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» 15,1 INTRODUCTION

Compressible flow is defined as that flow in which the density of the flyid dovs not remain constant
during flow. This means that the density changes from poeiat to pomt in compressible flow, But in case
of incompressible flow, the density of the fluid is assumed 0 be constant. In the previous chapters, the
Muid was assumed incompressible, and the basic cquanions such as cquation of continuity, Bernaulli's
cquation and impulse momentum  equations were derived on the assumption that Ouid s
incompressible. This assumption is true for flow of liquids, which are incompressile fluids, Byt in
case of flow of Sauch as

G Mow of gases through orifices and nozzles,

(o] Mow of gases in machines such as campressors, anmd
() projectiles and airplanes Nymg ot high altilude with gh velocives, tie densits of the [ud
changes during the flow. The change in density of a fluid is accompanied by te changes in pressure

and temperature and hence the thermodynamic behaviour of the fluids will have 0 be tasen mio
account.

» 152 THERMODYNAMIC RELATIONS

The thermodynamic relations have been discussed in Chapter 1, which are as Tollows -

15.2.1 Equation of State. Lquarion of siate is defined as the equation which gives the relanonship
between the pressure, temperature and specific volume of a gas. For a perfect gas the equation of state is
pY = RT (13 1

where  p = Absolule pressuie m k;:l?'nf or Nim'

T = Spealic volume or volume per unit mass

= Ahsolute emperature = 273 +  {configrade)

o= Gas constiant i hpl-m/ip “K or (ke K)

=292 kgr-m/kg “K or 287 J/kg K for air.
I equanion CES.1), % s the specilic volume which is the reciprocal ol density ar
V= : ,

p
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Substituting tis valuo of % in equation (15, 1), we pel

P <Ar
- ~(18:2)
Note. In the equation of state piven by equation (15 25, 1he dimensions oy ind B should be nsed with cure
The rollons g poonts must e rememsercd |
Lo M the valve ol K is ‘Livcu s 2U 2 Kplem/Kg K for e, the carresponding value vl pgrand posionld be taken
In kgt and kghm . The mass tle of Now of the gas will be tn kpdvec,

2. I the valve of R s given as 287 Mg K, the vorresponding value ol g und p should be in N and kg/n', The
s e af Mow will he in Kpfsec,

Value of P in Bernoullis Equation®, (1) I the value of s taken in NAn®, the corresponding value
)

of pois n kg/m®. And as meationed above tpaint number 2, the value of # shoulil be 287 Jhe K.

GO Ihe value of pos taken in kgtm” in Bernoulli's cquation, the corresponding value of p should
be in msl/m’, But as mentioned an point number 1Ll the value of 8 is waken 29,2, the corresponding
vadues of poand pare bn kg fm = and kgim™. Hence the miss densily in equation af state 1s in kgim' while
in Bernoulh's cquation stis in ms1/m™. The density caleulated trom equation ol state must be converted
into msl/m’,

Note. 1t is better 1o use pressure in Nan', density in kg:‘m' and vislue of # = 287 1kg K. The value of densily
calealated fom equation of stite will be in the same dimersons s usad in Bersoulli's cyaation
15.2.2 Expansion and Compression of Perfect Gas. When the expansion or compression
ot a perfeet pas takes place. the pressore, wmperaure and density are changed. The change in pressure.
tempergiune and density of o gas is brought about by the two processes which are known as

I Isothermul process, amd 2. Adiabulic process.

1. Tsothermad Process, This is the process in which a gas 1s comprossed o capanded while 1he
lemperature s kept constant. The pas obeys Boyle's law, aecording 1o which we have

P = Constant, where W = Specilic valume

=

? I i
= Constant [ el 153)
| &

2. Adiabatle Process, 11 the compression or expansiaon of a1 gas takes plice in such a way that the

or

k=]

was nenher ghves heat, ner mkes beat from is sorrounding, then the process s said o he adabane.
Acvording 10 ths process,

p"..‘f: = Constant

where £= Ratw ol the specific heat at constanl pressure 1o Hhe specilic heat ot constant volume
C, :
= " o= 14 for ar,
v
¥
"‘ = Constan, A 15eh
P

I the adiabatic process is reversible for frictionless), 1t is known oy ssentromic process, And 1 the

.

