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Preface

In the preface from the 1979 predecessor to this book, Hopcroft and Ullman
marveled at the fact that the subject of automata had exploded, compared with
its state at the time they wrote their first book, in 1969. Truly, the 1979 book
contained many topics not found in the earlier work and was about twice its
size. If you compare this book with the 1979 book, you will find that, like the
automobiles of the 1970's, this book is “larger on the outside, but smaller on
the inside.” That sounds like a retrograde step, but we are happy with the
changes for several reasons.

First, in 1979, automata and language theory was still an area of active
research. A purpose of that book was to encourage mathematically inclined
students to make new contributions to the field. Today, there is little direct
research in automata theory (as opposed to its applications), and thus little
motivation for us to retain the succinct, highly mathematical tone of the 1979
book.

Second, the role of automata and language theory has changed over the
past two decades. In 1979, automata was largely a graduate-level subject, and
we imagined our reader was an advanced graduate student, especially those
using the later chapters of the book. Today, the subject is a staple of the
undergraduate curriculum. As such, the content of the book must assume less
in the way of prerequisites from the student, and therefore must provide more
of the background and details of arguments than did the earlier book.

A third change in the environment is that Computer Science has grown to
an almost unimaginable degree in the past two decades. While in 1979 it was
often a challenge to fill up a curriculum with material that we felt would survive
the next wave of technology, today very many subdisciplines compete for the
limited amount of space in the undergraduate curriculum.

Fourthly, CS has become a more vocational subject, and there is a severe
pragmatism among many of its students. We continue to believe that aspects
of automata theory are essential tools in a variety of new disciplines, and we
believe that the theoretical, mind-expanding exercises embodied in the typical
automata course retain their value, no matter how much the student prefers to
learn only the most immediately monetizable technology. However, to assure
a continued place for the subject on the menu of topics available to the com-
puter sciénce student, we believe it is necessary t0 emphasize the applications
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along with the mathematics. Thus, we have replaced a number of the more
abstruse topics in the earlier book with examples of how the ideas are used
today. While applications of automata and language theory to compilers are
now 8o well understood that they are normally covered in a compiler course,
there are a variety of more recent uses, including model-checking algorithms
to verify protocols and docnment-description languages that are patterned on
context-free grammars.

A final explanation for the simultaneous growth and shrinkage of the book
is that we were today able to take advantage of the TEX and TATFX typesetting
systems developed by Don Knuth and Les Lamport. The latter, especially,
encourages the “open” style of typesetting that makes books larger, but easier
to read. We appreciate the eflorts of both men.

Use of the Book

This book is suitable for a quarter or semester course at the Junior level or
above. At Stanford, we have used the notes in 8154, the course in automata
and language theory. Tt is a one-quarter course, which both Rajeev and Jeff have
taught. Because of the limited time available, Chapter 11 is not covered, and
some of the later material, such as the more difficult polynomial-time reductions
in Section 10.4 are omitted as well. The book’s Web site (see below) inclides
notes and syllabi for several offerings of C5154.

Some years ago, we found that many graduate students came to Stanford
with a course in automata theory that did not include the theory of intractabil-
ity. As the Stanford faculty believes that these ideas are essential for every
computer scientist to know at more than the level of “NP-complete means it
takes too long,” there is another course, C5154N, that students may take to
cover only Chapters 8, 9, and 10. They actually participate in roughly the last
third of CS154 to fulfill the CS154N requirement. Even today, we find several
students each quarter availing themselves of this option. Since it requires little
extra effort, we recommend the approach.

Prerequisites

To make best use of this book, students should have taken previously a course
covering discrete mathematics, e.g., graphs, trees, logic, and proof techniques.
We assume also that they have had several courses in programming, and are
familiar with common data structures, recursion, and the role of major system
components such as compilers. These prerequisites should be obtained in a
typical freshman-sophomore CS program.



Exercises

The book contains extengive exercises, with some for almost every section. We
indicate harder exercises or parts of exercises with an exclamation point. The
hardest exercises have a double exclamation peint.

Some of the exercises or parts are marked with a star. For these exercises,
we shall endeavor to maintain solutions accessible through the book’s Web page.
These solutions are publicly available and should be used for seif-testing. Note
that in a few cases, one exercise B asks for modification or adaptation of your
solution to another exercise A. If certain parts of A have solutions, then you
should expect the corresponding parts of B to have solutions as well.

Support on the World Wide Web

The book’s home page is
http://www-db.stanford.edn/ ullman/ialc.html

Here are solutions to starred exercises, errata as we learn of them, and backup
materials. We hope to make available the notes for each offering of CS154 as
we teach it, including homeworks, solutions, and exams.
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Chapter 1

Automata: The Methods
and the Madness

Automata theory is the study of abstract computing devices, or “machines.”
Before there were computers, in the 1930%s, A. Turing studied an abstract ma-
chine that had all the capabilities of today’s computers, at least as far as in
what they could compute. Turing’s goal was to describe precisely the boundary
between what a computing machine could do and what it could not do; his
conclusions apply not only to his abstract Turing machines, but to today’s real
machines.

In the 1940°s and 1930’s, simpler kinds of machines, which we today call
“finite autnmata,” were studied by a number of rescarchers. These automata,
originally proposed to wmodel brain function, turned oui to be extremely useful
for a variety of other purposes, which we shall mention in Section 1.1. Also in
the late 1950°s, the linguist N. Chomsky began the study of formal “grammars.”
While not strictly machines, these grammars have close relationships to abstract
automata and scrve today as the basis of some important software components,
including parts of compilers.

In 1969, S. Cook extended Turing's study of what counld and what could
not be computed. Cook was able to separate those problems that can be solved
efficiently by computer from those problems that can in principle be solved, but
in practice take so much time that computers are useless for all but very small
instances of the problem. The latter class of problems is called “intractable,”
or “NP-hard.” Tt is highly unlikely that even the exponential improvement in
computing speed that computer hardware has been following (“Moore’s Law™)
will have significant impact on our ability 1o solve large instances of intractable
problems.

All of these theoretical developments bear directly on what computer sclen-
tists do today. Some of the concepts, like finite automata and certain kinds of
formal grammars, are used in the design and construction of important kinds
of software. Other concepts, like the Turing machine, help us understand what
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we can expect from our software. Especially, the theory of intractable problems
lets us deduce whether we are likely to be able to meet a problem “head-on”
and write a program to solve it (because it is not in the intractable class), or
whether we have to find some way to work around the intractable problem:
find an approximation, use a heuristic, or use some other method to limit the
amount of time the program will spend solving the problem.

In this introductory chapter, we begin with a very high-level view of what
automata theory is about, and what its uses are. Much of the chapter is de-
voted to a survey of proof techniques and tricks for discovering proofs. We cover
deductive proofs, reformulating statements, proofs by contradiction, proofs by
induction, and other impertant concepts. A final section introduces the con-
cepts that pervade automata theory: alphabets, strings, and languages.

1.1 Why Study Automata Theory?

There arc several reasons why the study of automata and complexity is an
important part of the core of Computer Science. This scction serves to introduce
the reader to the principal motivation and also outlines the major topics covered
in this book.

1.1.1 Introduction to Finite Automata

Finite automata are a usceful model for many important kinds of hardware and
software. We shall see, starting in Chapter 2, examples of low the concepts are
used. For the moment, let us just list some of the most important kinds:

1. Software for designing and checking the behavior of digital circuits.

2. The “lexical analyzer” of a typical compiler, that is, the compiler com-
ponent that breaks the input text into logical units, such as identifiers,
keywords, and punctuation.

3. Software for scanning large bodies of text, such as collections of Web
pages, to find occurrences of words, phrases, or other patterns.

4. Software for verifying systems of all types that have a finite number of
distinct states, such as communications protocels or protocols for secure
exchange of information.

While we shall soon meet a precise definition of automata of various types,
let us begin our informal introduction with a sketch of what a finite automaton
is and does. There are many systems or components, such as those enumerated
above, that may be viewed as being at all times in one of a finite number
of “states.” The purpose of a state is to remember the relevant portion of the
system’s history. Since there are only a finite number of states, the entire history
generally cannot be remembered, so the system must be designed carefully, to
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remember what is important and forget what is not. The advantage of having
only a finite number of staies is that we can implement the system with a fixed
set of resources. For example, we could implement it in hardware as a circuit, or
as a simple form of program that can make decisions looking only at a limited
amount of data or using the position in the code itself to make the decision.

Exammple 1.1: Perhaps the simplest nontrivial finite automaton is an on/off
switch. The device remembers whether it is in the “on” state or the “off” state,
and it allows the user to press a button whose effect is different, depending on
the state of the switch. That is, if the switch is in the off state, then pressing
the button changes it to the on state, and if the switch is in the on state, then
pressing the same button turns it to the off state.

Push

e ()

Push
Figure 1.1: A finite automaton modeling an on/off switch

The finite-automaton model for the switch is shown in Fig. 1.1. As for all
finite automata, the states are represented by circles; in this example, we have
named the states on and off. Arcs between states are labeled by “inputs,” which
represent external influences on the system. Here, both arcs are labeled by the
input Push, which represents a user pushing the button. The intent of the two
arcs is that whichever state the system is in, when the Push input is received
it goes to the other state.

One of the states is designated the “start state,” the state in which the
system is placed initially. In our example, the start state is off, and we conven-
tionally indicate the start state by the word Start and an arrow leading to that
state.

It is often necessary to indicate one or more states as “final” or “accepting”
states. Entering one of these states after a sequence of inputs indicates that
the input sequence is good in some way. For instance, we could have regarded
the state on in Fig. 1.1 as accepting, because in that state, the device being
controlled by the switch will operate. It is conventional to designate accepting
states by a double circle, although we have not made any such designation in
Fig. 1.1. O

Example 1.2: Sometimes, what is remembered by a state can be much more
complex than an on/off choice. Figure 1.2 shows another finite automaton that
could be part of a lexical analyzer. The job of this automaton is to recognize
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the keyword then. It thus needs five states. each of which represents a different
position in the word then that has been reached so far. These positions corre-
spond to the prefixes of the word, ranging from the empty string (i.e., nothing
of the word has heen seen so far) to the complete word.

Start

Figure 1.2: A finite automaton modeling recognition of then

In IFig. 1.2, the five states are named by the prefix of then seen so far. Inputs
correspond to letters. We may imagine that the lexical analyzer examines one
character of the program that it is compiling at a time, and the next character
to be cxamined is the input to the automaton. The start state corresponds to
the enmipty string, and each state has a transition on the next letter of then to
the state that corresponds to the next-larger prefix. The state named then is
entered when the input has spelled the word then. Since it is the job of this
automaton to recognize when then has been seen, we could consider that state
the lone accepting state. O

1.1.2 Structural Representations

There are two important notations that are not automaton-like, but play an
important role in the study of automata and their applications.

1. Grammaers are useful models when designing software that processes data
with a recursive structure. The best-known example is a “parser,” the
component of a compiler that deals with the recursively nested features
of the typical programming language, such as expressions — arithmetic,
conditional, and s0 on. For instance, a grammatical rule like £ = E+ F
states that an expression can be formed by taking any two expressions
and connecting them by a plus sign; this rule is typical of how expressions
of real programnming languages are formed. We introduce context-free
grammars, as they are usually called, in Chapter 5.

2. Regular Eapressions also denote the structure of data, especially text
strings. As we shall see in Chapter 3, the patterns of strings they describe
are exactly the same as what can be described by finite automata. The
style of these expressions differs significantly from that of grammars, and
we shall content ourselves with a simple example here. The UNIX-style
regnlar expression ? [A-Z] [a-z]*[ 1[A-Z] [A-Z]’ represents capitalized
words followed by a space and two capital leiters. This expression rep-
resents patterns in text that could be a city and state, e.g., Ithaca NY,
It misses multiword city names, such as Palo Alto CA, which could be
captured by the more complex expression
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*([A-Z] [a-z]*1 1) =[ J[A-Z]1[A-Z]’

When interpreting such expressions, we only need to know that [A-Z]
represents a range of characters from capital “A” to capital “Z" (i.e., any
capital letter), and [ ] is used to represent the blank character alone.
Also, the symbol * represents “any number of” the preceding expressiorn.
Parentheses are used to group components of the expression; they do not
represent characters of the text described.

1.1.3 Automata and Complexity

Automata are essential for the study of the limits of computation. As we
mentioned in the introduction to the chapter, there are two important issues:

1. What can a computer do at all? This study is called “decidability,” and
the problems that can be solved by computer are called “decidable.” This
topic is addressed in Chapter 9.

2. What can a computer do efficiently? This study is called “intractabil-
ity,” and the problems that can be solved by a computer using no more
time than some slowly growing function of the size of the input are called
“tractable.” Often, we take all polynomial functions to be “slowly grow-
ing,” while functions that grow faster than any polynomial are deemed to
grow too fast. The subject is studied in Chapter 10.

1.2 Introduction to Formal Proof

If you studied plane geometry in high school any time before the 1990’s, you
most likely had to do some detailed “deductive proofs,” where you showed
the truth of a statement by a detailed sequence of steps and reasons. While
geometry has its practical side {e.g., yon need to know the rule for computing
the area of a rectangle if you need to buy the correct amount of carpet for a
room), the study of formal proof methodologies was at least as important a
reason for covering this branch of mathematics in high school.

In the USA of the 1990’5 it became popular to teach proof as a matter
of personal feelings about the statement. While it 18 good to feel the truth
of a statement you need to use, important techniques of proof are no longer
mastered in high school. Yet proof is something that every computer scientist
needs to understand. Some computer scientists take the extreme view that a
formal proof of the correctness of a program should go hand-in-hand with the
writing of the program itself. We doubt that deing so is productive. On the
other hand, there are those who say that proof has no place in the discipline of
programming. The slogan “if you are not sure your program is correct, run it
and see” is commonly offered by this camp.
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Qur position is between these two extremes. Testing programs is surely
essential. However, testing goes only so far, since you cannot try your program
on every input. More importantly, if your program is complex -— say a tricky
recursion or iteration — then if you don’t understand what is going on as you
go around a loop or call a function recursively, it is unlikely that you will write
the code correctly. When your testing tolls you the code is incorrect, you still
need to get it right.

To make your iteration or recursion correct, vou need to set up an inductive
hypothesis, and it is helpful to reasen, formally or informally, that the hypoth-
esis is consistent with the iteration or recursion. This process of understanding
the workings of a correct program is essentially the same as the process of prov-
ing theorems by induction. Thus, in addition to giving you models that are
useful for certain types of software, it has become traditional for a course on
automata theory 1o cover mothodologies of formal proof. Perhaps more than
other core subjects of computor science, automata theory lends itself to natural
and interesting proofs, both of the deductive kind (a sequence of justified steps)
and the inductive kind (recursive proofs of a parameterized statement that use
the statement iself with “lower” values of the parameter).

1.2.1 Deductive Proofs

As mentioned above, a deductive proof consists of a sequence of statements
whose truth leads us from some initial statement, called the hypothesis or the
given slatement{s), to a conclusion statement. Each step in the proof must
follow, by some accepted logical principle, from either the given facts, or some
of the previous statements in the deductive proof, or a combiuation of these.

The hypothesis may be true or false, typically depending on values of its
parameters. Often, the hypothesis consists of several independent statements
connected by a logical AND. In those cases, we talk of each of these statements
as a hypothesis, or as a given statement.

The theorem that is proved when we go from a hypothesis H to a conclusion
C'is the statement “if H then C.* We say that C is deduced from H. An example
thegrem of the form “if H then €7 will lllustrate these points.

Theorem 1.3: If # > 4, then 2* > 2. O

It is not hard to convince ourselves informally that Theorem 1.3 is true,
although a formal proof requires induction and will be left for Example 1.17.
First., notice that the hypothesis H is “z > 4. This hypothesis has a parameter,
x, and thus is neither true nor false. Rather, its truth depends on the value of
the parameter z; e.g., H is true for + = 6 and false for = = 2.

Likewise, the conclusion C is 2% > 22.” This statement also uses parameter
x and is true for certain values of z and not others. For example, € is false for
xr = 3, since 2% = 8, which is not as large as 32 = 9. On the other hand, C is
true for x = 4, since 2* = 42 = 16. For & = 5, the statement is also true, since
2% = 32 is at least as large as 5% = 25.
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Perhaps you can see¢ the intuitive argument that tells us the conclusion
2* > z? will be true whenever z > 4. We already saw that it is true for » = 4.
As x grows larger than 4, the left side, 2* doubles each time z increases by

1. However, the right side, &2, grows by the ratio (iﬂ)z If + > 4, then

it
(z 4+ 1}/x cannot be greater than 1.25, and therefore (f—x"—l)g cannot be bigger
than 1.5625. Since 1.5625 < 2, each time r increases above 4 the left side 2°
grows more than the right side 22. Thus, as long as we start from a value like
z = 4 where the inequality 2° > z? is already satisficd, we can increase » as
much as we like, and the inequality will still be satisfied.

We have now completed an informal but accurate proof of Theorem 1.3. We
shall return to the proof and make it more precise in Example 1.17, after we
introduce “inductive” proofs.

Theorem 1.3, like all interesting theorems, involves an infinite number of
related facts, in this case the statement “if z > 4 then 2° > z?” for all integers
z. In fact, we do not need to assume « is an integer, but the proof talked about
repeatedly increasing r by 1. starting at £ = 4, so we really addressed only the
situation where z is an integer.

Theorem 1.3 can be used to help deduce other theorems. In the next ex-
ample, we consider a complete deductive proof of a simple theorem that uses
Theorem 1.3.

Theorem 1.4: If z 1s the sum of the squares of four positive integers, then
2% > g2

PROOF: The intuitive idea of the proof is that if the hypothesis is true for z,
that is, z is the sum of the squares of four positive integers, then z must be at
least 4. Thercfore, the hypothesis of Theorem 1.3 holds, and since we beliove
that theorem, we may state that its conclusion is also truc for . The reasoning
can be expressed as a sequence of steps. Each step is either the hypothesis of
the theorem to be proved, part of that hypothesis, or a statement. that follows
from one or more previous statements.

By “foltows” we mean that if the hypothesis of some theorem is a previous
statement, then the conclusion of that theorem is true, and cau be written down
as a statement of our proof. This logical rule is often called modus ponens; ie.,
if we know H is true, and we know “if H then C” is true, we may conclude
that C' is true. We also allow certain other logical steps to be used in creating
a statement that follows from one or more previous statements. For instance,
if A and B are two previous statements, then we can deduce and write down
the statement “4 and B.”

Figure 1.3 shows the sequence of statements we need to prove Theorem 1.4.
While we shall not generally prove theorems in such a stylized form, it helps to
think of proofs as very explicit lists of statements, each with a precise justifica-
tion. In step (1), we have repeated one of the given statements of the theorem:
that z is the sum of the squares of four integers: It often helps in proofs if we
name quantitics that are referred to but not named, and we have done so here,
giving the four integers the names a. b, ¢, and d.
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| | Statement Justification |
Liz=a"+b +2+d& Given
Zlaezlib>2le>1l;d2>1 Given
3.|a*> ;8" >1;¢7 > 1;d* > 1 | (2) and properties of arithmetic
4. |z >4 (1), (3), and properties of arithmetic
5. | 27 > z? (4) and Theorcm 1.3

Figure 1.3: A formal proof of Theorem 1.4

In step (2), we put down the other part of the hypothesis of the theorem:
that the values being squared are each at least 1. Technically, this statement
represents four distinet statements, one for each of the four integers involved.
Then, in step (3) we observe that if a number is at least 1, then its square is
also at least 1. We use as a justification the fact that statement (2) holds, and
“properties of arithmetic.” That is, we assume the reader knows, or can prove
simple statements about how inequalities work, such as the statement “if y > 1,
then y? > 1.7

Step (4) uses statements (1) and (3). The first statement tells us that z is
the sum of the four squares in question, and statement (3) tells us that each of
the squares is at least 1. Again using well-known properties of arithmetic, we
conclude that z is at least 1+ 141+ 1, or 4.

At the final step (5), we use staternent (4), which is the hypothesis of Theo-
rem 1.3. The theorem itself is the justification for writing down its conclusion,
since its hypothesis is a previous statement. Since the statement (5) that is
the conclusion of Theorem 1.3 is also the conclusion of Theorem 1.4, we have
now proved Theorem 1.4. That is, we have started with the hypothesis of that
theorem, and have managed to deduce its conclusion. [

1.2.2 Reduction to Definitions

In the previous two theorems, the hypotheses used terms that should have
been familiar: integers, addition, and multiplication, for instance. In many
other theorems, including many from automata theory, the terms used in the
statement may have implications that are less obvious. A useful way to proceed
in many proofs is:

¢ If you arc not sure how to start a proof, convert all terms in the hypothesis
to their definitions.

Here is an example of a theorem that is simple to prove once we have ex-
pressed its statement in elementary terms. It uses the following two definitions:

1. A set S is finite if there exists an integer n such that § has exactly n
elements. We write ||S|| = n, where ||S]| is used to denote the number



1.2. INTRODUCTION TO FORMAL PROOF 9

of elements in a set S. If the set S is not finite, we say S is infinile.
Intuitively, an infinite set is a set that contains more than any integer
number of clements.

9. If 8 and T are both subsets of some set I, then T is the complement of 5
(with respect to U) if SUT = U and SN T = §. That is, each element
of U is in exactly one of S and T; put another way, T consists of exactly
those elements of U that are not in S.

Theorem 1.5: Let S be a finite subset of some infinite set If. Let T be the
complement of .S with respect to U. Then T is infinite.

