get 
 

 

Usingthe LagrangeanL=T–П,weobtainthe equationofmotion: 
 

For freevibrationsthe forceFiszero.Thus, 
 

Forthesteady-stateconditions,startingfromtheequilibriumstate,weget 
 

whereUisthevectorofmodalamplitudesofvibrationandω(rad/s) isthecircular frequency 
(2πf, f = cycles/s or Hz). 

 

Thisisthegeneralizedeigenvalueproblem 
 

 

 

ELEMENTMASSMATRICES 

Treatingthematerialdensityρtobeconstantovertheelement,we have, 
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III–IIB.Tech FiniteElement Methods 

 

One-dimensionalbarelementForthebarelement 
 

 

 

 

Oncarrying outtheintegrationofeachterminNTN,wefindthat 
 

 

TrusselementForthetrusselement 

 

 

inwhichξisdefinedfrom-1to+1.Then 
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CSTelementFortheplanestressandplanestrainconditionsfortheCSTelement 
 

 

Theelementmass matrixisthengivenby 
 

 

 

Lumped mass matrices Practicing engineers also use lumped mass techniques, where thetotal element 

mass in each direction is distributed equally to the nodes of the element, and the masses are associated 

withtranslationaldegreesoffreedomonly. Forthetrusselement,the lumped massapproach gives a mass 

matrix of 

 

 

Forthebeamelement,thelumpedelementmass matrixis 
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III–IIB.Tech FiniteElement Methods 
 

 

 

EVALUATIONOFEIGENVALUESANDEIGENVECTORS 
 

 
Weobserve herethat KandMaresymmetric matrices.Further, Kispositivedefinite forproperly constrained 
problems. 

PropertiesofEigenvectors 

Forapositivedefinitesymmetricstiffness matrixofsize n,there arenrealeigenvaluesand corresponding 
eigenvectors. The eigenvalues may be arranged in ascending order: 

 

IfU1,U2…Unarethecorrespondingeigenvectors,wehave 
 

Theeigenvectorspossessthepropertyofbeingorthogonalwithrespect to boththestiffnessand mass 
matrices 

 

The lengthsofeigenvectorsaregenerallynormalizedsothat 
 

Theforegoingnormalizationoftheeigenvectorsleadstotherelation 
 

EIGENVALUE–EIGENVECTOREVALUATION 

Theeigenvalue-eigenvectorevaluationproceduresfallintothefollowingbasiccategories: 

1. Characteristicpolynomialtechnique 

2. Vectoriterationmethods 

3. Transformationmethods 

Characteristicpolynomial 

 

Iftheeigenvectoristobenontrivial,therequiredconditionis 

Thisrepresentsthecharacteristicpolynomialinλ. 
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2. Evaluate, usingonepointandtwopointGaussianquadrature. 

Compare with exactsolution. 

 

3. Fortheisoparametricquadrilateralelementshowninfigure, determinethelocalco –ordinatesofthe point 

P which has Cartesianco- ordinates (7, 4). 

 

 

 

 

 

 

 

 

 

 

 

 

 

4. Afournodedrectangularelementisinfigure.Determine(i)Jacobianmatrix, (ii)Strain– 

Displacementmatrixand (iii) Element Stresses. TakeE=2x105N/mm2,υ= 0.25, 

u=[0,0,0.003,0.004,0.006,0.004,0,0] T,Ɛ=0,ɳ=0.Assumeplanestresscondition. 


	INDEX
	MethodsofEngineeringAnalysis
	Analyticalmethods
	Numericalmethods
	ii) Finiteelementmethod
	ApplicationofFEM
	Disadvantages
	EquationsofEquilibriumfor3DBody
	StrainDisplacementequations
	LINEARCONSTITUTIVEEQUATIONS
	PLANESTRESSPROBLEM
	PLANESTRAIN PROBLEM
	FunctionalApproximationMethods
	Rayleigh-Ritzmethodisgoodexampleforvariationalmethod Weighted residual method
	Rayleigh-RitzMethod
	Integralapproachmethod

	ONEDIMENSIONALPROBLEMS
	i) Bodyforce(f)
	ii) Traction (T)
	iii) Pointload(P)

	CO–ORDINATES


	UNITII
	FiniteElementsfor2‐DProblems
	UNITIII
	ElasticityEquations
	1. Strain–Displacementrelationshipequations
	3. Equilibriumequations
	4. Compatibilityequations
	 AxisymmetricFormulation
	EquationofshapefunctionforAxisymmetricelement
	 Isoparametricelement
	 Superparametricelement
	 Subparametricelement
	 EquationofShapefunctionfor4nodedrectangularparent element
	 Equationofelementforcevector
	 NumericalIntegration(GaussianQuadrature)

	UNIT IV
	FORMATIONOFLOADVECTOR:
	SOLUTIONOFEQUILIBRIUMEQUATIONS:



	UNITV
	Dynamicanalysis
	DYNAMICCONSIDERATIONS
	FORMULATION
	Example
	SolidBodywithDistributedMass

	ELEMENTMASSMATRICES
	EVALUATIONOFEIGENVALUESANDEIGENVECTORS
	PropertiesofEigenvectors

	EIGENVALUE–EIGENVECTOREVALUATION
	Characteristicpolynomial