The above relation 1s also writlen as

"
pressure and density e related i such awiy that dis notegual i 5 butequil o some posibive value
then the process 18 known as polytropic. According 1o which

i
’" = C'onstant LTS
P

where a 72 & but equal w sonie positiyve constint
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P 153 BASIC EQUATIONS OF COMPRESSIBLE FLOW

The basic equations of the compressible flows are
Lo Cantinuity Equation,

20 Bernoulli's Lyyuatien or Lnergy buuation.

Y. Momentam Lguation.

4. Cquavon of state.

15.3.1 Continuity Equation. This is hased on law of conservation of miss which states that
matter cannatl e created nor «|rs|rn’\-ml‘ Or in ather waords, the maner ar muss s constant. For ane-

drmensional steady fow, the muass per secomild = gAY
where  p = Mass density, A = Area of cross-section, V = Velacity
As mass or mass per second is constant aceording 10 law of conservation of mass. Hence

PV = Constant, L1560

Mfferenuating equation (156}, dipAVy= D or PAAY Y+ AV =0
or PIRAEY + VdAl + AVdp =10 or PAIY = pVdA + AVdp =1
ay il A 5
Divading by pAV. we pet + - - LA 0. (150
"’ r‘\ {‘

Eguation 115.7) is also known as continuity equatan in differential form,
15.3.2 Bernoulli’s Equation. Bernoulli's equation has been derived for incompressible fluids
i Chapter 6. The same procedure is followed. The flow of a fluid particie along a stream-hne in the
direction of 5 is considerad. The resultast foree oa the fluid particle m the direcnon of 5 is cquared o
the mass of the fiusd particie and its acceleration. As the tlow of compressible Ylnid is steady, the same
Luler s cquatian s given by equatiom (6.3] is obtained as

dp + ViV - gdZ =0 188

Integraung e asbove ecquation, we gel

J -4 of vy [ gtz = Consant
P2

doiit o 5 .
o I L. s + v gl = Constanl w(15.3)
Pl 2
; . s ap i
I case ol incompressible Tow, the density pois constant amd heoce mtegratom ol Iy oyual o
P N

Bur in case of compressible flow, the density pis nor constant, Hence p cannor be taken owside the
ntegration sign. With the change of p, the pressure poalso changes far compressible flunds, This chanpe
of (v and p takes place secording 1o cguations (15,30 or (150 depemding upor the tvpe of process
during compressible flow. The value aof p frimn these equations inowems of pois ohtalned and is

o, y a ) :
substituted in J P and then the integration Is dane. The Bemoudh's egpuation will be ditterent f
p

isorhermil process and for adiabatic process.
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N ' " | . Wess,

For isetherm; “ roli po—n
nsity (p) is given | mal process, the relation between

Woequanon 11530 as

Consunt = € (say)

I A0
. o= P
C,
Heneo s el S Codp o -
J e A - _J om0 ]k (o ) IS constant)
P - B ( b "
o { . P o (71
= ¢, log.p = = log,p = 2 lrom equation ()
] i P
ozt ot dp
Substituting the value | == in cquation (13.9}, we get
P
74 fop. A Conslant
p 2
I . P ¢ 5 : (13,10}
[)1\'“1"]}_) by ‘g, e QR 2 A Z = Constant, wel 13 112)
' CE R

Faquatiom (15,107 is the Bermoalli's equation for compressibie flow undergoing isothermal process.
For the twao points ©and 2, this squation is wnllen as

) (o . n
Fi lopg.p ~ -+ Z = k2 og pa +
7 2 a8 5
(B) Bernoulli's Equation for Adiabatic Provess, For the adiababc process., the relation between’
pressute () and density () is given by equittion (1541 s