PROOF: Intuitively, this theorem says that if you have an infinite supply of
something (U/), and you take a finite amount away {5), then you still have an
infinite amount left. Let us begin by restating the facts of the theorem as in
Fig. 1.4.

| Original Statement New Statement |
S is finite There is a integer n
such that ||S]| =n
U is infinite For no integer p
s Ul =p
T is the complement of § | SUT =U and SNT =0

Figure 1.4: Restating the givens of Theorem 1.5

We are still stuck, so we need to usc a comttmon proof technique called “proof
by contradiction.” In this proof method, to be discussed further in Section 1.3.3,
we assumne that the conclusion is false. We then use that assumption, together
with parts of the hypothesis, to prove the opposite of one of the given statements
of the hypothesis. We have then shown that it is impossible for all parts of the
hypothesis to be true and for the conclusion to be false at the same time.
The only possibility that remains is for the conclusion to be true whenever the
hypothesis is true. That is, the theorem is true.

In the case of Theorem 1.5, the contradiction of the conclusion is “T is
finite.” Let us assume T is finite, along with the statement of the hypothesis
that says S is finite; i.e., ||S|| = n for some integer n. Similarly, we can restate
the assumption that T is finite as |{|T"|| = m for some integer .

Now one of the given statements tells us that SUT =U,and SN T = .
That is, the elements of U are exactly the elements of S and T. Thus, there
must be n + m elements of U. Since n + m is an integer, and we have shown
U} = n+m, it follows that U is finite. More precisely, we showed the number
of elements in U is some integer, which is the definition of “finite.” But the
statement that I/ is finite contradicts the given statement. that [/ is infinite. We
have thus used the contradiction of our conclusion to prove the contradiction
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of one of the given statements of the hypothesis, and by the principle of “proof
by contradiction” we may conclude the theorem is true. O

Proofs do not have to be so wordy. Having seen the ideas behind the proof,
let us reprove the theorem in a few lines.

PROOF: (of Theorem 1.5) We know that SUT = U and S and T are digjoint,
so [|S)|+ 12} = IU||. Siuce S is finite, ||| = = for some integer 1, and since U
is infinite, there is no integer p such that ||I7|| = p. So assume that T is finite;
that is, ||| = m for some integer m. Then ||U| = ||S|| + ||T|| = = + m, which
contradicts the given statement that there is no integer p equal to ||I/|]. O

1.2.3 Other Theorem Forms

The “if-then” form of theorem is most common in typical areas of mathematics.
However, we see other kinds of statements proved as theorems also. In this
section, we shall examine the most common forms of statement and what we
usually need to do to prove them.

Ways of Saying “If-Then”

First, there are a number of kinds of theorem statemments that look different
from a simple “if H then ¢ form, but are in fact saying the same thing: if
hypothesis H is true for a given value of the parameter(s), then the conclusion
C is true for the same value. Here are some of the other ways in which “if H
then C might appear.

1. H implies €.

2. H only if C.

3. CitH.

4. Whenever H holds, C follows.

We also see many variants of form {4), such as “if H holds, then C follows,” or
“whenever H holds, € holds.”

Example 1.6: The statement of Theorem 1.3 would appear in these four forms
as:

1. 2 > 4 implies 2% > z2,
2. = > 4 only if 2% > 22,
3.22> 42 if g > 4.

4. Whenever ¢ > 4, 2° > z? follows.
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Statements With Quantifiers

Many theorems involve statements that use the guantifiers “for all” and
“there exists,” or similar variations, such as “for every” instead of “for all.”
The order in which these quantifiers appear affects what the statement
means. It is often helpful to see statements with more than one quantifier
as a “game” between two players — for-all and there-exists — who take
turns specifving values for the parameters mentioned in the theorem. “For-
all” must consider all possible choices, so for-all’s choices arc generally left
as variables. However, “there-exists” only has to pick one value, which
may depend on the values picked by the players previously. The order in
which the quantifiers appear in the statement determines who gocs first.
If the last player to make a choice can always find some allowable value,
then the statement is true.

For example, consider an alternative definition of “infinite set™: set S5
is infinite if and only if for all integers n, there exists a subset T of S with
exactly n members. Here, “for-all” precedes “there-exists,” so we must
consider an arbitrary integer n. Now, “there-exists™ gets {o pick a subsct
T, and may use the knowledge of n to do so. For instance, if § were the
set, of integers, “there-exists” could pick the subset T = {1,2,....n} and
thereby succeed regardless of n. That is a proof that the set of integers is
infinite.

The following statement looks like the definition of “infinite,” but is
incorrect because it reverses the order of the quantifiers: “there exists a
subset T of set § such that for all n, set T has exactly n members.” Now,
given a set S such as the integers, player “there-exists” can pick any set
T; say {1,2,5} is picked. For this choice, player “for-all” must show that
T has n members for every possible n. However, “for-all” cannot do so.
For instance, it is false for n = 4, or in fact for any n # 3.

In addition, in formal logic one often sees the operator —+ in place of “if-
then.” That is, the statement “if H then C™ could appear as H — ' in some
mathematical literature; we shall not use it hete.

If- And-Only-If Statements

Sometimes, we find a staternent of the form “A if and only if B.” Other forms
of this statermnent are “A iff B,"! “4 is equivalent to B,” or “4 exactly when
B.” This statement is actually two if-then statements: “if A then B and *“if
B then A.” We prove “A if and only if B” by proving these two staternents:

YT, short for “if and only if,” ia a non-word that is used in some mathematical trealises
for succinctness.
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How Formal Do Proofs Have to Be?

The answer to this question is not easy. The bottom line regarding proofs
is that their purpose is to convince someone, whether it is a grader of your
clagswork or yourself, about the correctness of a strategy you are using in
your code. If it is convincing, then it is enough; if it fails to convince the
“consunier” of the proof, then the proof has left out too much.

Part of the uncertainty regarding proofs comes from the different
knowledge that the consumer may have. Thus, in Theorem 1.4, we as-
sumed you knew all about arithmetic, and would belicve a statement like
“if y > 1 then % > 1. 1f vou were not familiar with arithmetic, we would
have to prove that statement hy some steps in our deduactive proof.

However, there are certain things that are required in proofs, and
omitting them surcly makes the proof inadequate. For instance, any de-
ductive proof that nses statements which are not justified by the given or
previous statements, cannot be adequate. When doing a proof of an “if
and only if” statement, we must surely have one proof for the “if” part and
another proof for the “only-if” part. As an additional example, inductive
proofs (discussed in Scetion 1.4) require proofs of the basis and induction
parts.

1. The if part: if B then A,” and

2. The only-if part: “if 4 then B, which is often stated in the equivalent
form “4 only if B.”

The proofs can be presented in either order. In many theorems, one part is
decidedly easier than the other, and it is customary to present the easy direction
first and get it out of the way.

In formal logic. one may see the operator ¢ or = to denote an “if-and-only-
if* staternent. That is, 4 = B and A + B mean the same as “A if and only if
B.!!

When proving an if-and-only-if statement, it is important to remember that
you must prove both the “if” and “only-if” parts. Sometimes, you will find it
helpful to break an if-and-only-if into a succession of several equivalences. That
is, to prove * 4 if and only if 13, you might first prove “4 if and only if C,* and
then prove *C if and only if B.” That method works, as long as you remember
that cach if-and-only-if step must be proved in both directions. Proving any
on¢ step in only one of the directions invalidates the entire proof.

The following is an example of a simple if-and-only-if proof. It uses the
nolations:

1. |z], the floor of real number z, is the greatest integer equal to or less than
T,
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2. [z}, the ceiling of real number z, is the least integer equal to or greatcr
than z.

Theorem 1.7: Let z be a real number. Then |z] = [2] if and only if x is an
integer.

PROOF: (Only-if part) In this part, we assume |z| = [z] and try to prove z is
an integer. Using the definitions of the floor and ceiling, we notice that [z] < z,
and [z] > z. However, we are given that |z]| = [z]. Thus, we may substitute
the floor for the ceiling in the first inequality to conclude [z] < . Since
both [z] < z and [z] > z hold, we may conclude by properties of arithmetic
inequalities that [z] = z. Since [z] is always an integer, * must also be an
integer in this case.

(If part) Now, we assume z is an integer and try to prove |z| = [x]. This part
is easy. By the definitions of floor and ceiling, when x is an integer, both [z]
and {z] are equal to z, and therefore equal to each other. O

1.2.4 Theorems That Appear Not to Be If-Then
Statements

Sometimes, we encounter a theorem that appears not to have a hypothesis. An
example is the well-known fact from trigonometry:

Theorem 1.8: sin8 +cos?8=1. O

Actually, this statement does have a hypothesis, and the hypothesis consists
of all the statements you need to know to interpret the statement. In particular,
the hidden hypothesis is that 8 is an angle, and therefore the functions sine
and cosine have their usual meaning for angles. From the definitions of these
terms, and the Pythagorean Theorem (in a right triangle, the square of the
hypotenuse equals the sum of the squares of the other two sides), you could
prove the theorem. In essence, the if-then form of the theorem is really: “if 8
is an angle, then sin®§ + cos®@ = 1.”

1.3 Additional Forms of Proof

In this section, we take up several additional topics concerning how to construct
proofs:

1. Proofs about sets.
2. Proofs by contradiction.

3. Proofs by counterexample.
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1.3.1 Proving Equivalences About Sets

In automata theory, we are frequently asked to prove & theorem which says that
the sets constructed in two different ways are the same sets. Often, these sets
are sets of character strings, and the sets are called “lunguages,” but in this
section the nature of the sets is unimportant. If £ and F are two expressions
representing sets, the statement £ = F' means that the two sets represented
are the same. More precisely, every element in the set represented by F is in
the set represented by F', and every element in the set represented by F is in
the set represented hy E.

Example 1.9: The commutoetive low of union says that we can take the union
of two sets R and § in either order. That is, R U S = 5 U R. In this case, E is
the expression £ U S and F is the expression S U R. The commutative law of
union says that £ =F. O

We can write a set-equality E = F as an if-and-only-if statement: an element
x1sin F if and only if  is in F. As a conscquence, we see the outline of a
preof of any statement that asserts the equality of two sets F = F; it follows
the form of any if-and-only-if proof:

1. Proof that if z is in E, then z is in F.
2. Prove that if z is in F, then z is in F.

As an example of this proof process, let us prove the distributive law of
union over interseclion:

Theorem 1.10: RU(SNT)=(RUS)N(RUT).
PROOF: The two set-expressions involved are E = RU (SN T) and
F={(RUS)N(RUT)

We shall prove the two parts of the theorem in turn. In the “if” part we assumc
clement z is in £ and show it is in ', This part, summarized in Fig. 1.5, uses
the definitions of union and intersection, with which we assume vou are familiar.

Then, we must prove the “only-if” part of the theorem. Here, we assume
is in ' and show it is in E. The steps are summarized in Fig. 1.6. Since we
have now proved both parts of the if-and-only-if statement, the distributive law
of union over intersection is proved. O

1.3.2 The Contrapositive

Every if-then statement has an equivalent form that in some circumstances is
easier to prove. The contrapositive of the statement “if H then ¢ is “if not ¢
then not H." A statement and its contrapositive are either both true or both
false, so we can prove either to prove the osher,

‘To see why “if H then ¢ and “if not C' then not H™ are logically equivalent,
first observe that there are four cases to consider:
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| | Statement Justification |
1. |zisin RU(SNT) Given
2. |zisin Rorzisin SNT | (1) and definition of union
3. |zisin Rorzisin (2) and definition of intersection
both § and T

4 | xisin RUS (3) and definition of union
zisin RUT (3) and definition of nnion
6. | zisin (RUSYN(RUT) | {4), (5}, and definition

of intersection

o

Figure 1.5: Steps in the “if” part of Theorem 1.10

| | Statement Justification
l.|zisin (RUSYN{RULT) | Given
2.|zisin RUS (1) and definition of intersection
3 |zisinRUT (1) and definition of intersection
4. | zisin Rorzisin (2), (3), and reasoning

both § and T about unions

5 |zisin Rorzisin SNT | (4) and definition of intersection
6. | zisin RU{SNT) (5) and definition of union

Figure 1.6: Steps in the “only-if” part of Theorem 1.10

1. H and C both true.
2. H true and C false.
3. ¢ true and H false.

4. H and C both false.

There is only one way to make an if-then statement false; the hypothesis must
be true and the conclusion false, as in case (2}. For the other three cases,
including case (4) where the conclusion is false, the if-then statement itself is
true.

Now, consider for which cases the contrapositive “if not € then not H" is
false. In order for this statement to be false, its hypothesis (which is “not C”)
must be true, and its conclusion (which is “not H™) must be false. But “not
C” is true exactly when C is false, and “not H” is false exactly when H is true.
These two conditions are again case {2), which shows that in each of the four
cases, the original statement and its contrapositive are either both true or both
false; i.¢., they are logically equivalent.
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Saying “If-And-Only-If” for Sets

As we mentioned, theorems that state equivalences of expressions about
sets are if-and-only-if statements. Thus, Theorem 1.10 could have been
stated: an element z is in R U (S N T) if and only if  is in

(RUS)N{RUT)

Another common expression of a set-equivalence is with the locution
“all-and-only.” For instance, Theorem 1.10 could as well have been stated
“the elements of R U (SN T) are all and only the elements of

(RuSIN(RuUT)

The Converse

Do not confuse the terms “contrapositive” and “converse.” The converse
of an if-then statement is the “other direction”; that is, the converse of “if
H then ¢ is %if C then H.” Unlike the contrapositive, which is logically
equivalent to the original, the converse is not equivalent to the original
statement. In fact, the two parts of an if-and-only-if proof are always
some statement and its converse.

Example 1.11: Recall Theorem 1.3, whose statement was: “if £ > 4, then
2¢ > 22" The contrapositive of this statement is “if not 2 > 22 then not
z > 4. In more colloquial terms, making use of the fact that “not @ > V" is
the same as @ < b, the contrapositive is “if 2° < z® then z < 4.” O

When we are asked to prove an if-and-only-if theorem, the use of the con-
trapositive in one of the parts allows us several options. For instance, suppose
we want to prove the set equivalence E = F. Instead of proving “if z is in E
then z is in F and if ¢ is in F then z is in E,” we could also put one direction
in the contrapositive. One equivalent proof form is:

e Ifzisin F then z isin F, and if = is not in F then 2 is not in F.

We could also interchange E and F in the statement above.

1.3.3 Proof by Contradiction

Another way to prove a statement of the form “if H then C” is to prove the
statement,
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» “H and not € implies falsehood.”

That is, start by assuming both the hypothesis H and the negation of the
conclusion €. Complete the proof by showing that something known to be
false follows logically from H and not C. This form of proof is called pronf by
contradiction.

Example 1.12: Recall Theorem 1.5, where we proved the if-then statement
with hypothesis H = “U is an infinite set, S is a finite subset of U, and T is
the complement, of S with respect to U.” The conclusion C' was “T is infinite.”
We proceeded to prove this theorem by contradiction. We assumed “not C7;
that is, we assumed 7' was finite.

Our proof was to derive a falsehood from H and not C. We first showed
from the assumptions that S and T are both finite, that U also must be finite.
But since U is stated in the hypothesis H to be infinite, and a set cannot be
both finite and infinite, we have proved the logical statement “false.” In logical
terms, we have both a proposition p (U is finite) and its negation, not p (U
is infinite). We then use the fact that “p and not p” is logically equivalent to
“false.” O

To see why proofs by contradiction are logically correct, recall from Sec-
tion 1.3.2 that there arc four combinations of truth values for H and C. Only
the second case, H truc and C false, makes the statement “if H then C7 false.
By showing that H and not C leads to falsehood, we are showing that case 2
cannot occur. Thus, the only possible combinations of truth values for H and
C are the three combinations that make “if A then O7 tme.

1.3.4 Counterexamples

In real life, we are not told to prove & theorem, Rather, we are faced with some-
thing that seems true - a strategy for implementing a program for example ~-
and we need to decide whether or not the “theorem” is true. To resolve the
question, we may alternately try to prove the theorem, and if we cannot, try to
prove that its stateinent is false.

Theorems generally are statements about an infinite number of cases, per-
haps all values of its parameters. Indeed, strict mathematical convention will
only dignify a statement with the title “theorem” if it has an infinite number
of cases; statements that have no parameters, or that apply to only a finite
number of values of its parameter(s) are called observations. It is sufficient to
show that an alleged theorem is false in any one case in order to show it isnot a
theorewn. The situation is analogous to programs, since a program is generally
considercd to have a bug if it fails to operate correctly for even one input on
which it was expected to work.

It ofien is easier to prove that a statement is not a theorem than to prove
it #s a theorem. As we mentioned, if § is any statement, then the statcment
“S is not a theorem” is itself a statement without parameters, and thus can
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be regarded as an observation rather than a theorem. The following are two
examples, first of an obvious nontheoremn, and the second a statement that just
misses being a theorem and that requires some investigation before resolving
the question of whether it is a theorem or not.

Alleged Theorem 1.13: All primes are odd. (More formally, we might say:
if integer « is a prime, then x is odd.)

DISPROOF: The integer 2 is a prime, but 2 is even. O

Now, let us discuss a “theorem” involving modular arithmetic. There is an
essential definition that we must first establish. If ¢ and b are positive integers,
then a mod b is the remainder when a is divided by b, that is, the unique integer
r between 0 and b — 1 such that @ = ¢gb + r for some integer ¢q. For example,
8 mod 3 = 2, and 9 mod 3 = 0. Our first proposed theorem, which we shall
determine to be false, is:

Alleged Theorem 1.14: There is no pair of integers ¢ and b such that

eamod b=bmod ¢

When asked to do things with pairs of objects, such as a and b here, it is
often possible to simplify the relationship between the two by taking advantage
of symmetry. In this case, we can focus on the case where @ < b, since if b < a
we can swap ¢ and b and get the same equation as in Alleged Theorem 1.14.
we must be carcful, however, not to forget the third case, where a = b, This
case turns out to be fatal to our proof attempts.

Let us assume ¢ < b, Then @ mod b = ¢, since in the definition of ¢ mod b
we have ¢ = 0 and r = @. That is, when a < b we have ¢ = 0 x b + a. But
b mod a < a, since anything mod ¢ is between 0 and ¢ — 1. Thus, when a < 3,
b mod ¢ < @ mod b, 30 a mod b = b mod a is impossible. Using the argument
of symmetry above, we alsc know that ¢ mod b # b mod a when b < a.

However, consider the third case: a = b. Since £ mod z = 0 for any integer
z, we do have a mod b = b mod ¢ if @ = b. We thus have a disproof of the
alleged theorem:

DISPROOF: {of Alleged Theorem 1.14) Let ¢ = b = 2. Then
amodb=bmoda=0
O

In the process of finding the counterexample, we have in fact discovered the
exact conditions under which the alleged theorem holds. Here is the correct
version of the theorem, and its proof.

Theorem 1.15: a mod b = b mod ¢ if and only if @ = 5.
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PROOF: (If part) Assume a = b, Then as we observed above, x mod z = 0 for
any integer z. Thus, a mod b = b mod @ = 0 whenever a = .

(Only-if part) Now, assume a mod b = b mod a. The best technique is a
proof by contradiction, so assume in addition the negation of the canclusion;
that is, assume @ # b. Then since @ = b is eliminated, we have only to consider
the cases a < band b < a.

We already observed above that when ¢ < b, we have ¢ mod b = «¢ and
b mod @ < a Thus, these statements, in conjunction with the hypothesis
a mod & = b mod a lets us derive a contradiction.

By symmetry, if b < a then b mod @ = b and a mod b < b. We again derive
a contradiction of the hypothesis, and conclude the only-if part is also true. We
have now proved both directions and conclude that the theorem is true. U

1.4 Inductive Proofs

There is a special form of proof, called “inductive,” that is essential when dealing
with recursively defined objects. Many of the most familiar inductive proofs
deal with integers, but in automata theory, we also need inductive proofs about
such recursively defined concepts as trees and expressions of various sorts, such
as the regular expressions that were mentioned briefly in Section 1.1.2. In this
section. we shall introduce the subject of inductive proofs first with “simple”
inductions on integers. Then, we show how to perform “structural” inductions
on any recursively defined concept.

1.4.1 Inductions on Integers

Suppose we are given a statement S{n), about an integer n, to prove. One
common approach is to prove two things:

1. The basis, where we show S(i) for a particular integer i. Usually, ¢ =0
or i = 1, but there are examples where we want to start at some higher
i, perhaps because the statement S is false for a few small integers.

2. The inductive step, where we assume n > %, where 7 is the basis integer,
and we show that “if S(n) then S{n +1).”

Intuitively, these two parts should convince us that S(r) is true for every
integer n that is equal to or greater than the basis integer ¢. We can argue as
follows. Suppose S{n) were false for one or more of those integers. Then there
would have to be a smallest value of n, say j, for which S(j} is false, and yet
§ > 4. Now j could not be i, because we prove in the basis part that S(7) is
true. Thus, j must be greater than i. We now know that 7 —12> i, and S{j — 1)
1§ true.

However. we proved in the inductive part that if n > 7, then S{n) implies
S{n +1). Suppose we let n = j — 1. Then we know from the inductive step
that S(j — 1) implies S{j). Since we also know S(j — 1), we can conclude 5(j).
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We have assumed the negation of what we wanted to prove; that is, we
assumed 5(j) was false for some j > i. In each case, we derived a contradiction,
80 we have a “proof by contradiction” that S(n) is true for all n > 1.

Unfortunately, there is a subtle logical flaw in the above reasoning. Our
assumption that we can pick a least 7 > ¢ for which S(j) is false depends on
our believing the principle of induction in the first place. That is, the only way
to prove that we can find such a 7 is to prove it by a method that is essentially
an inductive proof. However, the “proof” discussed above makes good intuitive
sense, and matches our understanding of the real world. Thus, we generally
take as un integral part of our logical rcasoning system:

s The Induction Principle: 1f we prove 5(i) and we prove that for all n > 4,
S(n) implies S(n + 1), then we may conclude S(n) for all n > i.

The following two examptes illustrate the use of the induction principle to prove
theorems about integers.

Theorem 1.16: For all n > 0:

Z": 2 n(n + 1)6(271 +1) (L1)

PROOF: The proof is in two parts: the basis and the inductive step; we prove
each in turn.

BASIS: For the basis, we pick n = (. It might seem surprising that the theorem
even makes sense for n = 0, since the left side of Equation (1.1} is Z?=1 when
n = 0. However, there is a general principle that when the upper limit of a sum
(0 in this case) is less than the lower limit (1 here), the sum is over no terms
and therefore the sum is 0. That is, 3o, i° = 0.

The right side of Equation (1.1) is also 0, since 0x (0+1) x (2x0+1)/6 = 0.
Thus, Equation (1.1) is true when n = 0.

INDUCTION: Now, assume n > 0. We must prove the inductive step, that
Equation (1.1) implies the same formula with n + 1 substituted for n. The
latter formula is

IE] 2 P+l + 1+ DER+ 1) +1) (12)

- 6

We may simplify Equations (1.1) and (1.2) by expanding the sums and products
on the right sides. These equations become:

i i =(2n%+3n* +n)/6 (1.3)

i=1
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1

3 i = (20° + 9n® 4 130 + 6)/6 (1.4)

i=1
We need to prove (1.4} using (1.3), since in the induction principle, these are
statements S(n + 1) and S(n}, respectively. The “trick” is to break the sum
to nn + 1 on the right of (1.4) into a sum to n plus the (n + 1)st term. In that
way, we can replace the sum to n by the left side of (1.3) and show that (1.4)
is true. These steps are as follows:

(i ?:2) +{n+1)2 = (20 +9n? + 13n +6)/6 (1.5)

=1

(20% 4+ 3n2 + n)/6+ (n? + 20+ 1) = (20° + 9n? + 130 + 6)/6 (1.6)

The final verification that (1.6) is true requires only simple polynomial algebra
on the left side to show it is identical to the right side. O

Example 1.17: In the next example, we prove Theorem 1.3 from Section 1.2.1.
Recall this theorem states that if z > 4, then 2° > 2?. We gave an informal
proof based on the idea that the ratio x2/2% shrinks as z grows above 4. We
can make the idea precise if we prove the statement 2¥ > z? by induction on
z, starting with a basis of z = 4. Note that the statement is actually false for
T <4

BASIS: If £ = 4, then 27 and z? are both 16. Thus, 2! > 4% holds.

INDUCTION: Suppose for some z > 4 that 2% > z*. With this statement as
the hypothesis, we need to prove the same statement, with z + 1 in place of z,
that is, 21 > [z + 1]%. These are the statements S(z) and S(z + 1) in the
induction principle; the fact that we are using z instead of n as the parameter
should not be of concern; z or n is just a local variable.

As in Theorem 1.16, we should rewrite S{z + 1) so it can make use of S(z).
In this case, we can write 2(*+t1 a5 2 x 2%, Since S{(z) tells us that 2% > 22, we
can conclude that 2511 = 2 x 2% > 224,

But we need something different; we need to show that 27! > (z + 1)2
One way to prove this statement is to prove that 2z% > (z + 1)? and then use
the transitivity of > to show 2%F! > 222 > (z + 1)%. In our proof that

2% > (z + 1)? (1.7)
we may use the assumption that z > 4. Begin by simplifying (1.7):

> 2r+1 (1.8)
Divide (1.8) by z, to get:
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Integers as Recursively Defined Concepts

We menticned that inductive proofs are useful when the subject matter is
recursively defined. However, our first examples were inductions on inte-
gers, which we do not normally think of as “recursively defined.” However,
there is a natural, recursive definition of when a number is a nonnegative
integer, and this definition does indeed match the way inductions on inte-
gers proceed: from objects defined first, to those defined later.

BASIS: 0 is an integer.

INDUCTION: If n is an integer, then sois n + 1.

> 2+ (1.9)
x

Since z > 4, we know 1/z < 1/4. Thus, the left side of (1.9) is at least
4, and the right side is at most 2.25. We have thus proved the truth of (1.9).
Therefore, Equations (1.8) and (1.7) are also true. Equation (1.7) in turn gives
us 22° > (2 + 1)? for = > 4 and lets us prove statement S(z + 1), which we
recall was 257! > (x + 1), O

1.4.2 More General Forms of Integer Inductions

Sometimes an inductive proof is made possible only by using a more general
scheme than the one proposed in Section 1.4.1, where we proved a statement S
for one basis value and then proved that “if S(n) then S{n+1)." Two important
generalizations of this scheme are:

1. We can use several basis cases. That is, we prove S{i},S(z + 1),...,3()
for some § > i.

2. In proving S(n + 1), we can use the truth of all the statecments
S@E),SE+1),...,5(n)

rather than just using S(n). Moreover, if we have proved basis cases up
to S(4), then we can assume n > j, rather than just n > i,

The conclusion to be made from this basis and inductive step is that S{n) is
true for alln > 4,

Example 1.18: The following example will illustrate the potential of both
principles. The statement S{n) we would like to prove is that if n > 8, then n
can be written as a sum of 3’s and 5's. Notice, incidentally, that 7 cannot be
written as a sum of 3's and 5's.
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BASIS: The basis cases are S(8), 5(9), and S(10). The proofs are 8 = 3 + 5,
9=3+3+3, and 10 =5 + 5, respectively.

INDUCTION: Assume that n > 10 and that S(8), 5(9),...,S(n) are true. We
must prove S(n + 1) from these given facts. Our strategy is to subtract 3 from
n + 1, observe that this number must be writable as a sum of 3's aud 5’s, and
add one more 3 to the sum to get a way to write n+ 1.

More formally, observe that n — 2 > B, so we may assume S(n — 2). That
is, n — 2 = 3a + 5b for some integers @ and . Then = +1 = 3 4 3a + 5b, s0
n + 1 can be written as the sum of @ + 1 3’s and b 5’s. That proves S(n + 1)
and concludes the inductive step. O

1.4.3 Structural Inductions

In automata theory, there are several recursively defined structures about which
we nced to prove statements. The familiar notions of trees and expressions
are important examples. Like inductions, all recursive definitions have a basis
case, where one or more elementary structures are defined, and an inductive
step, where more complex structures are defined in terms of previously defined
structures.

Example 1.19: Here is the recursive definition of a tree:
BASIS: A single node is a tree, and that node is the root of the treec.

INDUCTION: If Ty, Ty, . .., T, are trees, then we can form a new tree as follows:

1. Begin with a new node N, which is the roct of the tree.
2. Add copies of all the trees T3, Ty, ..., T.
3. Add edges from node N to the roots of each of the trees T, T5, ..., T}.

Figure 1.7 shows the inductive construction of a tree with root N from k smaller
trees., O

Example 1.20: Here is another recursive definition. This time we define
expressions using the arithmetic operators + and #, with both numbers and
variables allowed as operands.

BASIS: Any munber or letter {i.e., a variable) is an expression.
INDUCTION: If E and F are cxpressions, then so are B+ F, E« F, and (E).

For example, both 2 and z are expressions by the basis. The inductive step
tells us x + 2, (z + 2), and 2 = {z + 2) are all expressions. Notice how each of
these expressions depends on the previous ones being expressions. O
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(W)

Figure 1.7: Inductive construction of a tree

Intuition Behind Structural Induction

We can suggest informally why structural induction is a valid proof
method. Imagine the recursive definition establishing, one at a time, that
certain structures X, X3, ... meet the definition. The basis elements come
first, and the fact that X, is in the defined set of structures can only depend
on the membership in the defined set of structures that precede X; on the
list. Viewed this way, a structural induction is nothing but an induction
on integer n of the statement S{X,). This induction may be of the gen-
eralized form discussed in Section 1.4.2, with multiple basis cases and an
inductive step that uses all previous instances of the statement. However,
we should remember, as explained in Section 1.4.1, that this intuition is
not a formal proof, and in fact we must assume the validity this induction
principle as we did the validity of the original induction principle of that
sectlon.

When we have a recursive definition, we can prove theorerns about it using
the following proof form, which is called structural induction. Let S(X) be a
statement about the structures X that are defined by some particular recursive
definition.

1. As a basis, prove S{X) for the basis structure(s) X.

2. For the inductive step, take a structure X that the recursive defini-
tion says is formed from Yi,Y3,...,Y.. Assume that the statements
S(11), 8(Y1),...,5(¥,), and use thesc to prove S(X).

Our conclusion is that S5(X) is true for all X. The next two theorems are
examples of facts that can be proved about trees and expressions.

Theorem 1.21: Every tree has one more node than it has edges.



1.4. INDUCTIVE PROOFS 25

PROOF: The formal statement S{T") we need to prove by structural induction
is: “if T is a tree, and T has n nodes and € edges, then n =e 4+ 1.7

BASIS: The basis case is when T is a single node. Then n =1 and ¢ =0, so
the relationship n = € + 1 holds.

INDUCTION: Let T be a tree built by the inductive step of the definition,
from root node N and k smaller trees Ty, T3, ...,Tx. We may assume that the
statements S(7}) hold for i = 1,2,...,k. That is, let T; have n; nodes and ¢;
edges; then n; =e; + 1.

The nodes of T are node N and all the nodes of the T;’s. There are thus
147y +ns + -+ n; nodes in T'. The edges of T are the & edges we added
explicitly in the inductive definition step, plus the edges of the T;’s. Hence, T
has

kte +ep+ - +e (1.10)

edges. If we substitute e; + 1 for n, in the count of the number of nodes of T
we find that T has

l+fer+ 1) +[ea+ 4+ +[ex+1] (1.11}

nodes. Since there are k of the “+1” terms in (1.10), we can regroup (1.11) as

k+1l4+e+exs+--+ex (1.12)

This expression is exactly 1 more than the expression of {1.10) that was given
for the number of edges of T. Thus, T has one more node than it has edges.
O

Theorem 1.22: Every expression has an equal number of left and right paren-
theses.

PROOF: Formally, we prove the statement §(G) about any expression G that
is defined by the recursion of Example 1.20: the numbers of left and right
parentheses in G are the same.

BASIS: If G is defined by the basis, then G is a number or variable. These
expressions have 0 left parentheses and 0 right parentheses, so the numbers are
equal.

INDUCTION: There are three rules whereby expression G may have been con-
structed according to the inductive step in the definition:

1. G=E+F.
2. G:E*F.
3. G =(E).
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We may assume that S{E) and S(F) are true; that is, E has the same number
of left and right parentheses, say n of each, and F likewise has the same number
of left and right parcntheses, say m of each. Then we can compute the numbers
of left and right parentheses in G for each of the three cases, as follows:

1.f G = E+ F, then G has n + m left parentheses and n + m right
parentheses; n of cach come from E and m of each come from F.

2. If G = E  F, the count of parentheses for G is again n + m of each, for
the same reason as in case (1).

3. fG = (F), then there arc n+1 left parcntheses in G — onc left parenthesis
is explicitly shown, and the other n are present in E. Likewise, there are
n + 1 right parentheses in G one is explicit and the other n arc in E.

In each of the three cases, we see that the numbers of left and right parentheses
in G are the same. This observation completes the inductive step and completes
the proof. 0O

1.4.4 Mutual Inductions

Sometimes, we cannot prove a single statement by induction, but rather need
to prove a group of statements S1(n), S2(n),...,Sk(n) together by induction
on n. Automata theory provides many such situations. In Example 1.23 we
sample the commen situation where we need to explain what an automaton
does by proving a group of statements, one for each state. These statements
tell under what sequences of inputs the automaton gets into cach of the states.

Strictly speaking, proving a group of statements is no different from proving
the congunction (logical AND) of all the statements. For instance, the group
of statements S1(n), Sa(n),...,Sk{n) could be replaced by the single statement
S1{n) AND Su(n) AND - - - AND Sk (n). However, when there are really several inde-
pendent statements to prove, it is generally less confusing to keep the statements
separate and to prove them all in their own parts of the basis and inductive
steps. We call this sort of proof mutual induction. An example will illustrate
the necessary steps for a mutnal recursion.

Example 1.23: Let us revisit the on/off switch, which we represented as an
automaton in Example 1.1. The automaton itself is reproduced as Fig. 1.8.
Since pushing the button switches the state between on and off, and the switch
starts out in the off state, we expect that the following statements will together
explain the operation of the switch:

S1(n): The automaton is in state off after n pushes if and only if n is even.

Sa(n): The automaton is in state o after n pushes if and only if n is odd.
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Push

o) ()

Push

Figure 1.8: Repeat of the automaton of Fig. 1.1

We might suppuse that S; implies S5 and vice-versa, since we know that
a number n cannot be both even and odd. However, what is not always true
about an automaton is that it is in one and only one state. It happens that
the automaton of Fig. 1.8 is always in exactly one state, but that fact must be
proved as part of the mutual induction.

We give the basis and inductive parts of the proofs of statements S1(n) and
53(n} below. The proofs depend on several facts about odd and even integers:
if we add or subtract 1 from an even integer, we get an odd integer, and if we
add or subtract 1 from an odd integer we get an even integer.

BASIS: For the basis, we choose n = 0. Since there are two statements, each of
which must be proved in both directions (because Sy and Sp are each “if-and-
only-if” statements), there are actually four cases to the basis, and four cases
to the induction as well.

1. [S); H] Since 0 is in fact cven, we must show that after 0 pushes, the
automaton of Fig. 1.8 is in state off. Since that is the start state, the
automaton is indeed in state off after 0 pushes.

2. [S1; Only-if] The automaton is in state off after 0 pushes, so we must
show that O is even. But 0 is even by definition of “even,” so there is
nothing more to prove.

3. [Sa; If] The hypothesis of the “if* part of S is that 0 iz odd. Since this
hypothesis H is false, any statement of the form “if H then C” is true, as
we discussed in Section 1.3.2. Thus, this part of the basis also holds.

4. [S2; Only-if] The hypothesis, that the automaton is in state en after 0
pushes, is also false, since the only way to get to state on is by following
an arc labeled Push, which requires that the button be pushed at least
once. Since the hypothesis is false, we can again conclude that the if-then
statement is true.

INDUCTION: Now, we assume that S1(n) and S2(n) are true, and try to prove
Si{n+1) and Sz2(n + 1). Again, the proof separates into four parts.
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1. [51(n + 1); ] The hypothesis for this part is that n + 1 is even. Thus,

n is odd. The “if” part of statement S3(n) says that after n pushes, the
automaton is in state on. The arc from on to off labeled Push tells us
that the (n 4 1)st push will cause the automaton to enter state off. That
completes the proof of the “if” part of §1(n + 1).

2. [Si{n + 1); Only-if] The hypothesis is that the automaton is in state off

after n + 1 pushes. Inspecting the automaton of Fig. 1.8 tells us that the
only way to get to state off after one or more moves is to be in state on and
receive an input Push. Thus, if we are in state off after n 4 1 pushes, we
must have been in state on after n pushes. Then, we may use the “only-if”
part of statement Sz(n) to conclude that » is odd. Consequently, n+1is
even, which is the desired conclusion for the only-if portion of Sy(n + 1}.

3. [S2{n+1); If] This part is essentially the same as part (1), with the roles of

staternents S; and Ss exchanged, and with the roles of “odd” and “even”
exchanged. The reader should be able to construct this part of the proof
easily.

4. [S2(n + 1); Only-if] This part is essentially the same as part (2}, with the

roles of statements S; and Sz exchanged, and with the roles of “odd” and
“even” exchanged.

We can abstract from Example 1.23 the pattern for all mutual inductions:

» Each of the statements must be proved separately in the basis and in the
inductive step.

o If the statements are “if-and-only-if,” then both directions of each state-
ment must be proved, both in the basis and in the induction.

1.5 The Central Concepts of Automata Theory

In this sectiot we shall introduce the most important definitions of terms that
pervade the theory of automata. These concepts include the “alphabet™ (a sct
of symbols), “strings” (a list of symbols from an alphabet), and “language” (a
set of strings from the same alphabet).

1.5.1 Alphabets

An alphabet is a finite, nonempty set of symbols. Conventionally, we use the
syinbol ¥ for an alphabet. Common alphabets include:

1. £ = {0,1}, the binary alphabet.
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2. ©={a,b,...,z}, the set of all lower-case letters.

3. The set of all ASCII characters, or the set of all printable ASCII charac-
ters.

1.5.2 Strings

A string (or sometimes word) is a finite sequence of symbols chosen from some
alphabet. For example, 01101 is a string from the binary alphabet £ = {0,1}.
The string 111 is another string chosen from this alphabet.

The Empty String

The empty string is the string with zero occurrences of symbols. This string,
denoted ¢, is a string that may be chosen from any alphabet whatsoever.

Length of a String

Tt is often useful to classify strings by their length, that is, the number of
positions for symbols in the string. For instance, 01101 has length 3. It is
common to say that the length of a string is “the number of symbols” in the
string; this statement is colloguially accepted but not strictly correct. Thus,
there are only two symbols, 0 and 1, in the string 01101, but there are five
positions for symbols, and its length is 5. However, you should gencrally expect
that “the number of symbols” can be used when “number of positions” is meant.

The standard notation for the length of a string w is |w|. For example,
[011] = 3 and |¢] = 0.

Powers of an Alphabet

Tf ¥ is an alphabet, we can express the set of all strings of a certain length from
that alphabet by using an expouential notation. We define ¥ to be the set of
strings of length k, each of whose symbols is in ¥.

Example 1.24: Note that X0 = {e}, regardless of what alphabet ¥ is. That
is, € is the only string whose length is 0.
If £ = {0,1}, then £* = {0,1}, £* = {00,01,10,11},

¥* = {000, 001,010,011, 100,101,110, 111}

and so on. Note that there is a slight confusion between ¥ and T!. The former
is an alphabet; its members 0 and 1 are symbols. The latter is a set of strings;
its members are the strings 0 and 1, each of which is of length 1. We shall not
try to use separate notations for the two sets, relying on context to make it
clear whether {0,1} or similar sets are alphabets or sets of strings. O
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Type Convention for Symbols and Strings

Commonly, we shall use lower-case letters at the beginning of the alphabet
{or digits} to denote symbols, and lower-case letters near the end of the
alphabet, typically w, z, ¥, and 2, to denote strings. You should try to get
used to this convention, to help remind you of the types of the elements
heing discussed.

The set of all strings over an alphabet ¥ is conventionally denoted X*. For
instance, {0, 1}* = {¢,0,1,00,01, 10, 11,000, ...}, Put another way,

=3uztuyxiy.--

Sometimes, we wish to cxclude the empty string from the st of strings. The
set of nonempty strings from alphabet ¥ is denoted 1. Thus, two appropriate
equivalences are:

o THT=FluX?yusiuy--.

o T* =Xt U {e}.

Concatenation of Strings

Let z and y be strings. Then zy denotes the concatenation of ¥ and y, that
is, the string formed by making a copy of z and following it by a copy of ¥.
More precisely, if x is the string composed of ¢ symbols 2 = aja - -+ a; and y is
the string composed of j symbols y = bydy -+ §;, then zy is the string of length
i ey = a1y - by b_,

Example 1.25: Let r = 01101 and ¥ = 110. Then zy = 01101110 and
yz = 11001101. For any string w, the equations ew = we = w hold. That is,
e is the identity for concatenation, since when concatenated with any string it
vields the other string as a result (analogously to the way 0, the identity for
addition, can be added to any number z and yields z as a result). O

1.5.3 Languages

A set of strings all of which are chosen from some £*, where © is a particular
alphabet, is called a language. M ¥ is an alphabet, and L € *, then L is a
lunguage over ¥.. Notice that a language over X need not include strings with
all the symbols of £, so cnce we have established that L is a language over X,
we also know it is a language over any alphabet that is a superset of .

The choice of the term “language” may seem strange. However, common
languages can be viewed as sets of strings. An example is English, where the
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collection of legal English words is a set of strings over the alphabet that consists
of all the letters. Another example is C, or any other programming language.
where the legal programs are a subset of the possible strings that can be formed
from the alphabet of the language. This alphabet is a subset of the ASCII
characters. The exact alphabet may differ slightly among different programming
languages, but generally includes the upper- and lower-case letters, the digits,
punctuation, and mathematical symbols.

However, therc arc also many other languages that appear when we study
automata. Some arc abstract examples, such as:

1. The language of all strings consisting of n (s followed by n 1's, for some
n > 0: {¢01,0011,000111,...}.

2. The set of strings of 0’s and 1’s with an equal number of each:

{e,01,10,0011,0101,1001, .. .}

3. The set of binary numbers whose value is a prime:

{10,11,101,111,1011,.. .}
4. £* is a language for any alphabet .
5. B, the empty language, is a language over any alphabet.

6. {e}, the language consisting of only the empty string, is also a language
over any alphabet. Notice that @ # {e}; the former has no strings and
the latter has one string.

The only important constraint on what can be a language is that all alphabets
are finite. Thus languages, although they can have an infinite number of strings,
are restricted to consist of strings drawn from one fixed, finite alphabet.

1.5.4 Problems

In automata theory, a problem is the question of deciding whether a given string
is a member of some particular language. It turns out, as we shall see, that
anything we more colloquially call a “problem” can be expressed as membership
in a language. More precisely, if £ is an alphabet, and L is a language over %,
then the problem L is:

» Given a string w in X*, decide whether or not w is in L.

Example 1.26: The problem of testing primality can be expressed by the
language L, consisting of all binary strings whose value as a binary number is
a prime. That is, given a string of 0’s and 1's, say “yes’ if the string is the
hinary representation of a prime and say “no” if not. For some strings, this
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Set-Formers as a Way to Define Languages
It is common to describe a language using a “set-former”:
{w | something about w}

This expression is read “the set of words w such that (whatever is said
about w to the right of the vertical bar}.” Examples are:

1. {w | w consists of an equal number of 0’s and 1's }.
2. {w | w is a binary integer that is prime }.
3. {w ] w is a syntactically correct C program }.