‘I.ﬁh

+ /s

Vv AERAE
2

";r = Constant = say ki)
pt
: £ 8 EREN
- ;)‘_-J_-Jw o P-\."' i
& ,( 27
liu
dp dp 16 : ___(,:\J 1o
Hence j ';)-'— J. i NI —*—!.'_M dp = Gy -_r}" i
kKt ( -‘i
0
RS T SR T O M
= (4 J;l ap =0, (1 .
|~ + 41
L !
|"" L L) i
u')- I. ? i ' l" .
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_.f._‘_] pl.f.\ “‘A\l:;—[ r ]I'* i H/ ! s%,’
k=Lpp™ k-1) p Ak-L)p

. k ) .
Sybstituting the value of I tg’ = l; > }g in equation {15.9), we get

\ s V2
( A ¢ g + gZ = Constant
& i

k
Dividing by *¢g" [ | -+ + Z= Constant,
ividing by "¢ (t doe ! 3 stan

Fguation (13 121 is the Beraoullh's cquation Jo compressible Tow undergoing ahiabaliv provess,
For the twa paints | and 2, this equation is willer as

22
) p oV 15123

¢ Y £kYp ¥ : :
' (-—-——]—’-ﬁ-+—*-—z. :[__....--.J..f.zm.'.}.:_.. + Z, 1513}
&-lipg Iz \A-1)pg 2 °

Problem 15.1 A zus is flawing thraugh a horizanial pipe ot i temperatite of 470 The diomnvrer af
the pipe is X cm and at G section §-1 in 1his pipe, the pressure is 30.3 Ndem® (gauge). The diameter of
the pipe changes from 8 cm to 4 om al the section 2-2, where pressuee (s 20,3 Niom “gange). Find the
velcities of the gas Gt hese seciions assuming o ethermal process, Take R = 287,14 Nmdkg K, wnd

annaspheric pressare = 10 Nlemw ¥

Solution, Given :
For the section 1-1,
Temperature, 1, =4"C
-~ Absolute temperare, 7. =4 + 273 = 277K
Diameser pipe. D o=8em=008m
+in) ~ 4 b .
- Area of pipe, A=3D V= 7 (08) = 005026 m’
Pressure, p, = 30.3 Nem’ (gauge)
= 30,3 4 10 = 40,3 Nfem” (absvlute) = 40.3 % 10" Nim® (abs.)
i, '
i 1 .I
§
%4
i )
s ' Bom
e Yo, =202 Niwm’

py =30 Nfcm;’(: D
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106 Funpamentas or Comeressinie Frow

(0) With little change in the values of y for commonly uged gnses velocity of sound at a

given tempornture is higher for lower moleculhy woight gases and vice versa.
Hydrogen, with a vory low moleculay woight hag n high of sound of about 1400 m/s,

while the velocity of sound in some freons which have higher molecular weights, is
only about 160 m/s,

Thoe above ligures suggest that Mach numbaer

working of machines using higher molecular weight fluids. In contrast to this Mach number

has negligible effect on machines using low moleculay weight gases like hydrogen; this is

: T .
because the fluid or gas velocitios are very small compared 1o velocity of sound at, the prevailing
temperatures,

plays an important role in the design and

5.2.1 Mach Number

As stated earlier Mach number (
of its velocity and the velocity
The Mach number of a flowin
prevailing temperature.

M) of a moving object like an aircraft or a missile is the ratio

of sound in the medium (at a given state) into which it is moving.
g fluid is the ratio of its veloci

Definition of Mach number can also be obtained from

M? - Inertia force
Elastic force

Inertia force =pAc?
Elastic force =KA
Substituting for K from Equation (5.13)
Elastic force = pAa? (5.14)
2
Therefore, M2 = PAc
pAa’
2
M2 - (i) ‘ (5.15)
a

o
Y > Furbowles  ww
9.2 - fhe ag o Llow C')":_’CQ{—S WAL
.2 2 Mach Angle P P s o A 4-8!_-»7‘6 -
Figures 5.4 ((a), (b), (c) and (d)) show the movement of a'source of disturbance (S) at a velocity
u in a fluid from right to the left. Point S represents the present position, while 1, 2 and 3 show

its positions before 1, 2 and 3 seconds respectively. The disturbance travels distances of a, 2a
and 3a metres in 1, 2 and 3 seconds respectively,