It is also common to replace w by some expression with parameters and
describe the strings in the language by stating conditions on the parame-
ters. Here are some examples; the first with parameter n, the second with
parameters ¢ and j:

1. {0%1" | n > 1}. Read “the set of 0 to the n I to the n such that n
is greater than or equal to 1,” this language consists of the strings
{01,0011,000111,...}. Notice that, as with alphabets, we can raise
a single symbol to a power n in order to represent n copies of that
symbol.

2. {0°17 | 0 < 4 < j}. This language consists of strings with some 0's
(possibly none) followed by at least as many 1’s.

decision is easy. For instance, 0011101 cannot be the representation of a prime,
for the simple reason that every integer except 0 has a binary representation
that begins with 1. However, it is less obvious whether the string 11101 belongs
to Ly, 50 any solution to this problem will have to use significant computational
resources of some kind: time and/or space, for example. O

One potentially unsatisfactory aspect of our definition of “problem” is that
one commonly thinks of problems not as decision questions (is or is not the
following true?) but as requests to compute or transform some input (find the
best way to do this task). For instance, the task of the parser in a C compiler
can be thought of as a problem in our formal sense, where one is given an ASCIT
string and asked to decide whether or not the string is a member of L., the set
of valid C programs. However, the parser does more than decide. It produces a
parse tree, entries in a symbol table and perhaps more. Worse, the compiler as
a whole solves the problem of turning a C program into object code for some
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Is It a Language or a Problem?

Languages and problems are really the same thing. Which term we prefer
to use depends on our point of view. When we care only about strings for
their own sake, e.g., in the set {0™1™ | » > 1}, then we tend to think of
the set of strings as a language. In the last chapters of this book, we shall
tend to assign “semantics” to the strings, e.g., think of strings as coding
graphs, logical expressions, or even integers. In those cases, where we care
more about the thing represented by the string than the string itself, we
shall tend to think of a set of strings as a problem.

machine, which is far from simply answering “yes” or “no” about the validity
of a program.

Nevertheless, the definition of “problems” as languages has stood the test
of time as the appropriate way to deal with the important questions of com-
plexity theory. In this theory, we are interested in proving lower bounds on
the complexity of certain problems. Especially important are techniques for
proving that certain problems cannot be solved in an amount of time that is
less than exponential in the size of their input. Tt turns out that the yes/no
or language-based version of known problems arc just as hard in this sense, as
their “solve this” versions.

That is, if we can prove it is hard to decide whether a given string belongs to
the language Ly of valid strings in programming language X, then it stands to
reason that it will not be casier to translate programs in language X to object
code. For if it were easy to geuerate code, then we could run the translator, and
conclude that the input was a valid member of Ly exactly when the translator
succeeded in producing object code. Since the final step of determining whether
object code has been produced cannot be hard, we can use the fast algorithm
for generating the object code to decide membership in L x efficiently. We thus
contradict the assumption that testing membership in Lx is hard. We have a
proof by contradiction of the statement “if testing membership in Lx is hard,
then compiling programs in programming language X is hard.”

This technique, showing one problen: hard by using its supposed efficient
algorithm to solve efficiently another problem that is already known to be hard,
is called a “reduction” of the second problem to the first. It is an essential tool
in the study of the complexity of problems, and it is facilitated greatly by our
notion that problems are questions about membership in a language, rather
than more general kinds of questions.
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Summary of Chapter 1

Finite Automata: Finite antomata involve states and transitions among
states in response to inputs. They are useful for building several different
kinds of software, including the lexical analysis component of a compiler
and systems for verifying the correctness of cireuits or protocols, for ex-
ample.

Regular Ezpressions: These are a structural notation for describing the
same patterng that can be represented by finite automata. They are used
in many common types of software, including tools to search for patterns
in text or in file names, for instance.

Contezt-Free Grammars: These are an importani notation for describing
the structure of programming languages and related sets of strings; they
are used to build the parser component of a compiler.

Turing Machines: These are automata that model the power of real com-
puters. They allow us to study decidabilty, the question of what can or
cannoct be done by a computer. They also let us distinguish tractable
problems — those that can be solved in polynomial time — from the
intractable problems — those that cannot.

Deductive Proofs: This basic method of proof proceeds by listing state-
ments that are either given to be true, or that follow logically from some
of the previous statements.

Proving If-Then Statements: Many theorems are of the form “if (some-
thing) then (something else).” The statement or statements following the
“if” are the hypothesis, and what follows “then” is the conclusion. Deduc-
tive proofs of if-then statements begin with the hypothesis, and continue
with statements that follow logically from the hypothesis and previous
statements, until the conclusion is proved as one of the statements.

Proving If- And-Only-If Statements: There are other theorems of the form
“(something) if and only if (something else).” They are proved by showing
if-then statements in both directions. A similar kind of theorem claims
the equality of the sets described in two different ways; these are proved
by showing that each of the two sets is contained i the other.

Proving the Contrapositive: Sometimes, it is easier to prove a statement
of the form “if H then C¥ by proving the equivalent statement: “if not
C then not H.” The latter is called the contrapositive of the former.

Proof by Contradiction: Other times, it is more convenient to prove the
statement “if H then C” by proving “if A and not C then (something
known to be false).” A proof of this type is called proof by contradiction.
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+ Counterezamples: Sometimes we are asked to show that a certain state-
ment is not true. If the statement has one or more parameters, then we
can show it is false as a generality by providing just one counterexam-
ple, that is, one assignment of values to the parameters that makes the
statement false.

4 Inductive Proofs: A statement that has an integer parameter n can often
by proved by induction on n. We prove the statement is true for the
basis, a finite nuinber of cases for particular values of 7, and then prove
the inductive step: that if the statement is true for values up to n, then
it is true for n 4 1.

4 Structural Inductions: In some situations, including many in this book,
the theorem to be proved inductively is about some recursively defined
construct, such as trees. We may prove a theorem about the constructed
objeets by induction on the number of steps used in its construction. This
type of induction is referred to as structural.

4 Alphabets: An alphabet is any finite set of symbols.
4 Strings: A string is a finite-length sequence of symbols.

4+ Languages and Problems: A language is a (possibly infinite} set of strings,
all of which choose their symbols from some one alphabet. When the
strings of a language are to be interpreted in some way, the question of
whether a string is in the language is sometimes called a problem.

1.7 References for Chapter 1

For extended coverage of the material of this chapter, including mathematical
concepts underlying Computer Science, we recommend [1].

1. A. V. Ahoand J. D. Ullinan, Foundations of Computer Science, Computer
Science Press, New York, 1994.






Chapter 2

Finite Automata

This chapter introduces the class of languages known as “regular languages.”
These languages are exactly the ones that can be described by finite automnata,
which we sampled briefly in Section 1.1.1. After an extended examiple that will
provide motivation for the study to follow, we define finite automata formally.

As was mentioned earlier, a finite automaton has a set of states, and its
“control” moves from state to state in response to external “iuputs.” One of
the crucial distinctions among classes of finite automata is whether that con-
trol is “deterministic,” meaning that the automaton cannot be in more than
one state at any one time, or “nondeterministic,” meaning that it may be in
several states at once. We shall discover that adding nondeterminism does
not let us define any language that cannot be defined by a deterministic finite
automaton, but there can be substantial efficiency in describing an application
using a nondeterministic automaton. In effect, nondeterminism allows us to
“program” solutions to problems using a higher-level language. The nondeter-
ministic finite automaton is then “compiled.” by an algerithm we shall learn
in this chapter, into a deterministic automaton that can be “executed” on a
conventional computcer.

We conclude the chapter with a study of an extended nendeterministic aut-
omaton that has the additional choice of making a transition from one state to
another spontancously, .., on the empty string a8 “input.” These automata
also accept nothing but the regular languages. However, we shall find them
quite important in Chapter 3, when we study regular expressions and their
equivalence to automata.

The study of the regular languages continues in Chapter 3. There, we in-
troduce another important way to describe regular languages: the algebraic
notation known as regular expressions. After discussing regular expressions,
and showing their equivalence to finite automats, we use both automata and
regular expressions as tools in Chapter 4 to show certain important properties
of the regular languages. Examples of such properties are the “closure” proper-
ties, which allow us to claim that one language is regular because one or more

37
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other languages are known to be regular, and “decision™ properties. The latter
are algorithms to answer questions about automata or regular expressions, eL.,
whether two automata or expressions represent the same language.

2.1 An Informal Picture of Finite Automata

In this section, we shall study an extended cxample of a real-world problem
whose solution uses finite antomata in an important role. We investigate pro-
tocols that support “clectronic money” - files that a customer can use to pay
for goods on the internet, and that the seller can receive with assurance that,
the “moncy” is real. The seller must know that the file has not been forged,
nor has it been copied and sent to the seller, while the customer retains a copy
of the samne file to spend again.

The nonforgeability of the file is something that must be assured by a bank
and by a eryptography policy. That is, a third player, the bank, inust issue and
encrypt the “money” files, so that forgery is not a problem. However, the bank
has a second important job: it must keep a database of all the valid money
that it has issued, so that it can verify to a store that the file it has received
represents real money and can be credited to the store’s account. We shall not
address the cryptographic aspects of the problem, nor shall we worry about
how the bank can store and retrieve what could be billions of “electronic dollar
bills.” These problems are not likely to represent long-term impediments to the
concept of electronic money, and examples of its small-scale use have existed
since the late 1990's.

However, in order to use electronic money, protocols need to be devised to
allow the manipulation of the mouney in a variety of ways that the users want.
Because monetary systems always invite fraud, we must verify whatever policy
we adopt regarding how nioney is used. That is, we need to prove the only
things that can happen are things we intend to happen — things that do not
altow an unscrupulous user to steal from others or to “manufacture” moncy.
In the balance of this section, we shall introduce a very simple example of a
(bad) clectronic-money protocol, model it with finite automata, and show how
constructions ou automata can be used to verify protocols (or, in this case, to
discover that the protocol has a bug).

2.1.1 The Ground Rules

There are three participants: the customer, the store, and the bank. We assume
for simplicity that there is only one “money” file in existence. The customer
may decide to transfer this money file to the store, which will then redeem the
file from the bank (i.e., get the bank to issue a new money file belonging to the
store rather than the customer) and ship goods to the customer. In addition,
the customer has the option to cancel the file. That is, the customer may ask
the bank to place the money back in the customer’s account, making the money
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no longer spendable. Interaction among the three participants is thus limited
to five events:

1. The customer may decide to pay. That is, the customer sends the money
to the store.

2. The customer may decide to cancel. The money is sent to the bank with
& miessage that the value of the money is to be added to the customer’s
bank account.

3. The store may ship goods to the customer.

4. The store may redeem the money. That is, the money is sent to the bank
with a request that its value be given to the store.

5. The bank may transfer the money by creating a new, suitably encrypted
money file and sending it to the store,

2.1.2 The Protocol

The three participants must design their behaviors carefully, or the wrong things
may happen. In our example, we make the reasonable assumption that the
customer cannot be relied upon to act responsibly. In particular, the customer
may try to copy the money file, use it to pay several times, or both pay and
cancel the money, thus getting the goods “for free.”

The bank must behave responsibly, or it cannot be a bank. In particular, it
must make sure that two stores cannot both redeem the same money file, and
it must not allow money to be both canceled and redeemed. The store should
be careful as well. In particular, it should not ship goods until it is sure it has
been given valid money for the goods.

Protocols of this type can be represented as finite automata. Each state
represents a situation that one of the participants could be in. That is, the state
“remembers” that certain important events have happened and that others have
not, vet happened. Transitions between states occur when one of the five events
described above occur. We shall think of these events as “external” to the
automata representing the three participants, even though each participant is
responsible for initiating one or more of the events. It turns out that what is
important about the problem is what sequences of events can happern, not who
is allowed to initiate them.

Figure 2.1 represents the three participants by automata. In that diagram,
we show only the events that affect a participant. For example, the action pay
affects only the customer and store. The bank does not know that the money
has been sent by the customer to the store; it discovers that fact only when the
store executes the action redeem.

Let us examine first the automaton (¢) for the bank, The start state is
state 1; it represents the situation where the bank has issued the money file in
question but has not been requested either to redeem it or to cancel it. If a
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Start pay redeem transfer

(a) Store

redeem transfer

cancel

cancel

redeem transfer

Start Start

(b) Customer {c) Bank

Figure 2.1: Finite automata representing a customer, a store, and a bank

cancel request is sent to the bank by the customer, then the bank restores the
money to the customer’s account and enters state 2. The latter state represents
the situation where the money has been cancelled. The bank, being responsible,
will not. leave state 2 once it is entered, since the bank must not allow the same
money to be cancelled again or spent by the customer.!

Alternatively, when in state 1 the bank may receive a redeem request from
the store. If so, it goes to state 3, and shortly sends the store a transfer message,
with a new money file that now belongs to the store. After sending the transfer
message, the bank goes to state 4. In that state, it will neither accept cancel or
redeem requests nor will it perform any other actions regarding this particular
money file.

Now, let us consider Fig. 2.1(a), the automaton representing the actions of
the store. While the bank always does the right thing, the store’s system has
some defects. Imagine that the shipping and financial operations are done by

1you should remember that this entive discussion is about one single money file. The bank
will in lacl be running the same protocol with a large number of electronic pieces of maney,
but the workings of the protocol are the same for each of thern, so we can discuss the problem
as if there were only one piece of electronic money in existence.
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separate processes, so there is the opportunity for the ship action to be done
either before, after, or during the redemption of the electronic money. That
policy allows the store to get into a situation where it has already shipped the
goods and then finds out the money was bogus.

The store starts out in state @. When the customer orders the goods by
performing the pay action, the store enters state b. In this state, the store
begins both the shipping and redemption processes. If the goods arc shipped
first, thten the store enters state ¢, where it must still redeem the money from
the bank and receive the transfer of an equivalent money file from the bank.
Alternatively, the store may send the redeem message first, entering state d.
From state d, the store might next ship, cbtering state ¢, or it might next
receive the transfer of money from the bank, entering state f. From state f, we
expect that the store will eventually ship, putting the store in state g, where the
transaction is complete and nothing more will happen. In state e, the store is
waiting for the transfer from the bank. Unfortunately, the goods have already
been shipped, and if the transfer never occurs, the store is out of luck.

Last, observe the automaton for the customer, Fig. 2.1(b). This automaton
has only one state, reflecting the fact that the customer “can do anything.”
The customer can perform the pay and cancel actions any number of times, in
any order, and stays in the lone state after each action.

2.1.3 Enabling the Automata to Ignore Actions

While the three automata of Fig. 2.1 reflect the behaviors of the three partici-
pants independently, there are certain transitions that are missing. For example,
the store is not affected by a cancel message, so if the cancel action is performed
by the customer, the store should remain in whatever state it is in. However, in
the formal definition of a finite automaton, which we shall study in Section 2.2,
whenever an input X is reccived by an automaton, the automaton must follow
an arc labeled X from the state it is in to some new state. Thus, the automaton
for the store needs an additional arc from each state to itsell, labeled cancel
Then, whenever the cancel action is executed, the store automaton can make a
“transition” on that input, with the effect that it stays in the same state it was
in. Without these additional arcs, whenever the cancel action was executed the
store automaton would “die”; that is, the automaton would be in no state at
all. and further actions by that automaton would be impossible.

Another potential problem is that one of the participants may, intentionally
or erroneously, send an unexpected message, and we do not want this action to
cause one of the automata to die. For instance, suppose the customer decided
to execute the pay action a second time, while the store was in state e. Since
that state has no arc out with label pay, the store’s automaton would die before
it could receive the transfer from the bank. In summary, we must add to the
antomata of Fig. 2.1 loops on certain states, with labels for all those actions
that must be ignored when in that state; the complete automata are shown
in Fig. 2.2. To save space, we combine the labels onto one arc, rather than
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showing several arcs with the same heads and tails but different labels. The
two kinds of actions that must be ignored are:

cancel  pay,cancel pay,cancel pay,cancel

pay.cancel pay,cancel pay,cancel

pay, ship

ship. redeem, transfer,

: pay.redeem, pay,redeem,
pay, cance

cancel, ship cancel, ship

redeem transfer

Start Start

{b) Customer {c) Bank

Figure 2.2: The complete sets of transitions for the three automata

1. Actions thet are trrelevant to the participant involved. As we saw, the
only irrelevant action for the store is eoncel, so each of its seven states
has a loop labeled cancel. For the bank, both pay and ship are irrelevant,
s0 we have put at each of the bank’s states an arc labeled pay, ship. For
the customer, ship, redeem and fransfer are all irvelevant, so we add arcs
with these labels. In effect, it stays in its one state on any sequence of
inputs, so the customer automaton has no effect on the operation of the
overall system. Of course, the customer is still a participant, since it is
the customer who initiates the pay and cancel actions. However, as we
mentioned, the matter of who initiates actions has nothing to do with the
behavior of the automata.

2. Actions that must not be allowed to kill an automaton. As mentioned, we
must not allow the customer to kill the store’s automaton by executing pay
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again, so we have added loops with label pay to all but state @ {where the
pay action is expected and relevant). We have also added loops with labels
cancel to states 3 and 4 of the bank, in order to prevent the customer from
killing the bank’s automaton by trying to cancel money that has already
been redeemed. The bank properly ignores such a request. Likewise,
states 3 and 4 have loops on redeem. The store should not try to redeem
the same money twice, but if it does, the bank properly ignores the second
request.

2.1.4 The Entire System as an Automaton

While we now have models for how the three participants behave, we do not
yet have a representation for the interaction of the three participants. As men-
tioned, because the customer has no constraints on behavior, that automaton
has only one state, and any sequence of events lets it stay in that state; i.e., it is
not possible for the system as g whole to “die” because the customer automaton
has no response to an action. However, both the store and bank behave in a
complex way, and it is not immediately cbvious in what combinations of states
these two automata can be.

The normal way to explore the interaction of automats such as these is to
construct the product automaton. That automaton’s states represent a pair of
states, one from the store and one from the bank. For instance, the state (3. d)
of the product automaion represents the situation where the bank is In state
3, and the store is in state d. Since the bank has four states and the storc has
seven, the product automaton has 4 x 7 = 28 states.

We show the product automaton in Fig. 2.3. For clarity, we have arranged
the 28 states in an array. The row corresponds to the state of the bank and
the column to the state of the store. To save space, we have also abbreviated
the labels on the arcs, with P, 8§, ', R, and T standing for pay, ship, cancel,
redeem, and transfer, respectively.

To construct the arcs of the product automaton, we need to run the bank
and store antomata “in parallel.” Each of the two compounents of the product
automaton independently makes transitions on the various inputs. However, it
is important to notice that if an input action is received, and one of the two
automata has no state to go to on that input, then the product automaton
“dies”; it has no state to go to.

To make this rule for state transitions precise, suppose the product automa-
ton is in state {i,x). That state corresponds to the situation where the bank
is in state ¢ and the store in state . Let Z be one of the input actions. We
look at the automaton for the bank, and see whether there is a transition out
of state ¢ with label Z. Suppose there is, and it leads to state j (which might
be the same as i if the bank loops on input Z). Then, we look at the store and
see if there is an arc labeled Z leading to some state y. If both j and y exist,
then the product automaton has an arc from state (i, x) to state (j,¥), labeled
Z. H either of states § or ¥ do not exist {because the bank or storec has no arc
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Figure 2.3: The product automaton for the store and bank

out of 1 or z, respectively, for input Z), then there is no arc out of (¢, z) labeled
Z.

We can now see how the arcs of Fig. 2.3 were selected. For instance, on
input pay, the store goes from state & to b, but stays put if it is in any other
state besides a. The bank stays in whatever state it is in when the input is
pay, because that action is irrelevant to the bank. This observation explainsg
the four arcs labeled P at the left ends of the four rows in Fig. 2.3, and the
loops labeled P on other states.

For another example of how the arcs are selected, consider the input redeem.
If the bank receives a redeem message when in state 1, it goes to state 3. If in
states 3 or 4, it stays there, while in state 2 the bank automaton dies; i.e., it has
nowhere to go. The store, on the other hand, can make transitions from state
b to d or from ¢ to e when the redeem input is received. In Fig. 2.3, we see six
arcs labeled redeem, corresponding to the six combinations of three bank states
and two store states that have outward-bound arcs labeled R. For example, in
state (1,B), the arc labeled R takes the automaton to state (3, d), since redeem
takes the bank from state 1 to 3 and the store from b to d. As another example,
there is an arc labeled R from (4,¢) to (4, e), since redeem takes the bank from
state 4 back to state 4, while it takes the store from state ¢ to state e.
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2.1.5 Using the Product Automaton to Validate the
Protocol

Figure 2.3 tells us some intercsting things. For instance, of the 28 states, only
ten of them can be reached from the start state, which is {1,a} — the combi-
nation of the start states of the bank and store automata. Notice that states
like {2,¢) and (4, d) are not eccessible, that is, there is no path to them from
the start state. Inaccessible states need not be included in the automaton. and
we did so in this example just to be systematic.

However, the real purpose of analyzing a protocol such as this one using
automata i3 to ask and answer questions that mean “can the following type
of error occur?” In the example at hand, we might ask whether it is possible
that the store can ship goods and never get paid. That is, can the produet
automaton get into a state in which the store has shipped (that is, the state is
in column ¢, €, or g}, and yet no transition on input 7 was ¢ver made or will
be made?

For instance, in state (3, e), the goods have shipped, but there will eventu-
ally be a transition on input T to state {4,¢}. In terms of what the hank is
doing, once it has gotten to state 3, it has received the redeern request and pro-
cessed it. That means it must have been iu state 1 hefore receiving the redeem
and thercfore the eancel message had not been received and will be ignored if
received in the future. Thus, the bank will eventually perform the transfer of
morey to the store.

However, state (2,¢) is a problem. The state is accessible, but the ounly arc
out leads back to that state. This state corresponds to a sitnation where the
bank received a cancel message before a redecm message. However, the store
received a pay message; i.¢., the customer was being duplicitous and has both
spent and canceled the same money. The store foolishly shipped before trying
to redeem the money, and when the store does execute the redeem action. the
bank will not even acknowledge the message, because it is in state 2, where it
has canceled the money and will not process a redeem request.

2.2 Deterministic Finite Automata

Now it is time to present the formal notion of a finite automaton, so that we
may start to make precise some of the informal arguments and descriptions that
we saw in Sections 1.1.1 and 2.1. We begin by introducing the formalism of a
deterministic finite automaton, one that is in a single state after reading any
sequence of inputs. The term “deterministic” refers to the fact that on each
input there is one and only one state to which the automaton can transition from
its current state. In contrast, “nondeterministic” finite automata, the subject of
Section 2.3, can be in several states at once. The term “finite automaton”™ will
rvefer to the deterministic variety, although we shall use “deterministic” or the
abbreviation DFA normally, to remind the reader of which kind of automaton
we are talking about.
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2.2.1 Definition of a Deterministic Finite Automaton

A deterministic finite automaton consists of:
1. A finite set of states, often denoted ().
2. A finite set of input symbols, often dengted L.

3. A transition function that takes as arguments a state and an input symbol
and returns a state. The transition function will commonly be denoted 4.
In our informal graph representation of automata, § was represented by
arcs between states and the labels on the arcs. If ¢ is a state, and a is an
input symbol, then 8{g, a) is that state p such that there is an arc labeled
a from ¢ to p.?

4. A sturt state, one of the states in Q.

o

. A set of final or accepting states F'. The set F is a subset of .

A deterministic finite automaton will often be referred to by its acronym: DFA.
The most succinct representation of a DFA is a listing of the five components
above. In proofs we often talk about a DFA in “five-tuple” notation:

A:(QazaasqﬂuF)

where A is the name of the DFA, @ is its set of states, ¥ its input symbols, 4
its transition function, qo its start state, and F its set of accepting states.

2.2.2 How a DFA Processes Strings

The first thing we need to understand about a DFA is how the DFA decides
whether or not to “accept” a sequence of input symbols. The “language” of
the DFA is the set of all strings that the DFA accepts. Suppose a162---an i8 a
sequence of input symbols. We start out with the DFA in its start state, go. We
consult the transition function 4, say d(go,a1) = @1 to find the state that the
DFA A enters after processing the first input symbol a,. We process the next
input symbol, ay, by evaluating §{q:,az); let us suppose this state is g2. We
continue in this manner, finding states gs,q, ..., ¢, such that d{gi—1,a;) = ¢
for each i. If ¢, is a member of F, then the input ajas - --a, is accepted, and
if not then it is “rejected.”

Example 2.1: Let us formally specify a DFA that accepts all and only the
strings of (s and 1’s that have the sequence 01 somewhere in the string. We
can write this language L as:

{w | w is of the form z01y for some strings
z and y consisting of 0’s and 1’s only}

More accurately, the graph is a picture of some transition function 4, and the arcs of the
graph are constructed to reflect the transitions specified by 4.
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Another equivalent description, using parameters x and y to the left of the
vertical bar, is:

{201y | z and y are any strings of 0's and 1's}

Examples of strings in the language include 01, 11010, and 100011, Examples
of strings nef in the language include €. U, and 111000.

What do we know about an automaton that can accept this language L7
First, its input alphabet is £ = {0, 1}. It has some set of states. Q. of which
one, say go, is the start state. This automaton has to remember the important
facts about what inputs it has scen so far. To decide whether 01 is a substring
of the input, A needs to remember:

1. Has it already seen 017 T so, then it accepts every sequence of further
inputs; i.e., it will only be in accepting staies from now on.

2. Has it never seen 01, but its most recent input was 0, so if it now sces a
1, it will have seen 01 and can accept everything it sces from here on?

3. Has it never seen 01, but its last inpul was either nonexistent (it just
started) or it last saw & 17 u this case, 4 cannot accept until it first sees
a 0 and then sees a 1 immediately after.

These three conditions can each be represented by a state. Condition (3) is
represented by the start state, gp. Surely. when just starling, we need to see
a 0 and then a 1. But if in state g we next sce a 1, then we are no closer to
seeing 01, and so we must stay in state go. That is, (g, 1) = g0

However, if we are i state ¢p and we next sec a 0, we are in condition (2).
That is, we have never seen 01, but we have our 0. Thus, lef us use g4 to
represent condition (2). Qur transition from gy on input 0 is é(g0.0) = g2.

Now, let us consider the transitions from state gz. If we see a 0, we are no
better off than we were, but no worse either. We have not seen 01, but 0 was
the last symbol, so we are still waiting for a 1. State g describes this situation
perfectly, so we want (g, 0) = ¢z If we are in state g» and we see a 1 input,
we now know there is a 0 followed by a 1. 'We can go to an accepling state,
which we shall ¢all g, and which corresponds to condition (1} above. That is.
6(‘1’2: l) =1

Finally, we must design the transitions for state g;. In this state, we have
already scen a 01 sequence, so regardless of what happens, we shall still be in
a situation where we've seen 01, That is, 8(q1,0) = 8{¢1, 1) = qv.

Thus, @ = {qu,¢1.12}. As we said, g is the start state, and the only
accepting state s ¢p; that is, F = {¢}. The complete specification of the
automaton A that accepts the language L of strings that have a 01 substring,
is

A={w. q1.¢2}, {0 1}. 6. 90 {ar })

where ¢ is the transition function described above., [
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2.2.3 Simpler Notations for DFA’s

Specifying a DFA as a five-tuple with a detailed description of the d transition
function is both tedious and hard to read. There are two preferred notations
for describing automata:

1. A transition diagram, which is a graph such as the ones we saw in Sec-
tion 2.1.

2. A transition table, which is a tabular listing of the é function, which by
implication tells us the set of states and the input alphabet.

Transition Diagrams

A transition diggram for aDFA A = (0, 2,8, qu, F) is a graph defined as follows:
a) For each state in ¢ there is a node.

b) For each state ¢ in @ and cach input symbol a in X, let §{g,a) = p.
Then the transition diagram has an arc from node ¢ to node p, labeled
a. If there are several input symbols that cause transitions from g to p,
then the transition diagram can have one arc, labeled by the list of these
symbols.

¢) There is an arrow into the start state gy, labeled Start. This arrow does
not originate at any node.

d} Nodes corresponding to accepting states (those in F) are marked by a
double circle. States not in F have a single circle.

Example 2.2: Figure 2.4 shows the transition diagram for the DFA that we
designed in Example 2.1. We sce in that diagram the three nodes that cor-
respond to the three states. There is a Start arrow entering the start state,
go. and the one accepting state, g, is represented by a double circle. Qut of
each state is one arc labeled 0 and one are labeled 1 {(although the two arcs
are combined into one with a double label in the case of ¢;). The arcs each
correspond to one of the § facts developed in Example 2.1. O

1 0

Start 0 | ’ o

Figure 2.4: The transition diagram for the DFA accepting all strings with a
substring 01
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Transition Tables

A transition table is a conventional, labular representation of a function like 4
that takes two arguments and returns a value. The rows of the table correspond
to the states, and the columns correspond to the inputs. The entry for the row
corresponding to state ¢ and the column corresponding to input e is the state

8(q, a).

Example 2.3: The transition table corresponding to the function & of Ex-
ample 2.1 is shown in Fig. 2.5. We have also shown twe other features of a
transition table. The start state is marked with an arrow, and the accepting
states are marked with a star. Since we can deduce the sets of states and in-
put symbols by looking at the row and column heads, we can now read from
the transition table all the information we need o specify the finite automaton
uniquely. O

lo |1

—r 4o || 92 | G0
P || § | @
G2 || 42 | &1

Figure 2.5: Transition tabie for the DFA of Example 2.1

2.2.4 Extending the Transition Function to Strings

We have explained informally that the DFA defiues a language: the set of all
strings that result tn a sequence of state transitions from the start state to an
accepting state. In terms of the transition diagram, the language of a DFA
is the set of labels along all the paths that lead from the start state Lo any
accepiing state.

Now, we need to make the notion of the language of a DFA precise. To do
so, we define an extended transition function that describes what happens when
we start in any state and follow any sequence of inputs. If § is our transition
function, then the extended transition function constructed from ¢ will be ealled
8. The extended transition function is a function that takes a state g and a
string w and returns a state p — the state that the automaton reaches v.:hen
starting in state g and processing the sequence of inputs w. We define § by
induetion on the length of the input string, as follows:

BASIS: § (g,€) = g. That is, if we are in state ¢ and read no inputs, then we
are still in state g.
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INDUCTION: Suppose w is a string of the form ze; that is, a is the last symbol
of w, and & is the string consisting of all but the last symbol.? For example,
w = 1101 is broken into x = 110 and ¢ = 1. Then

8(¢,w) = 5(8(¢, ), 0) (2.1)

Now (2.1) may seem like a lot to take in, but the idea is simple. To compute
8{g, w), first compute (g, ), the state that the automaton is in after processing
all but the last symbol of w. Suppose this state is p; that is, é(g,z) = p. Then

3{g.w) is what we get by making a transition from state p on input a, the last
symbol of w. That is, 8(q,w) = d(p, a).

Example 2.4: Let us design a DFA to accept the language
L = {w | w has both an even number of 0’s and an even nmumber of 1’s}

It should not be surprising that the job of the states of this DFA is to count
both the number of (s and the number of 1's, but count them modulo 2. That
is, the state is used to remember whether the number of ('s seen so far is even or
odd, and also to remember whether the number of 1’s seen so far is even or odd.
There are thus four states, which can be given the following interpretations:

go: Both the number of ('s secn so far and the number of 1's seen so far are
OVCIL

¢1: The number of 0's seen 50 far is even, but the number of 1’3 scen so far is
odd.

g2: The number of 1’s seen so far is even, but the number of (’s seen so far is
odd.

¢a: Both the number of ('s secn so far and the number of 1’s seen so far arc
odd.

State go is both the start state and the lone accepting state. It is the start
state, because hefore reading any inputs, the numbers of (0’s and 1’s seen so
far arc both zero, and zero is even. It is the only accepting state, because it
describes exactly the condition for a sequence of 0's and 1's to be in language
L.

We now know almost how to specify the DFA for language L. It is

A= ({g0,01,92,43},{0,1}, 4,90, {20 })

2Recall our convention that letters at the beginning of the alphabet are symbals, and thosge
near the end of the alphabet are strings. We need that convention to make sense of the phrase
“of the form za.”
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Figure 2.6: Transition diagram for the DFA of Example 2.4

where the transition function é is described by the transition diagram of Fig. 2.6.
Notice how each input 0 canses the state to cross the horizontal, dashed line.
Thus, after seeing an even number of 0’s we are always above the line, in state
go or ¢ while after seeing an odd number of 0’s we are always below the line,
in state gs or gs. Likewise, every 1 causes the state to cross the vertical, dashed
line. Thus, after seeing an even number of 1’s, we are always to the left, in state
go Or gz, while after seeing an odd number of 1's we are to the right, in state ¢;
or g3. These observations are an informal proof that the four states have the
interpretations attributed to them. However, one could prove the correctness
of our claims about the states formally, by a mutual induction in the spirit of
Example 1.23.

We can also represent this DFA by a transition table. Figure 2.7 shows this
table. However, we are not just concerned with the design of this DFA; we
want to use it to illustrate the construction of 8 from its transition function 4.
Suppose the input is 110101. Since this string has even numbers of 0's and 1’s
both, we expect it is in the language. Thus, we expect that 8{go, 110101} = go,
since qp is the only accepting state. Let us now verify that claim,

lo |1

* > go || 92 | T
0 q3 | do

gz || 90 | @3

g || &1 | g2

Figure 2.7: Transition table for the DFA of Example 2.4

The check involves computing S(qn, w) for each prefix w of 110101, starting
at ¢ and going in increasing size. The summary of this calculation is:
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Standard Notation and Local Variables

After reading this section, you might imagine that our customary notation
is required; that is, you must use ¢ for the transition function, nuse A for
the name of a DFA, and so on. We tend to use the same variables to
denote the same thing across all examples, because it helps to remind you
of the types of variables, much the way a variable 7 in a program is almost
always of integer type. However, we are free to call the components of an
automaton, or anything else, anything we wish. Thus, you are free to call
a DFA M and its transition function T if you like.

Moreover, you should not be surprised that the same variable means
different things in different contexts. For example, the DFA’s of Examples
2.1 and 2.4 hoth were given a transition function called 6. However, the
two transition functions arc each local variables, belonging only to their
examples. These two transition functions are very different and bear no
relationship to one another.

o 5(g0,€) = go.

(a0, 1) = 6{S(go,€),1) = 6(g0, 1) = 1.

o §(q0,11) = 8(F(go, 1),1) = 8(g1, 1) = go.

o 3(go, 110) = 6{d(go, 11),0) = 6(go, 0) = go.

o 8(go, 1101) = 5{5(go. 110), 1) = 6(g2, 1) = gs.

o 5(qo, 11010) = 8(8(go, 1101),0) = d(g3,0) = g,

o 8(qo, 110101) = 6(b(go, 11010), 1) = &(gs,1) = go.

a

2.2.5 The Language of a DFA

Now, we can define the language of a DFA A = (@}, %, 6, g0, F). This language
is denoted L(A4), and is defined by

L(A) = {w | é{gp,w) is in F}

That is, the language of A is the set of strings w that take the start state go to
one of the accepting states. If L is L{A) for some DFA A, then we say Lis a
regular language.
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Example 2.5: As we mentioned earlier, if A is the DFA of Example 2.1, then
L{A) is the set of all strings of O°s and I’s that contain a substring 01. If A is
instead the DFA of Example 2.4, then L(4) is the set of all strings of 0’s and
1’s whose numbers of 0's and 1's arc both even. O

2.2.6 Exercises for Section 2.2

Exercise 2.2.1: In Fig. 2.8 is a marble-rolling toy. A marble is dropped at
A or B. Levers x1, T», and z3 cause the marble to fall either to the left or to
the right. Whenever a marble encounters a lever, it causes the lever to reverse
after the marble passes, so the next marble will take the opposite branch.

A B
x
x

C D

Figure 2.8: A marble-rolling toy

* 4) Model this toy by a finite automaton. Let the inputs 4 and B represent
the input into which the marble is dropped. Let acceptance correspond
to the marble exiting at D: nonaceeptance represents a marble exiting at

C.
! b) Tnformally describe the language of the automaton.

¢) Suppose that instead the levers switched before allowing the marble to
pass, How would your answers to parts (a) and (b) change?

*! Exercise 2.2.2: We defined é by breaking the input string into any string
followed by a single symbol (in the inductive part, Equation 2.1). However, we
informally think of ¢ as describing what happens along a path with a certain
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string of labels, and if so, then it should not matter how we break the input
string in the definition of 8. Show that in fact, (g, zy) = 4((g,z),y) for any
state ¢ and strings x and y. Hint: Perform an induction on |y|.

Exercise 2.2.3: Show that for any state ¢, string z, and input symbol g,
8(¢.az) = 6(8(q,e).z). Hint: Use Exercise 2.2.2.

Exercise 2.2.4: Give DFA’s accepting the following languages over the alpha-
bet {0,1}:

* a) The set of all strings ending in 00.

b) The set of all strings with three consecutive 0's (not necessarily at the
end).

¢} The set of strings with 011 as a substring,

Exercise 2.2.5: Give DFA’s accepting the following languages over the alpha-
bet {0,1}:

a) The set of all strings such that each block of five consecutive symbols
contains at least two ('s.

b) The set of all strings whose tenth symbol from the right end is a 1.
c} The set of strings that either begin or end {or both) with 01.

d) The set of strings such that the number of 0s is divisible by five, and the
number of 1’s is divisible by 3.

Exercise 2.2.6: Give DFA’s accepting the following languages over the alpha-
bet {0,1}:

* a) The set of all strings beginning with a 1 that, when interpreted as a binary
integer, is a multiple of 5. For example, strings 101, 1010, and 1111 are
in the language; 0, 100, and 111 are not.

b} The set of all strings that, when interpreted in reverse as a binary inte-
ger, is divisible by 5. Examplcs of strings in the language are 0, 10011,
1001100, and 0101.

Exercise 2.2.7: Let A be a DFA and ¢ a particular state of A, such that
d{(g,a) = ¢ for all input symbols a. Show by induction on the length of the
input that for all input strings w, (g, w) = q.

Exercise 2.2.8: Let A be a DFA and a a particular input symbol of 4, such
that for all states ¢ of A we have d(q,a) = q.

a) Show by induction on n that for all n > 0, é(q,a") = ¢, where a” is the
string consisting of n a’s.
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[ ]

b) Show that either {a}* C L(4) or {a}" N L(A) =¥

Exercise 2.2.9: Let 4 = (@, Z,4,q0, {g7}) be a DFA, and suppose that for all
a in £ we have d(go, a) = d(gy. ).

a) Show that for all w # ¢ we have blgo, w) = S(Qf,w).

b) Show that if  is a nonempty string in L{A), then for all k> 0, z* (ie.,
T written & times) is also in L{A).

! Exercise 2.2.10: Consider the DFA with the following transition table:

lo |t

A 4| B

* I3 H B | A
Informally describe the language accepted by this DFA, and prove by induction
on the length of an input string that your description is correct. Hint: When
setting up the inductive hypothesis, it is wise to make a statement about what

inputs get vou to each state, not just what inputs get you to the accepting
state.

Exercise 2.2.11: Repeat Exercise 2.2.10 for the following transition table:

[o |1
—+«4 | B | A4
B || ¢ | 4
cl|lo |

2.3 Nondeterministic Finite Automata

A “nondeterministie” [inite antomaton (NF4) has the power to be in several
states at once. This ability is often expressed as au ability to “guess™ something
about its input. For instance, when the automaton is used to search for certain
sequences of characters {c.g., keywords) in a long text string, it is helpful o
“guess” that we are at the beginning of one of those strings and use a sequence ol
states to do uothing but check that the string appears, character by character.
We shall see an example of this type of application in Section 2.4.

Before examining applications, we need to deline noudeterministic finite
automata and show that each one accepts a language that is also accepted by
some DFA. That is, the NFA's accept exactly the regular languages, just as
DFA’s do. However, there are reasons to think about NFA's. They are often
more succinet and easter to design than DFA’s, Moreover, while we can always
convert an NFA to a DFA, the latter may have exponentially more states than
the NFA; fortunately. cases of this type are rare.
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92.3.1 An Informal View of Nondeterministic Finite
Automata

Like the DFA, an NFA has a finite set of states, a finite set of input symbols,
one start state and a set of accepting states. It also has a transition function,
which we shall commonly call §. The difference between the DFA and the NFA
is in the type of 4. For the NFA, & is a function that takes a state and input
symbol as arguments (like the DFA’s transition function), but returns a set
of zero, one, or more states (rather than returning exactly one state, as the
DFA must). We shall start with an example of an NFA, and then make the
definitions precise.

Example 2.6: Figure 2.9 shows a nondeterministic finite automaton, whose
job is to accept all and only the strings of 0's and 1’s that end in 01. State
go is the start state, and we can think of the automaton as being in state gp
(perhaps among other states) whenever it has not yet “euessed” that the final
01 has begun. It is always possible that the next symbol does not begin the
final 01, even if that symbol is 0. Thus, state go may transition to itself on both
0 and 1.

0,1
S m 0 1
tart @ @

Figure 2.9: An NFA accepting all strings that end in 01

However, if the next symbol is 0, this NFA also guesses that the final 01 has
begun. An arc labeled O thus leads from gy to state gi. Notice that there are
two arcs labeled 0 out of g;. The NFA has the option of going either to gp or
to g1, and in fact it does both, as we shall see when we make the definitions
precise. In state g;, the NFA checks that the next symbol is 1, and if so, it goes
to state gz and accepts.

Notice that there is no arc out of ¢; labeled 0, and there are no ares at all
ont of go. In these situations, the thread of the NFA’s existence corresponding
to those states simply “dies,” although other threads may continue to exist.
While a DFA has exactly one arc out of each state for each input symbol, an
NFA has no such constraint; we have seen in Fig. 2.9 cases where the number
of arcs is zero, one, and two, for example.

Figure 2.10 suggests how an NFA processes inputs. We have shown what
happens when the automaton of Fig. 2.9 receives the input sequence 00101. It
starts in only its start state, go. When the first 0 is read, the NFA may go to
either state go or state g1, so it does both. These two threads are suggested by
the second column in Fig. 2.10.

Then, the second O is read. State go may again go to both gy and ¢.
However, state ¢ has no transition on 0, so it “dies.” When the third input, a
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Gy ——» G ———w» g —— Gy ——== Gy ——= 4

NN I

4 il 9

(stuck) \ \

4 5}
(stuck)

0 0 1 0 1

Figurc 2.10: The states an NFA is in during the processing of inpuf sequence
00101

1, occurs, we must consider transitions from hoth go and ¢,. We find that gy
goes only to gp on 1, while g; goes only to ga. Thus, after reading 001, the NFA
is in states gy and g;. Since ¢o is an accepting state, the NFA accepts 001.

However, the input is not finished. The fourth input, a 0, causes ¢;'s thread
to die, while ¢ goes to both gy and ¢;. The last input. a 1, sends go to go and
g, to ¢g2. Since we are again in an accepting state, 00101 is accepted. O

2.3.2 Definition of Nondeterministic Finite Automata

Now, let us introduce the formal notions associated with nondeterministic finite
automata. The differences between DFA’s and NFA's will be pointed out as we
do. An NFA is represented essentially like a DFA:

A=(Q,Z,8q,F)
where:
1. @ is a finite set of stafes.
¥ is a finite sct of input symbols.

qo, a member of @, is the start state.

F, a subset of (Q, is the set of final (or accepting) states.

8, the transition function is a function that takes a state in ¢ and an
input symbol in % as arguments and returns a subset of . Notice that
the only difference between an NFA and a DFA is in the type of value
that 4 returns: a sct. of states in the case of an NFA and a single state in
the case of a DFA.