In an incompressible flow model (as shown in Figure 5.4 (a)) velocity u of the source of
disturbance is negligibly small compared to the velocity of sound a. Infinitesimal spherical
waves (sound waves) are generated which travel at a velocity a in all the directions; here the
displacement of the point S during the time considered (3 sec.) is insignificantly small compared

+ to the distance travelled by the pressure waves.
: : ad e dostacill ¢
AEstusbonrCe. 4 :Pﬁwawcﬂ vt G Cor rastdle fGurd i e -
128 Pbpaﬁaﬁd 3 all difecHery witb a LO!’OL"(HH‘ of gewd
-—rm yalaw of pmpmza‘ifw of Audurkawt @ pendy cypon sl

Ll

Comsteleyy a &watt  pashick Wlou"w«(j Jrom 8ot fo Qobt su o Jeraliouary

: ‘ al) be
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oakid & o Loid . T déStunbantd w0l be mow%?; 2t ol diyeckos
C.
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Sound waves

Sound waves

(a) Incompressible flow (b) Subsonic flow
(Wa=0,M=0) , (al2u, M= 0.5)
FIGURE 5.4 & ¢
/ -

>

Wave propagation in subsonic flow at (M = wla = 0.5) is shown in Figure 5.4 (b); here the
source of disturbance travels at half the velocity of the wave , (disturbance). Spherical sound
waves generated at £ = 3, 2 and 1 secs. before the present position S are shown. It is observed
W&MN&W the intensity is not symmetrical.

In Figure 5.4(c) the point source travels with the same velocity as that of the wave; the
velocity of the point source is sonic (M = 1). Under this condition, the wave-fronts always exist
at the present position of the point source and cannot move aheadmon
downstream of the point source, i.e., the zoneTyin’g_chave—front is a zone of
silence because the waves do not reach this zone. The zone on the right of the wave-front is
traversed by the waves and is therefore a zone of action.

Figure 5.4 (d) shows a supersonic flow model. As an example the point source is assumed
to be moving at twice the velocity of sound (M = u/a = 2). The waves generated at positions 3,
2,1 and S are shown. The point source is always ahead of the wave-fronts. Tangents drawn
from the point S on the spheres define a conical surface referred to as ‘Mach cone’.

Zone of action

Zone of
silence
Sound waves L

FIGURE 5.4 (c) Sonic flow (a=u, M=1.0)
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108 FunoamenTALs oF ComPRessiBLE FLow

Mach cone
Sound s Mach angle
Waves at o= 9'"_1,1\7,
e, o 117 [ [1 " 3 \
u=2a

2\2

Zone.of sllence Zone of action

FIGURE 5.4 (4) Supersonic flow (a =4 u,M = 2.0)
2

All the waves are confined t,
to as the zone of action. The w
this zone is known as the zone

0 the region within the Mach cone; therefore, this is referred

aves do not reach the region outside the Mach cone; therefore,
of silence.

The semi-angle of the cone is known as the Mach angle; this is given by
a=sint 3L _gn1 @ _ e
ut ula
o =sin [ L), (5.16)
f M 5

5.2.3 Equation of a Sound Wave

In this section equation of motion for a sound wave is derived. Continuity and momentum
equations for three-dimensional flow have been derived in Chapter 10. Here the flow is assumed
as one-dimensional, inviscid and the body forces are considered as negligibly small.

Figure 5.5 shows an infinitesimal pressure wave (sound wave) moving into the stagnant

gas (c_ = 0) of density p,.. The density and velocity changes along the wave are given by .
' p=p_+Ap (5.19
c=c_+c' =¢ (5.18)

The fluid through which the wave has passed moves with a small velocity ¢’. Momentum
equation for this ‘ﬂow is

1 dp de  de ‘
L R A 5.19
pox o m by
1(9p) _1(ap [f’ﬂ) /
p(axl, p(ap]s 0x / (5:49)
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