L1

Example 2.7: The NFA of Fig. 2.9 can be specificd formally as

{w,m,q:},{0,1},4,90. {q2})
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| o | L
=g || {go,@} | {g0}
a8 {@}

xqo || @ ]

Figure 2.11: Transition table for an NFA that accepts all strings ending in 01

where the transition function 4 is given by the transition table of Fig. 2.11. O

Notice that transition tables can be used to specify the transition function
for an NFA as well as for a DFA. The only difference is that each entry in the
table for the NFA is a set, even if the set is a singleton (has one member). Also
notice that when there is no transition at all from a given state on a given input
symbol, the proper entry is @, the empty set.

2.3.3 The Extended Transition Function

As for DFA’s, we need to extend the transition function § of an NFA to a
function & that takes a state ¢ and a string of input symbols w, and returns the
set of states that the NFA is in if it starts in state ¢ and processes the string w.
The idea was suggested by Fig. 2.10; in essence 8{g,w) is the column of states
found after reading w, if q is the lone state in the first column. For instance,
Fig. 2.10 suggests that 5(q@, 001) = {go, g2 }. Formally, we define 4 for an NFA’s
transition function & by:

BASIS: 4(g,¢) = {g}. That is, without reading any input symbols, we are only
in the state we began in.

INDUCTION: Suppose w is of the form w = za, where a is the final symbol of
w and 2 is the rest of w. Also suppose that 6(q, z) = {p1,p2,.- .. pr}. Let

k
U 5@,‘_,&) = {Tlar‘Zs-'-;Tm}
i=1

Then 8(q,w) = {ri,r2,...,7m}. Less formally, we compute (g, w) by first
computing d(g, ©), and by then following any transition from any of these states
that is labeled a.

Example 2.8: Let us use & to describe the processing of input 00101 by the
NFA of Fig. 2.9. A summary of the steps is:

L= SV

1. 8(qo;€) = {go}-

2. §(go,0) = 6(q0,0) = {g0, 01 }-
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3. 6{(go,00) = 8(go,0) U &(q1,0) = {g0, 01 } U0 = {go, 1 }.

4. b(go,001) = &(go, 1) U 8(q1,1) = {go} U {22} = {g0, ¢2}-
5. 6(qo,0010) = §{ga,0) U 8(g2,0) = {g0, 1} U0 = {go,a }.
6. &(go,00101) = 8{go, 1) U d(g1,1) = {q0} U {22} = {0, g2}

Line (1) is the basis rule. We obtain line (2) by applying § to the lone state, go,
that is in the previous set, and get {go,¢: } as a result. Line {3) is obtained by
taking the union over the two states in the previous set of what we get when we
apply & to them with input 0. That is, 6{gp,0) = {go, ¢}, while &(¢:,0) = &.
For line {4), we take the union of é(gy, 1) = {go} and &{(¢1,1) = {¢2}- Lines (5)
and (6) are similar to lines (3) and (4). O

2.3.4 The Language of an NFA

As we have suggested, an NFA accepts a string w if it is possible to make any
sequence of choices of next state, while reading the characters of w, and go from
the start state to any accepting state. The fact that other choices using the
input symbols of w lead to a nonaccepting state, or do not lead to any state at
all {i.e., the sequence of states “dies”), does not prevent w from being accepted
by the NFA as a whole. Formally, if A = (@, L, d, go, F') is an NFA, then

L(4) = {w | é(go,w) N F # 0}

That is, L(A) is the set of strings w in * such that 5(go, w) contains at least
one accepting state.

Example 2.9: As an example, let us prove formally that the NFA of Fig. 2.9
accepts the language L = {w | w ends in 01}, The proof is a mutual induction
of the following three statements that characterize the three states:

1. 5(q0,w) contains gy for every w.
2. 3(go, w) contains g, if and only if w ends in 0.
8(qo,w) contains g, if and only if w ends in 01.

To prove these statements, we need to consider how A can reach cach state; L.e.,
what was the last input symbol, and in what state was A just before reading
that symbol? R

Since the language of this automaton is the set of strings w such that é{go, w)
contains ¢o {because g» is the only accepting statc), the proof of these three
statements, in particular the proof of {3), guarantees that the language of this
NFA is the set, of strings ending in 01. The proof of the theorem is an induction
on |w|, the length of w, starting with length 0.
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BASIS: If |w] = 0, then w = e. Statement (1) says that 8(go, €) contains gy,
which it does by the basis part of the definition of 4. For statement (2), we
know that ¢ does not end in 0, and we also know that 6{go, €) does not contain
g1, again by the basis part of the definition of 4. Thus, the hypotheses of both
directions of the if-and-only-if statement are false, and therefore both directions
of the statement are true. The proof of statement (3) for w = ¢ is essentially
the same as the above proof for statement (2).

INDUCTION: Assume that w = za, where a is a symbol, either 0 or 1. We
may assume statements (1) through (3) hold for z, and we need to prove them
for w. That is, we assume |w| = n + 1, so |t| = n. We assume the inductive
hypothesis for n aud prove it for n + 1.

1. We know that 5(@-0, z) contains gp. Since there are transitions on both
0 and 1 from go to itself, it follows that d{gp,w) also contains g, so
statement (1) is proved for w.

2. (If) Assume that w ends in 0; i.e., @ = 0. By statement (1) applied to z,
we know that §{qg, ) contains gp. Since there is a transition from go to
g, on input 0, we conclude that 4(gp,w) contains ¢;.

{Only-if) Suppose 8(qo, w) contains q;. If we look at the diagram of
Fig. 2.9, we see that the only way to get into state ¢; is if the input
sequence w is of the form x0. That is cnough to prove the “only-if”
portion of statement, (2).

3. (If) Assume that w ends in 01. Then if w = za, we know that a = 1 and
¢ cnds in 0. By statement (2) applied to 2, we know that 8{qo, T) contains
g1. Since there is a transition from g, to g2 on input 1, we conclude that
6{go, w) contains ¢s.

{Only-if) Suppose 5(go, w) contains gz. Looking at the diagram of Fig. 2.9,
we discover that the only way t0 get to state g» is for w to be of the form
21, where 4(go,x) contains ¢,. By statement (2) applied to z, we know
that z ends in 0. Thus, w ends in 01, and we have proved statement {3).

O

2.3.5 Equivalence of Deterministic and Nondeterministic
Finite Automata

Although there are many languages for which an NFA is easier to comstruct
than a DFA, such as the language (Example 2.6} of strings that end in 01, it is
a surprising fact that every language that can be described by some NFA can
also be described by some DFA. Moreaver, the DFA in practice has about as
many states as the NFA, although it often has more transitions. In the worst
case, howover, the smallest DFA can have 2" states while the smallest NFA for
the same language has only n states.
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The proof that DFA’s can do whatever NFA’s can do involves an important
“construction” called the subset construction because it involves constructing all
subsets of the set of states of the NFA. In general, many proofs about automata
involve constructing one automaton from another. It is important for us to
observe the subset construction as an example of how one formally describes one
antomaton in terms of the states and transitions of another, without knowing
the specifics of the latter automaton.

The subset construction starts from an NFA N = (@Qn,Z,0n5,q0, Fn). Its
goal is the description of a DFA D = (Qp, Z,4p, {¢o}, Fp) such that L(D} =
L(N). Notice that the input alphabets of the two automata are the same, and
the start state of D is the set containing only the start state of N. The other
components of D are constructed as follows.

e Qp is the set of subsets of @Qn; i.¢., @p is the power set of §n. Note
that if Qn has n states, then Qp will have 2" states. Ofien, not all these
states are accessible from the start statc of @p. Inaccessible states can
be “thrown away,” so effectively, the number of states of D may be much
smaller than 27.

o Fp is the set of subsets S of @n such that SN Fy # §. That is, Fp is
all sets of Ns states that include at least one accepting state of V.

o Tor each set S C @Qn and for each input symbol a in %,

sp(S,a)= | énlp.a)

pin 8§

That is, to compute (S, a) we look at all the states p in 5, see what
states N goes to from p on input @, and take the union of all those states.

| 0 | 1
g1l e ]
= {¢o} || {g0, 0} | {20}
{a} | @ {g:}
g} || @ B

{go,q1} || {go. @1} | {g0,2}
«{q0, 02} || {®0. @1} | {20}
g1, a2} || @ {g2}

(g0, g1, a2} || {g0,@} | {go: a2}

Figure 2.12: The complete subset construction from Fig. 2.9

Example 2.10: Let N be the automaton of Fig. 2.9 that accepts all strings
that end in 01. Since N’s set of states is {go.q1,¢2}, the subset construction
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produces a DFA with 2% = 8 states, corresponding to all the subsets of these
three states. Figure 2.12 shows the transition table for these eight states; we
shall show shortly the details of how some of these entries are computed.

Notice that this transition table belongs to a deterministic finite automaton.
Even though the entries in the table are sets, the states of the constructed DFA
are sets. To make the point clearer, we can invent new names for these states,
e.g., Afor §, B for {¢o}, and so on. The DFA transition table of Fig 2.13 defines
exactly the same antomaton as Fig. 2.12, but makes clear the point that the
entries in the table are single states of the DFA.

[

A

=+ B
C
+)
B
#F
*(7
«H

o3 I ea v [ i S |
P byt Dt ||

Figure 2.13: Renaming the states of Fig. 2.12

Of the eight states in Fig. 2.13, starting in the start state B, we can only
reach states B, E, and F. The other five states are inaccessible from the start
state and may as well not be there. We often can avoid the exponential-time step
of constructing transition-table entries for every subset of states if we perform
“lazy evaluation” on the subsets, as follows.

BASIS: We know for certain that the singleton set consisting only of N's start
state is accessible.

INDUCTION: Suppose we have determined that set S of states is accessible.
Then for each input symbol a, compute the set of states 6p (5, a); we know that
these sets of states will also be accessible.

For the example at hand, we know that {go} is a state of the DFA D. We
find that ép{{g0}.0) = {go.4:} and dn{{ge},1) = {go}. Both these facts are
established by looking at the transition diagram of Fig. 2.9 and observing that
on 0 there are arcs out of go to both gy and q;, while on 1 there is an arc only
to go. We thus have one row of the transition table for the DFA; the second
row in Fig. 2.12.

Ore of the two sets we computed is “cld”; {gp} has already been considered.
However, the other — {gg,¢1} —- is new and its transitions must be computed.

We find ép({go. 1 },0) = {90, } and dp({g0,q1},1) = {go,q:}. For instance,
to see the latter calculation, we know that
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épl{go,a1 },1) = dn{qo, 1) Udn{q, 1) = {q0} U {g2} = {20. @2}

We now have the fifth row of Fig. 2.12, and we have discovered one new
state of D, which is {gg,q2}. A similar calculation tells us

6p({go, g2}, 0) = dn (g, 0) U (g2, 0} = {g0,n } U B = {qo, a1}
Sp({ao, g2}, 1) = On (g0, 1) U dn(g2,1) = {qo} U # = {@}

These calculations give us the sixth row of Fig. 2.12, but it gives us only sets
of states that we have already seen.

Thus, the subset construction has converged; we know all the accessible
states and their transitions. The entire DFA is shown in Fig. 2.14. Notice that
it has only three states, which is, by coincidence, exactly the same number of
states as the NFA of Fig. 2.9, from which it was constructed. However, the DFA
of Fig. 2.14 has six transitions, compared with the four transitions in Fig. 2.9,
O

{)

Start

1

Figure 2.14: The DFA constructed from the NFA of Fig 2.9

We need to show formally that the subset construction works, although
the intuition was suggested by the examples. After reading sequence of input
symbols w, the constructed DFA is in one state that is the sei of NFA states
that the NFA would be in after reading w. Since the accepting states of the
DFA are those sets that include at least one accepting state of the NFA, and the
NFA also accepts if it gets into at least one of its accepting states, we may then
conclude that the DFA and NFA accept exactly the same strings, and therefore
accept the same language.

Theorem 2.11: If D = (Qp,%,8p,{@w}, Fo) is the DFA constructed from
NFA N = (Qw, S, 0n, qo, Fa) by the subset construction, then L(D) = L{N).

PROOF: What we actually prove first, by induction on |w|, is that
on{{go}. w) = dn (o, w)

Notice that each of the & functions returns a set of states from @, but é n
interprets this set as one of the states of @p (which is the power set of G},
while & interprets this set as a subset of @n.



64 CHAPTER 2. FINITE AUTOMATA

BASIS: Let |w| = 0; that is, w = €. By the basis definitions of é for DFA’s and
NFA’s, both ép({go}, €} and dn{go,€) are {go}-
INDUCTION: Let w be of length n + 1, and assume the statement for length

n. Break w up as w = xa, where @ is the final symbol of w. By the induc-
tive hypothesis, dp( ({go}.z) = 6N(g0, z). Let both these sets of N’s states be

{p1,p2,....ps}- )
The inductive part of the definition of § for NFA's tells us

dn (o, w) = U&v(pg, (2.2)

i=1
The subset construction, on the other hand, tells us that

k
sp({p1,p2, - e b0y = [ Jdn(pi,a) (2.3)
i=1
Now, let vs use (2.3) and the fact that SD({Q(]},JJ) = {p1.p2,...,px} in the
inductive part of the definition of § for DFA’s:

k
6D({Q0}sw) =dp (5D({QU}=$)1Q) = 5D({.’F'1;Iﬂ2a- o apk}aa') = U 5N(piva)

i=1

X (2.4)

Thus, Equations {2.2) and (2.4) demonstrate that dp({g},w) = (5N(qg, )
When we observe that D and N both accept w if and only if 69({q0},

6N(q0, w), respectively, contain a state in Fy, we have a complete proof that
LDy=L{N). O

Theorem 2.12: A language L is accepted by some DFA if and only if L is
accepted by some NFA.

PROQF: (If) The “if¥ part is the subset construction and Theorem 2.11.

(Only-if) This part is easy; we have only to convert a DFA into an identical NFA.
Put intuitively, if we have the transition diagram for a DFA, we can also inter-
pret it as the transition diagram of an NFA, which happens to have exactly one
choice of transition in any situation. More formally, let D = (Q,X,ép,q0, F)
be a DFA. Define N = (@, %, 6w, ¢p, F) to be the equivalent NFA, where §y is
defined by the rule:

* If dp(g,a) = p, then dn{g,a) = {p}.
It is then easy to show by induction on Iw[, that if 6p(go, w) = p then

5N (go, w {P}

We leave the proof to the reader. As a consequence, w is accepted by D if and
only if it is accepted by ¥; {.e.,, L(D) = L(N). O
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2.3.6 A Bad Case for the Subset Construction

In Example 2.10 we found that the DFA had no more states than the NFA.
As we mentioned, it is quite common in practice for the DFA to have roughly
the same number of states as the NFA from which it is constructed. However,
exponential growth in the number of states is possible; all the 27 DFA states
that we could construct from an n-state NFA may turn out to be accessible. The
following example does not quite reach that bound, but it is an understandable
way to reach 27 states in the smallest DFA that is equivalent to an n + l-statc
NFA.

Example 2.13: Consider the NFA N of Fig. 2.15. L(N) is the set of all strings
of O’s and 1’s such that the nth symbol from the end is 1. Intuitively, a DFA
D that accepts this language must remember the last n symbols it has read.
Since any of 2" subsets of the last n symbols could have been 1, if D has fewer
than 2" states, then there would be some state ¢ such that £ can be in state ¢
after reading two different sequences of n bits, say a1az - - - @ and biba---by,.

Since the sequences are different, they must differ in some position, say
a; # b;. Suppose (by symmetry) that ¢; = 1 and &; = 0. If i = 1, then ¢
must be both an accepting state and a nonaccepting state, since aqas - - - Gy 18
accepted {the nth symbo! from the end is 1) and by ---b, isnot. If 7 > 1,
then consider the state p that D enters after reading ¢ — 1 0’s. Then p must
be both accepting and nonaccepting, since a;a;41 -+ G 00 -0 is accepted and
bibiry - - bp00--- 0 is not.

0,1

I 1 @ 0,1 0,1 ) O,_I—_ 0,1

Start

Figure 2.15: This NFA has no equivalent DFA with fewer than 2" states

Now, let us see how the NFA N of Fig. 2.15 works. There is a state go that
the NFA is always in, regardless of what inputs have been read. If the next
input is 1, N may also “guess” that this 1 will be the nth symbol from the end,
so it goes to state q; as well as go. From state ¢, any input takes N to ¢a,
the next input takes it to g3, and so on, until » — 1 inputs later, it is in the
accepting state gn. The formal statement of what the states of N dois:

1. N is in state go after reading any sequence of inputs w.

2. N is in state ¢;, for i = 1,2,...,n, after reading mput sequcnce w if and
only if the ith symbol from the end of w is 1; that is, w is of the form
zlajas - -ai_y, where the a;’s are each input symbols.

We shall not prove these statements formally; the proof is an easy induction
on |w|, mimicking Example 2.9. To complete the proof that the automaten
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The Pigeonhole Principle

In Example 2.13 we used an important reasoning technique called the
pigeonhole principle. Colloquially, if you have more pigeons than pigeon-
holes, and each pigeon flies into some pigeonhole, then there must be at
least one hole that has more than one pigeon. In our example, the “pi-
geons” are the sequences of n bits, and the “pigeonholes” are the states.
Since there are fewer states than sequences, one state must be assigned
two sequences.

The pigeonhole principle may appear obvious, but it actually depends
on the number of pigeonholes being finite, Thus, it works for finite-state
automata, with the states as pigeoanholes;, but does not apply to other
kinds of automata that have an infinite number of states.

To see why the finiteness of the number of pigeonholes is essential,
consider the infinite situation where the pigeonholes correspond to integers
1,2,.... Number the pigeons 0, 1,2, ..., so there is one more pigeon than
there are pigeonholes. However, we can send pigeon £ to hole i + 1 for all
¢ > 0. Then each of the infinite number of pigeons gets a pigeonhole, and
no two pigeons have to share a pigeonholc.

accepts exactly those strings with a 1 in the nth position from the end, we
consider statement (2) with ¢ = n. That says N is in state g, if and only if
the nth symbol from the end is 1. But g, is the only accepting state, so that
condition also characterizes exactly the set of strings accepted by N. O

2.3.7 Exercises for Section 2.3
* Exercise 2.3.1: Convert to a DFA the following NFA:

[ | 1
—+p | {p.q} | {r}
g || {r} | {r}

7 || {s} Y
w5 || {s} | {s}

Exercise 2.8.2: Convert to a DFA the following NFA:

Jo |t
- p | {¢s} | {q}
g || {r} | {er}
r | {s} | {p}
#5 | @ {p}
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Dead States and DFA’s Missing Some Transitions

We have formally defined a DFA to have a transition from any state,
on any input symbol, to exactly one state. However, sometimes, it is
more convenient to design the DFA to “die” in situations where we know
it is impossible for any extension of the input sequence to be accepted.
For instance, obscrve the automaton of Fig. 1.2, which did its job by
recoguizing a single keyword, then, and nothing else. Technically, this
automaton is not a DFA, because it lacks transitions on most symbols
from cach of its states.

However, such an automaton is an NFA. If we usc the subset construc-
tion to convert it to a DFA, the automaton looks almost the same, but it
includes a dead state, that is, a nonaccepting state that goes to itsell on
every possible input symbol. The dead state corresponds to @, the empty
gset of states of the automaton of Fig. 1.2

In general, we can add a dead state to any automaton that has no
move than one transition for any state and input symbol. Then, add a
transition to the dead state from each other state ¢, on all input symbols
for which ¢ has no other transition. The result will be a DFA in the strict
sense. Thus, we shall sometimes refer to an automaton as a DFA if it has
at most one trausition out of any state on any symbol, rather than if it
has eractly one transition.

67

! Exercise 2.3.3: Convert the following NFA to a DFA and informally describe

the language it accepts.

0 1

—pll {r.q} | {p}

g || {r,s} | {t}

r {P,T} {t}
s || B ]
#t || @ o

! Exercise 2.3.4: Give nondeterministic finite automata to accept the following
languages. Try to take advantage of nondeterminism as much as possible.

* 2) The set of strings over alphabet {0,1,...,9} such that the final digit has

appeared before.

b) The set of strings over alphabet {0.1,...,9} such that the final digit has

not appeared before.

¢) The set of strings of 0’s and 1's such that there are two (s separated by
a number of positions that is a multiple of 4. Note that 0 is an allowable

multiple of 4.
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Exercise 2.3.5: In the only-if portion of Theorem 2.12 we omitted the proof
by induction on |w| that if dp(go,w) = p then dn{q.w) = {p}. Supply this
proof.

Exercise 2.3.6: In the box on “Dead States and DFA’s Missing Some Tran-
sitions,” we claim that if ¥V is an NFA that has at most one cheice of state for
any state and input symbol (i.e., 8(q, ¢) never has size greater than 1), then the
DFA D constructed from N by the subset construction has exactly the states
and transitions of ¥ plus transitions to a new dead statc whenever N is missing
a transition for a given state and input symbol. Prove this contention.

Exercise 2.3.7: In Example 2.13 we claimed that the NFA N is in state g,
for i = 1,2,...,n, after reading input sequence w if and only if the ith symbol
from the end of w is 1. Prove this claim.

2.4 An Application: Text Search

In this section, we shall see that the abstract study of the previous section,
where we considered the “problem” of deeiding whether a sequence of bits ends
in 01, is actnally an excellent model for several rcal problems that appear in
applications such as Web search and extraction of information from text.

2.4.1 Finding Strings in Text

A common problem in the age of the Web and other on-line text repositories
is the following, Given a set of words, find all documents that contain one
{or all) of those words. A search engine is a popular example of this process.
The search engine uses a particular technology, called fnverfed indezes, where
for each word appearing on the Web (there are 100,000,000 different words),
a list of all the places where that word occurs is stored. Machines with very
large amounts of main memory keep the mast common of these lists available,
allowing many people to search for documents at once.

Inverted-index techniques do not make use of finite automata, but they also
take very large amounts of time for crawlers to copy the Web and set up the
indexes. There are a number of related applications that are unsuited for in-
verted indexes, but are good applications for automaton-based techniques. The
characteristics that make an application suitable for searches that use automata
are:

1. The repository on which the search is conducted is rapidly changing. For
example:

(a) Every day, news analysts want to search the day’s on-line news arti-
cles for relevant topics. For example, a financial analyst might search
for certain stock ticker symbols or names of companies.



2.4, AN APPLICATION: TEXT SEARCH 69

(b) A “shopping robot” wants to search for the current prices charged
for the items that its clients request. The robot will retrieve current
catalog pages from the Web and then search those pages for words
that suggest a price for a particular item.

2. The documents to be searched cannot be cataloged. For example, Ama-
zon.com does not make it easy for crawlers to find all the pages for all the
books that the company sells. Rather, these pages are generated “on the
fly” in response to queries. However, we could send a query for books on
a certain topic, say “finite automata,” and then search the pages retrieved
for certain words, e.g., “excellent” in a review portion.

2.4.2 Nondeterministic Finite Automata for Text Search

Suppose we are given a set of words, which we shall call the keywords, and we
want to find cccurrences of any of these words. In applications such as these, a
uscful way to proceed is to design a nondeterministic finite automaton, which
signals, by entering an accepting state, that it has scen one of the keywords,
The text of a document is fed, one character at a time to this NFA, which then
recognizes occurrences of the keywords in this text. There is a simple form to
an NFA that recoguizes a set of keywords.

1. There is a start state with a transition to itself on every input symbol,
e.g. every printable ASCII character if we are examining text. Intuitively,
the start statc represents a “guess” that we have not yet begun to see onc
of the keywords, even if we have seen some letters of onc of these words.

2. For each keyword aiay - - - ax, there are & states, say ¢1,¢2,....qx. There
is a transition from the start state to q; on symbol a,, a traunsition from
q1 to ¢z on symbol ag, and so on. The state g is an accepting state and
indicates that the keyword aias - - - ag has been found.

Example 2.14: Suppoese we want to design an NFA to recognize occurrences
of the words web and ebay. The transition diagram for the NFA designed using
the rules above is in Fig, 2.16. State 1 is the start state, and we use X to stand
for the set of all printable ASCII characters. States 2 through 4 have the job
of recognizing web, while states 5 through 8 recognize ebay. 0O

Of course the NFA is not a program. We have two major choices for an
implementation of this NFA.

1. Write a program that simulates this NFA by computing the set of states
it is in after rcading each input symbol. The simulation was suggested in
Fig. 2.10.

2. Convert the NFA to an equivalent DFA using the subset construction.
Then simulate the DFA directly.
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Figure 2.16: An NFA that searches for the words web and ebay

Some text-processing programs, such as advanced forms of the UNIX grep
command (egrep and fgrep) actually use a mixture of these two approaches.
However, for our purposes, conversion to a DFA is casy and is gnaranteed not
to increase the number of states.

2.4.3 A DFA to Recognize a Set of Keywords

We can apply the subset construction to any NFA. However, when we apply that
construction to an NFA that was designed from a set of keywords, according to
the strategy of Section 2.4.2, we find that the number of states of the DFA is
never greater than the number of states of the NFA. Since in the worst case the
number of states exponentiates as we go to the DFA, this observation is good
news and explains why the method of designing an NFA for keywords and then
constructing a DFA from it is used frequently. The rules for constructing the
set of DFA states is as follows.

a) If o is the start state of the NFA, then {go} is one of the states of the
DFA.

b} Suppose p is one of the NFA states, and it is reached from the start state
along a path whose symbols are a;as - - - am- Then one of the DFA states
is the set of NFA states consisting of:

1. qo.
2.
3. Every other state of the NFA that is reachable from ¢y by following

a path whose labels are a suffix of arap - - - am, that is, any sequence
of symbols of the form aja;i1 - am.

Note that in general, there will be one DFA state for each NFA state p. However,
in step (b), two states may actually yield the same set of NFA states, and thus
hecome one state of the DFA, For example, if two of the keywords begin with
the same letter, say a, then the two NFA states that are reached from gp by an
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arc labeled a will yield the same set of NFA states and thus get merged in the
DFA.

Figure 2.17: Conversion of the NFA from Fig. 2.16 to a DFA

Example 2.15: The construction of a DFA from the NFA of Fig. 2.16 is shown
in Fig. 2.17. Each of the states of the DFA is located in the same position as
the state p from which it is derived using rule {b) above. For example, consider
the state 135, which is our shorthand for {1,3,5}. This state was constructed
from state 3. It includes the start state, 1, because every set of the DFA states
does. Tt also includes state 5 because that state is reached from state 1 by a
suffix, e, of the string we that reaches state 3 in Fig. 2.16.

The transitions for each of the DFA states may be calculated according to
the subset construction. However, the rule is simple. From any set of states that
includes the start state go and some other states {p1,p2,- - ..Pn}, determine, for
each symbol z, where the p;’s go in the NFA, and let this DFA state have a
transition labeled @ to the DFA state consisting of go and all the targets of the
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pi’s on symbol z. On all symbols = such that there are no transitions out of
any of the p;’s ou symbol x, let this DFA state have a transition on z to that
state of the DFA consisting of o and all states that are reached from go in the
NFA following an arc labeled .

For instance, consider state 135 of Fig. 2.17. The NFA of Fig. 2.16 has
transitions on symbol b from states 3 and 5 to states 4 and 6, respectively.
Therefore, on symbol b, 135 goes to 146. On symbol e, there arc no transitions
of the NFA out of 3 or 5, but there is a transition from 1 to 5. Thus, in the
DFA, 135 goes to 15 on input e. Similarly, on input w, 135 goes to 12.

On every other symbol z, there are no transitions out or 3 or 9, and state 1
goes only to itself. Thus, there are trangitions from 135 to 1 on every symbol
in ¥ other than b, ¢, and w. We usc the notation ¥ —  ~ e — w to represent
this set, and use similar representations of other sets in which a few symbols
are removed from . O

2.4.4 Exercises for Section 2.4
Exercise 2.4.1: Design NFA's to recognize the following sets of strings.
* a) abc, abd, and aacd. Assume the alphabet is {a,b,c,d}.

b) 0101, 101, and 011.

¢) ab, bc, and ca. Assume the alphabet is {a,b,c}.

Exercise 2.4.2: Convert each of your NFA’s from Exercise 2.4.1 to DFA’s.

2.5 Finite Automata With Epsilon-Transitions

We shall now introduce another extension of the finite automaton. The new
“foature” is that we allow a transition on ¢, the empty string. In effect, an
NFA is allowed to make a transition spontaneously, without receiving an input
symbol. Like the nondeterminism added in Section 2.3, this new capability does
not expand the class of languages that ¢an be accepted by finite automata, but it
does give us some added “programming convenience.” We shall also see, when
we take up regular expressions in Section 3.1, how NFA’s with e-transitions,
which we call e-NFA’s, are closely related to regular expressions and useful
in proving the cquivalence between the classes of languages accepted by finite
automata and by regular expressions.

2.5.1 Uses of e-Transitions

We shall begin with an informal treatment of e-NFA’s, using transition diagrams
with ¢ allowed as a label. In the examples to follow, think of the automaton
as accepting those sequences of labels along paths from the start state to an
accepting state. However, each ¢ along a path is “invisible”; i.e., it contributes
nothing to the string along the path.



2.5. FINITE AUTOMATA WITH EPSILON-TRANSITIONS 73

Example 2.16: In Fig. 2.18 is an ¢ NFA that accepts decimal numbers con-
gisting of:

1. An optional + or — sign,
2. A string of digits,
3. A decimal point, and

4. Another string of digits. Either this string of digits, or the string (2) can
be empty, but at least one of the two strings of digits must be nonempty.

Start m
_...

Figure 2.18: An e-NFA accepting decimal numbers

Of particular interest is the transition from gy to ¢ on any of ¢, +, or —.
Thus, state gy represents the situation in which we have seen the gign if there
is one, and perhaps some digits, but not the decimal point. State g2 represents
the sitnation where we have just seen the decimal point, and may or may not
have seen prior digits. In g4 we have definitely seen at least one digit, but
not the decimal point. Thus, the interpretation of gz is that we have seen a
decimal point and at least one digit, either before or after the decimal poiut.
We may stay in gz reading whatever digits there are, and also have the option
of “guessing” the string of digits is complete and going spontaneously to gs, the
accepting state. U

Example 2.17: The strategy we outlined in Example 2.14 for building an
NFA that recognizes a set of keywords can be simplified further if we allow
e-transitions. For instance, the NFA recognizing the keywords web and ebay,
which we saw in Fig. 2.16, can also be implemented with e-transitions as in
Fig. 2.19. In general, we construct a complete sequence of states for each
keyword, as if it were the only word the automaton needed to recognize. Then,
we add a new start state (state 9 in Fig. 2.19), with e-transitions to the start-
states of the automata for each of the keywords. O
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Start

Figure 2.19: Using e-transitions o help recognize keywords

2.5.2 The Formal Notation for an «-NFA

We may represent an « NFA exactly as we do an NFA, with ane exception: the
transition function must include information about transitions on e. Formally,
we represent an ¢-NFA A by A = (@, X, 8, g0, F), where all components have
their same interpretation as for an NFA, except that § is now a function that

takes as arguments:

1. A state in @, and
2. A member of £ U {¢}, that is, either an input symbol, or the symbol e,

We require that ¢, the symbol for the empty string, cannot be a member
of the alphabet &, so no confusion results.

Example 2.18: The e-NFA of Fig. 2,18 is represented formally as

E= ({q01QI:- v :(IF)}) {'=+: _:0)1:' . '!9}551 ros{%})

where § is defined by the transition table in Fig. 2.20, 0O

||e | +.— | . | 0,1,...,9
o || {an} | {&a} @ @
¢ |0 ) {2} | {on. 04}
g || ¢ @ @ {g3}
43 {9‘5} ) @ {Q3}
44 ) ) {qa} 9
gs | @ Y 0 0

Figure 2.20: Transition table for Fig. 2.18
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2.5.3 Epsilon-Closures

We shall proceed to give formal definitions of an extended transition function for
¢-NFA’s, which leads to the definition of acceptance of strings and languages by
these automata, and eventually lots us explain why ¢-NFA’s can be simulated by
DFA’s. However, we first need to learn a central definition, called the e-closure
of a state. Informally, we e-close a state g by following all transitions out of
g that are labeled . However, when we get to other states by following ¢, we
follow the e-transitions out of those states, and so on, eventually finding every
state that can be reached from g along any path whose ares are all labeled e
Formally, we define the e-closure ECLOSE(y) recursively, as follows:

BASIS: State ¢ is in ECLOSE(g).

INDUCTION: If state p is in ECLOSE(g), and there is a transition from state p
to state r labeled ¢, then r is in BCLOSE(g). More precisely, if 4 is the transition
function of the e-NFA involved, and p is in ECLOSE(g), then ECLOSL{q) also
contains all the states in 8(p, €).

Example 2.19: For the automaton of Fig. 2.18, cach state is its own g-closiure,
with two exceptions: ECLOSE(gy) = {go. ¢} and ECLOSE(¢s) = {q3,¢5}. The
reason is that there are only two e-transitions, one that adds ¢ to FCLOSE{(qo)
and the other that adds g5 to ECLOSE(g:).

A more complex example is given in Fig. 2.21. For this collection of states,
which may be part of some ¢-NFA, we can conclude that

ECLOSE(l) = {1,2,3. 4,6}

Each of these states can be reached from state 1 along a path exclusively labeled
€. For example, state 6 is reached by the path 1 — 2 —+ 3 — 6. State 7 is not
in ECLOSE(1), since although it is reachable from state 1, the path must use
the arc 4 = 5 that is not labeled €. The fact that state 6 is also rcached from
state 1 along a path 1 =+ 4 — 5 — 6 that has non-e transitions is unimportant.
The cxistence of one path with all labels ¢ is sufficient to show state 6 is in
ECLOSE(1), O

Figure 2.21: Some states and transitions
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9.5.4 Extended Transitions and Languages for ¢-NFA’s

The e-closure allows us to explain easily what the transitions of an e-NFA look
like when given a sequence of (non-¢) inputs. From there, we can define what
it means for an e-NFA to accept its input. )

Suppose that E = (@, ¥, d. go, F) is an e-NFA. We first define 4, the extended
transition function, to reflect what happens on a sequence of inputs. The intent
is that 4(q, w) is the set of states that can be reached along a path whose labels,
when concatenated, form the string w. As always, €’s along this path do not
contribute to w. The appropriate recursive definition of ¢ is:

BASIS: 3(q, €) = BCLOSE(g). That is, if the label of the path is ¢, then we can
follow only e-labeled arcs extending from state g; that is exactly what ECLOSE
does.

INDUCTION: Supposc w is of the form za, where a is the last symbol of w.
Note that a is a member of T; it cannot be ¢, which is not in X, We compute

&(q, w) as follows:

1. Let {p1,p2,.... Pk} be S(Q, ). That is, the p;’s are all and only the states
that we can reach from g following a path labeled z. This path may end
with one or more trausitions labeled ¢, and may have other e-transitions,
as well.

2. Let Ule &(pi,a) be the set {r1,r2,...,7m}. That is, follow all transitions
labeled @ from states we can reach from g along paths labeled z. The
r;'s are some of the states we can reach from g along paths labeled w.
The additional states we can reach are found from the r;’s by following
e-labeled arcs in step (3}, below.

3. Then &(g,w) = U;"”:l ECLOSE(r;). This additional closure step includes
all the paths from g labeled 1w, by considering the possibility that there
arc additional e-labeled ares that we can follow after making a transition
on the final “real” symbal, a.

Example 2.20: Let us compute 3(q0,5.6) for the e-NFA of Fig. 2.18. A
summary of the steps needed are as follows:

e §{(go.€) = ECLOSE(g0) = {qa.q1 }-
e Compute 3{qo,5) as follows:

1. First compute the transitions on input 5 from the states go and ¢
that we obtained in the calculation of S(QU,E), above. That is, we
compute 8(gg,5) U (q1,5) = {g1, %}

2. Next, e-close the members of the set computed in step (1). We get
ECLOSE(q1) U ECLOSE(qs) = {;} U {wa} = {¢1,04}. That set is
8 (qo,5). This two-step pattern repeats for the next two symbols.
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-1

s Compute 6(go, 5.} as follows:

1. First compute 8{q,, .) U gy, .} = {g2} U {g3} = {gz. ws}.
2. Then compute

8(qu,5.) = ECLOSE(g2) U ECLOSE(ga) = {g2} U {g3.95} = {¢2- @3, 4}

¢ Compute 4{qo,5.6) as follows:

1. First compute 6(gs,6) U 8{gs,6) U 8(g5,.6) = {gs} U {qz} U B =
{as}-

2. Then compnte #{gg,5.6) = ECLOSE{g3) = {43.45}.

Now, we can define the language of an «-NFA E = (Q.Z.4,40. F) in the
expected way: L(E) = {w | 3(go.w) N F # B}. That is, the language of E is
the set of strings w that take the start state to at least one accepting state. For
instance, we saw in Example 2.20 that 5((10,5.6) contains the aceepting state
gs. so the string 5.6 is in the language of that ¢-NFA.

2.5.5 Eliminating e-Transitions

Given any e-NFA E, we can find a DFA D that accepts the same language as B,
The construction we use is very close 1o the subsct construction, as the states of
D are subsets of the states of E. The only difference is that we must incorporate
e-transitions of E. which we do through the mechanism of the e-closure.

Lot E = (Qg, X, 05, G, Fg). Then the equivalent DFA

D =(Qp.Z.8p,4n. Fn)
is defined as follows:

1. Qp is the set of subsets of Qg. More precisely, we shall find that all
accessible states of D are e-closed subsets of Qg, that is, sets § C Q.
such that § = ECLOSE(S). Put another way, the e-closed sets of states S
are those such that any e-transition out of one of the states in § leads to
a state that is also in S. Note that @ is an e-closed set.

2. yp = ECLOSE(gp); that is, we get the start state of D by closing the set
consisting of ouly the start state of E. Noute that this rule differs from
the original subset construction, where the start state of the constructed
automaton was just the set containing the start state of the given NIA.

3. Fp is those sets of states that contain at least one accepting state of F.
That is, Fp = {S | Sisin Qp and SN Fy # B}.

4. 8p(S,a) is computed, for all a in £ and sets S in ¢p by:
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(a) Let S = {py P2y, Pe}-
(b} Compute Ule 85 (p;,n); let this set be {r1,r2,...,7n}.
(¢) Then 6p(S,a) = UjL, BCLOSE(r;).

Example 2.21: Let us eliminate e-transitions from the ¢-NFA of Fig. 2.18,
which we shall call E in what follows. From E, we construct an DFA D, which
is shown in Fig. 2.22. However, to avoid clutter, we omitted from Fig. 2.22 the
dead state § and all transitions to the dead state. You should imagine that for
each state shown in Fig. 2.22 there are additional transitions from any state to
§ on any input symbols for which a transition is not indicated. Also, the state
@ has transitions to itself on all input symbols.

0,1,..9

0.1,...9

Figure 2.22: The DFA D that eliminates e-transitions from Fig. 2.18

Since the start state of E is gq, the start state of D is ECLOSE(gy), which
i {go,¢1}. Our first job is to find the successors of gy and ¢ on the various
symbols in ¥; note that these symbols are the plus and minus signs, the dot,
and the digits 0 through 9. On + and —, g, goes nowhere in Fig. 2.18, while
go goes to g1 Thus, to compute ép({go, g1}, +) we start with {¢:} and e-close
it. Since there are no e-transitions out of ¢;, we have ép({go, a1}, +) = {@: }.
Similarly, dp({go,¢1},—) = {;1}. These two transitions are shown by one arc
in Fig, 2.22.

Next, we need to compute dp({go,¢1}, .). Since gy goes nowhere on the
dot, and g, goes to ¢ in Fig. 2.18, we must e-close {go}. As there are no
e-transitions out of gy, this state is its own closure, so dp{{go, 1 }, .) = {g2}.

Finally, we must compute dp({go,q:},0), as an example of the transitions
from {go,q1} on all the digits. We find that go goes nowhere on the digits, but
g1 goes to both g, and gy. Since neither of those states have e-transitions out,
we conclude dp({go,¢1},0) = {¢1, ¢4}, and likewise for the other digits.
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We have now cxplained the arcs out of {go,q1} in Fig. 2.22. The other
transitions are computed similarly, and we leave them for you to check. Since
gs is the only accepting state of E, the accepting states of I? are those accessible
states that contain gs. We sce these two sets {g3,¢s} and {q2,¢3,¢5} indicated
by double circles in Fig. 2.22. QO

Theorem 2.22: A language L is accepted by some ¢-NFA if and only if L is
accepted by some DFA.

PROOF: (If} This direction is easy. Suppose L = L{D) for some DFA. Turn
D into an e-DFA E by adding transitions &(g,¢) = @ for all states ¢ of D.
Technically, we must also convert the transitions of D on input symbols, e.g.,
8p{g.a) = p into an NFA-transition to the set containing only p, that is
8e(g.a) = {p}. Thus, the transitions of E and D are the same, but E ex-
plicitly states that there are no transitions out of any state on €.

(Only-if) Let E = (Qg,%,0r,90, Fg) be an ¢NFA, Apply the modified
subset construction described above to produce the DFA

D - (QD: EaaDan:FD)

We need to show that L{D) = L(F), and we do so by showing that the extended
transition functions of £ and D are the same. Formally, we show dg(go,w) =
dp{gp,w) by induction on the length of w.

BASIS: If |w] = 0, then w = e¢. We know Sg(qo,e) = ECLOSE(gy). We also
know that g = ECLOSE(qo), because that i3 how the start state of D is defined.
Finally, for a DFA, we know that S(p, ¢) = p for any state p, s¢ in particular,
dplqp,€) = ECLOSE(go). We have thus proved that Srlgo.€) = dplgp, €).

INDUCTION: Supposc w = ia, where @ is the final symbol of w, and assume
that the statement holds for . That is, Sg{qgﬁm.) = dp{gpn.x). Let both these
sets of states be {py,p2,.... Pk}

By the definition of 4 for ¢ NFA's, we compute Se:(go, w) Dy

1- Let {'rl e'f'zs Ty T-m} be U:'e:] 65‘(})5!&)'
2. Then ép{gs, w) = U}“:l ECLOSE(r;).

If we examine the construction of DFA D in the modified subset construction
above, we see that §p({p1,p2,....px}, @) is constructed by the same two steps
(1) and (2) above. Thus, 3D(qD,w), which is §p({p1.p2,-- ., Px}> @) is the same
set as SE(qg, w). We have now proved that brlgo,w) = 6p(gp.w) and completed
the inductive part. O
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2.5.6 Exercises for Section 2.5
* Txercise 2.5.1: Consider the following ¢-NFA.
e le |b |c
=p |8 [{p}|{g} ér}

g || {p} | {a} | {r}
s || {g} | {r} 1@ | {n}

a) Compute the e-closure of each state.
b) Give all the strings of length three or less accepted by the automaton.

¢) Convert the automaton to a DFA.

Exercise 2.5.2: Repeat Exercise 2.5.1 for the following e-NFA:

le la b |c
Splfary | ® | {a}| {7}
g | @ {p} | {r} | {p9}

Exercise 2.5.3: Design «-NFA’s for the following languages. Try to use e-
transitions to simplify your design.

a) The set of strings consisting of zero or more a’s followed by zero or more
b's, followed by zero or more ¢'s.

1 b) The set of strings that consist of either 01 repeated one or more times or
010 repeated one or more times.

! ¢) The set of strings of 0’s and 1's such that at least one of the last ten
positions is a 1.

2.6 Summary of Chapter 2

4 Deterministic Finite Automata: A DFA has a finite set of states and a
finite set of input symbols. One state is designated the start state, and
zoro or more states are accepting states. A transition function determines
how the state changes each time an input symbol is processed.

& Transition Diagrams: It is convenient to represent automata by a graph
in which the nodes are the states, and arcs are labeled by input symbols,
indicating the transitions of that automaton. The start state is designated
by an arrow, and the accepting states by double circles.
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4 Language of an Automaton: The automaton accepts strings. A string is

accepted if, starting in the start state, the transitions caused by processing
the symbols of that string one-at-a-time lead to an accepting state. In
terms of the transition diagram, a string is accepted if it is the label of a
path from the start state to some accepting state.

Nondeterministic Finite Automata: The NFA differs from the DFA in
that the NFA can have any number of transitions (including zero) to next
states from a given state on a given input symbol.

The Subset Construction: By treating sets of states of an NFA as states
of a DFA, it is possible to convert any NFA to a DFA that accepts the
same language.

e- Transitions: We can extend the NFA by allowing transitions on an
empty input, i.e., no input symbol at all. Thesc extended NFA’s can be
converted to DFA’s accepting the same language.

Text-Searching Applications: Nondeterministic finite automata are a usc-
ful way to represent a pattern matcher that scans a large body of ¢text for
one or more keywords. These automata are either simulated directly in
software or are first converted to a DFA, which is then simulated.
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Chapter 3

Regular Expressions and
Languages

We begin this chapter by introducing the notation called “regular expressions.”
These expressions are another type of language-defining notation, which we
sampled briefly in Section 1.1.2. Regular expressions also may be thought of as
a “programming language,” in which we express some important applications,
such as text-search applications or compiler components. Regular expressions
are closely related to nondeterministic finite automata and can be thought of
as a “user-friendly” altcrnative to the NFA notation for describing software
COMPONents.

In this chapter, after defining regular expressions, we show that they are
capable of defining all and only the regular lanpguages. We discuss the way
that regular expressions are used in several software systems. Then, we exam-
ine the algebraic laws that apply to regular expressions. They have significant
resemblance to the algebraic laws of arithmetic, yet there are also some im-
portant differences between the algebras of regular expressions and arithmetic
eXpressions.

3.1 Regular Expressions

Now, we switch our attention from machine-like descriptions of languages —
deterministic and nondeterministic finite automata — to an algebraic descrip-
tion: the “regular expression.” We shall find that regular expressions can define
exactly the same languages that the various forms of automata describe: the
regular languages. However, regular expressions offer something that automata
do not: a declarative way to express the strings we want to accept. Thus,
regular expressions serve as the input language for many systems that process
strings. Examples include:

83
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1. Scarch commands such as the UNIX grep or equivalent commands for
finding strings that one sees in Web browsers or text-formatting systems.
These systems use a regular-expression-like notation for describing pat-
terns that the user wants to find in a file. Different search systems convert
the regular expression into either a DFA or an NFA, and simulate that
automaton on the file being searched.

2. Lexical-analyzer generators, such as Lex or Flex. Recall that a lexical
analyrer is the component of a compiler that breaks the source program
into logical units {called fokens) of one or more characters that have a
shared significance. Examples of tokens include keywords {e.g., while),
identifiers (e.g., any letter followed by zero or more letters and for digits},
and signs, such as + or <=. A lexical-analyzer generator accepts descrip-
tions of the forms of tokens, which are essentially regular expressions, and
produces a DFA that recognizes which token appears next on the input.

3.1.1 The Operators of Regular Expressions

Regular expressions denote languages. For a simple exatnple, the regular ex-
pression 01% + 10" denotes the language consisting of all strings that are either
a single 0 followed by any number of 1°s or a single 1 followed by any number
of 0's. We do not expect you to know at this point how to interpret regular
expressions, so our statement about the language of this expression must be
accepted on faith for the moment. We shortly shail define all the symbols used
in this expression, so you can see why our interpretation of this regular expres-
sion is the correct one. Before describing the regular-expression notation, we
need to learn the three operations on languages that the operators of regular
expressions represent. These operations are:

1. The union of two languages L and M, denoted L U M, is the set of strings
that are in either L or M, or both. For example, if L = {001,10,111} and
M = {€,001}, then LU M = {¢, 10,001,111},

2. The concatenation of languages L and M is the set of strings that can
be formed by taking any string in L and concatenating it with any string
in M. Recall Section 1.5.2, where we defined the concatenation of a
pair of strings; one string is followed by the other to form the result of the
concatenation. We denote concatenation of languages either with a dot or
with no operator at all, although the concatenation operator is frequently
called “dot.” For example, if L = {001,10,111} and M = {¢, 001}, then
L.M, or just LM, is {001,10,111,001001, 10001,111001}. The first three
strings in LM are the strings in L concatenated with . Since ¢ is the
identity for concatenation, the resulting strings are the same as the strings
of L. However, the last three strings in LM are formed by taking each
string in L and concatenating it with the second string in M, which is
00l. For instance, 10 from L concatenated with 001 from AM gives us
10001 for LM.
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3. The closure (or star, or Kleene closure)’ of a language L is denoted L*
and represents the set of those strings that can be formed by taking any
number of strings from L, possibly with repetitions (i.e., the same string
may be selected more than once) and concatenating all of them. For
instance, if L = {0, 1}, then L* is all strings of @’s and 1’s. If L = {0, 11},
then L* consists of those strings of 0’s and 1's such that the 1’s come in
paits, e.g., 011, 11110, and ¢, but not 01011 or 101. More formally, L™ is
the infinite union Us»p L, where L° = {¢}, L' = L, and L?, for i > 1is
LL---L (the concatenation of i copies of L).

Example 3.1: Since the idea of the closure of a language is somewhat tricky,
let us study a few examples. First, let L = {0,11}. L® = {¢}, independent of
what language L is; the Oth power represents the selection of zero strings from
L. L' = L, which represents the choice of one string from L. Thus, the first
two terms in the expansion of L* give us {¢,0,11}.

Next, consider L2, We pick two strings from L, with repetitions allowed, so
there are four choices. These four selections give us L? = {00,011,110,1111}.
Similarly, L*® is the set of strings that may be formed by making three choices
of the two strings in L and gives us

{000,0011,0110,1100,01111,11011,11110, 111111}

To compute L*, we must compute L for each i, and take the union of all these
languages. L has 2! members. Although each L' is finite, the union of the
infinite number of terms L' is generally an infinite language, as it is in our
example.

Now, let L be the set of all strings of 0’s. Note that L is infinite, unlike
our previous example, which is a finite language. However, it is not hard to
discover what L* is. L® = {¢}, as always. L' = L. L? is the set of strings that
can be formed by taking one string of 0’s and concatenating it with another
string of 0’s. The result is still a string of 0's. In fact, every string of 0's
can be written as the concatenation of two strings of (s (don’t forget that e
is a “string of 0’s”; this string can always be one of the two strings that we
concatenate). Thus, L? = L. Likewise, L* = L, and so on. Thus, the infinite
union L* = L9 U L' U L? U - .- is L in the particular case that the language L
the set of all strings of ('s.

For a final example, §* = {¢}. Note that §° = {}, while §*, for any i > 1,
is empty, since we can’t select any strings from the empty set. In fact, § is one
of only two languages whose closure is not infinite. DO

3.1.2 Building Regular Expressions

Algebras of all kinds start with some elementary expressions, usually constants
and/or variables. Algebras then allow us to construct more expressions by

1 The term “Kleene closure” refers to 5. C. Kleene, who originated the regular expression
notation and this operator.
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Use of the Star Operator

We saw the star operator first in Section 1.5.2, where we applied it to an
alphabet, e.g., Z*. That operator formed all strings whose symbols were
chosen from alphabet . The closure operator is essentially the same,
although there is a subtle distinction of types.

Suppose L is the language containing strings of length 1, and for each
symbol ¢ in X there is a string @ in L. Then, although L and £ “look”
the same, they are of different types; L is a set of strings, and ¥ is a set
of symbols. On the cther hand, L* denotes the same language as £*.

applying a certain set of operators to these elementary expressions and to pre-
viously constructed expressions. Usually, some method of grouping operators
with their operands, such as parentheses, is required as well. For instance,
the familiar arithmetic algebra starts with constants such as integers and real
numbers, plus variables, and builds more complex expressions with arithmetic
operators such as + and X.

The algebra of regular expressions follows this pattern, using constants and
variables that denote languages, and operators for the three operations of Sec-
tion 3.1.1 —union, dot, and star. We can describe the regular expressions
recursively, as follows. In this definition, we not only describe what the le-
gal regular expressions are, but for each regular expression E, we describe the
language it represents, which we denote L(E).

BASIS: The basis consists of three parts:

1. The constants € and @ are regular expressions, denoting the languages {e}
and @, respectively. That is, L{e) = {e}, and L(#) = §.

2. If ¢ is any symbol, then a is a regular expression. This expression denotes
the language {a}. That is, L{a) = {a}. Note that we use boldface fout
to denote an expression corresponding to a symbol. The correspondence,
e.g. that a refers to a, should be obvious.

3. A variable, usually capitalized and itabie such as L, is a variable, repre-
senting any language.

INDUCTION: There are four parts to the inductive step, one for each of the
three operators and one for the introduction of parentheses.

1. If E and F are regular expressions, then E + F is a regular expression
denoting the union of L(E) and L{F). That is, L{(E+F) = L{E) U L(F).

2. If E and F are regular expressions, then EF is a regular expression denot-
ing the concatenation of L{E) and L(F). That is, L{EF) = L{E)L(F).
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Expressions and Their Languages

Strictly speaking, a regular expression F is just an expression, not a lan-
guage. We should use L{E) when we want to refer to the language that E
denotes. However, it is common usage to refer to say “E™ when we really
mean “L(E).” We shall use this convention as long as it is clear we are
talking about a language and not about a regular expression.

Note that the dot can optionally be used to denote the concatenation op-
erator, either as an operation on languages or as the operator in a regular
expression. For instance, 0.1 is a regular expression meaning the same as
01 and representing the language {01}. However, we shall avoid the dot
as concatenation in regular expressions.?

3. If E is a regular expression, then E* is a regular expression, denoting the
closure of L{E). That is, L(E*) = (L(E)}".

4. If F is a regular expression, then (E), a parenthesized E, is also a regular
expression, denoting the same language as E. Formally; L((E)) = L(E).

Example 3.2: Let us write a regular expression for the set of strings that
consist of alternating (s and 1's. First, let us develop a regular expression
for the language consisting of the single string 01. We can then use the star
operator to get an expression for all strings of the form 0101 ...01.

The basis rule for regular expressions tells us that 0 and 1 are expressions
denoting the languages {0} and {1}, respectively. If we concatenate the two
expressions, we get a regular expression for the language {01}; this expression is
01. As a general rule, if we want a regular expression for the language consisting
of only the string w, we use w itself as the regular expression. Note that in the
regular expression, the symbols of w will normally be written in boldface. but
the change of font is only to help you distinguish expressions from strings and
should not be taken as significant.

Now, to get all strings consisting of zero or more occurrences of 01, we use
the regular expression (01)*. Note that we first put parcntheses around 01, to
avoid coufusing with the expression 017, whose language is all strings consisting
of a 0 and any number of 1’3, The reason for this interpretation is oxplained
in Section 3.1.3, but briefly, star takes precedence over dot, and therefore the
argument of the star is sclected before perforining any concatenations.

However, L((Ol)*) is not exactly the language that we want. It includes
only those strings of alternating 0°s and 1°s that begin with 0 and end with 1.
We also need to consider the possibility that there is a 1 at the beginning and /ot

2In fact, UNIX regular expressions use the dot for an entirely different purpose: represerni-
ing any ASCII character.
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4 0 at the end. One approach is to construct three more regular expressions that
handle the other three possibilities. That is, (10)* represents those alternating
strings that begin with 1 and end with 0, while 0(10}* can be used for strings
that both begin and end with 0 and 1{01)* serves for strings that begin and
end with 1. The entire regular expression is

(01)* + (10)" +0(10)" + 1{01)"

Notice that we use the + operator to take the union of the four languages that
together give us all the strings with alternating 0’s and 1’s.

However, there is another approach that yields a regular expression that
looks rather different and is also somewhat more succinct. Start again with the
expression (01)*. We can add an optional 1 at the beginning if we concatenate
on the left with the expression e + 1. Likewise, we add an optional 0 at the end
with the expression ¢ + 0. For instance, using the definition of the + operator:

Lie+1)=L{e) UL{1) = {e} U {1} = {¢,1}

If we concatenate this language with any other language L, the ¢ choice gives
us all the strings in L, while the 1 choice gives us lw for every string w in L.
Thus, another expression for the set of strings that alternate 0’s and 1’s is:

(€ + 1)(01)*(e + 0)

Note that we need parentheses around each of the added expressions, to make
sure the operators group properly. O

3.1.3 Precedence of Regular-Expression Operators

Like other algebras, the regular-expression operators have an assumed order of
“precedence,” which means that operators are associated with their operands in
a particular order. We are familiar with the notion of precedence from ordinary
arithmetic expressions. For instance, we know that zy+ 2 groups the product zy
before the sum, s0 it is equivalent to the parenthesized expression (zy) + z and
not to the expression z(y + z). Similarly, we group two of the same operators
from the left in arithmetic, so £ — y — 2 is equivalent to (xr — y) — 2, and not to
& — (y — z). For regular expressions, the following is the order of precedence for
the operators:

1. The star operator is of highest precedence. That is, it applies only to
the smallest sequence of symbols to its left that is a well-formed regular
expression.

2. Next in precedence comes the concatenation or “dot” operator. After
grouping all stars to their operands, we group concatenation operators
to their operands. That is, all expressions that are juztaposed (adjacent,
with no intervening operator) are grouped together. Since concatenation
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is an associative operator it does not matter in what order we group
consecutive concatenations, although if there is a choice to be made, you
should group ther from the left, For instance, 012 is grouped (01)2.

3. Finally, all unions (+ operators) are grouped with their operands. Since
union is also associative, it again matters little in which order consecutive
unions are grouped, but we shall assume grouping from the left.

Of course, sometimes we do not want the grouping in a regular expression
to be as required by the precedence of the operators. If so, we are free to use
parentheses to group operands exactly as we choose. In addition, there is never
anything wrong with putting parentheses around operands that you want to
group, even if the desired grouping is implied by the rules of precedence.

Example 3.3: The expression 01* + 1 is grouped (0(1%)) + 1. The star
operator is grouped first. Since the symbol 1 immediately to its left is a legal
regular expression, that alone is the operand of the star. Next, we group the
concatenation between 0 and (1¥), giving us the expression (0(1™)). Finally,
the union operator connects the latter expression and the expression to its right,
which is 1.

Notice that the language of the given expression, grouped according to the
precedence rules, is the string 1 plus all strings consisting of a0 followed by any
number of 1’s (including none). Had we chosen to group the dot before the star,
we could have used parentheses, as (01}* + 1. The language of this expression
is the string 1 and all strings that repeat 01, zero or more times. Had we wished
to group the union frst, we could have added parentheses around the union to
make the expression 0(1* + 1). That expression’s language is the set of strings
that begin with 0 and have any number of 1’s following. O

3.1.4 Exercises for Section 3.1

Exercise 3.1.1: Write regular expressions for the following languages:

* a) The set of strings over alphabet {a,b, ¢} containing at least one ¢ and at
least one &.

b) The set of strings of 0’s and 1’s whose tenth symbol from the right end is
1.

¢) The set of strings of 0’s and 1’s with at most one pair of consecutive 1’s.
! Exercise 3.1.2: Write regular expressions for the following languages:

* a) The set of all strings of 0’s and 1's such that every pair of adjacent 0’s
appears before any pair of adjacent 1’s.

b) The set of strings of 0’s and 1’s whose number of 0’s is divisible by five.
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! Exercise 3.1.3: Write regular expressions for the following languages:
a} The set of all strings of 0's and 1's not containing 101 as a substring.

b} The set of all strings with an equal number of 0’s and 1’s, such that no
prefix has two more (’s than 1’s, nor two more 1's than 0's.

¢} The set of strings of 0’s and 1’s whose number of ('s is divisible by five
and whose number of 1's is even.

! Exercise 3.1.4: Give English descriptions of the languages of the following
regular expressions:

* 2) (1 + €)(00°1)0*.
b) (0*1*)*000(0 + 1)".

¢) {0+ 10)*17,

—

Exercise 3.1.5: In Example 3.1 we pointed out that @ is one of two languages
whose closure is finite. What is the other?

3.2 Finite Automata and Regular Expressions

While the regular-expression approach to describing languages is fundamentally
different from the finite-automaton approach, these two notations turn out to
represent, exactly the same set of languages, which we have termed the “reg-
ular languages.” We have already shown that deterministic finite automata,
and the two kinds of nondeterministic finite automata —- with and without
e-transitions — accept the same class of languages. In order to show that the
regular expressions define the same class, we must show that:

1. Every language defined by one of these automata is also defined by a
regular expression. For this proof, we can assume the language is accepted

by some DFA.

2. Every language defined by a regular expression is defined by one of these
automata. For this part of the proof, the easiest is to show that there is
an NFA with e-transitions accepting the same language.

Figure 3.1 shows all the equivalences we have proved or will prove. An arc from
class X to class ¥ means that we prove every language defined by class X is
also defined by class Y. Since the graph is strongly connected (i.e., we can get
from each of the four nodes to any other node) we see that all four classes are
really the same.
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CeNEAD) NFA

DFA

Figure 3.1: Plan for showing the equivalence of four different notatious for
regular languages

3.2.1 From DFA’s to Regular Expressions

The construction of a regular expression to define the language of any DFA is
surprisingly tricky. Roughly, we build expressions that describe sets of strings
that label certain paths in the DFA’s transition diagram. However, the paths
are allowed to pass through only a limited subset of the states. In an inductive
definition of these expressions, we start with the simplest expressions that de-
scribe paths that are not allowed to pass through any states (i.e.. they are single
nodes or single arcs), and inductively build the expressions that let the paths
go through progressively larger sets of states. Finally, the paths are allowed to
go through any state; i.e., the expressions we generate at the end represent all
possible paths. These ideas appear in the proof of the following theorem.

Theorem 3.4: If L = L{A) for some DFA 4, then therc is a regular expression
R such that L = L{(R).

PROOF: Lot us suppose that A’s states are {1,2,...,n} for some integer n. No
matter what the states of 4 actually are, there will be n of them for some finite
n, and by renaming the states, we can refer to the states in this manner, as if
they were the first n positive integers. Our first, and most difficult, task is to
construct a collection of regular expressions that describe progressively broader
sets of paths in the transition diagram of A.

Let us use RE-;-‘"} as the name of a regular expression whose language is the
set of strings w such that w is the label of a path from state 7 to state j in A,
and that path has no intermediate node whose number is greater than k. Note
that the beginning and end points of the path are not “intermediate,” so there
is no constraint that i and/or j§ be less than or equal to £.

Figure 3.2 suggests the requirement on the paths represented by Rg-c). There,
the vertical dimension represents the state, from 1 at the bottom to n at the
top, and the horizontal dimension represents travel along the path. Notice that
in this diagram we have shown both ¢ and j to be greater than k, but either or
both could be & or less. Also notice that the path passes through node k twice,
but never goes through a state higher than k, except af the endpoints.
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Figure 3.2: A path whose label is in the language of regular expression Rgf)

To construct the expressions Rf:‘ ), we use the following inductive definition,
starting at £ = 0 and finally reaching £ = n. Notice that when & = n, there is
no restriction at all on the paths represented, since there are no states greater
than n.

BASIS: The basis is £ = 0. Since all states are numbered 1 or above, the
restriction on paths is that the path must have no intermediate states at all.
There are only two kinds of paths that meet such a condition:

1. An arc from node (state) 1 to node j.

2. A path of length 0 that consists of only some node 1.

If i # 4, then only case (1) is possible. We must examine the DFA A and
find those input symbols a such that there is a transition from state i to state
J on symbol a.

a) If there is no such symbol a, then R_E?} =@,

b) If there is exactly one such symbol @, then RE?) =a.

¢} If there are symbols ay,aa,...,ar that label arcs from state i to state j,
then R}?) =a; +ay+---+ay.

However, if ¢ = j, then the legal paths are the path of length 0 and all loops
from 7 to itself. The path of length 0 is represented by the regular expression
¢, since that path has no symbols along it. Thus, we add ¢ to the various
expressions devised in (a) through (¢} above. That is, in case (a) [no symbol a]
the expression becomes e, in case (b) [one symbol a] the expression becomes e+a,
and in case (¢) [multiple symbols] the expression becomes e +a; +as + - - +ag.

INDUCTION: Suppose there is a path {rom state ¢ to state j that goes through
no state higher than k. There are two possible cases to consider:
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1. The path does not go through state k at all. In this case, the label of the
path is in the language of R{ff_”.

2. The path goes through state & at least once. Then we can break the path
into several pieces, as suggested by Fig. 3.3. The first goes from state
i to state k without passing through &, the last piece goes from % to j
without. passing through %, and all the pieces in the middle go from k
to itsclf, without passing through k. Note that if the path goes through
state k only once, then there are no “middle” pieces, just & path from ¢
to k and a path from & to j. The set of labels for all paths of this type
is represented by the regular expression RI{.:_”(.REL_” )*R}:;_“ . That is,
the first expression represents the part of the path that gets to state &
the first time, the second represents the portion that goes from k to itself,
zero times, once, or tore than once, and the third expression represents
the part of the path that leaves k for the last time and goes to state j.

—— e~

—_—
{k-1) {k-1)
In R:‘k In Rkj

Zero or more strings in R g;‘”

Figure 3.3: A path from 4 Lo j can be broken into segments at cach point where
it goes through state &

When we combine the oxpressions for the paths of the two types above, we
have the expression

(k) _ plk—1) | plk—11, plk -1y plk -1}
Ry =Ry + Ry (B )Ry

for the labels of all paths from state  to state § that go through no state higher
than k. TIf we construct these expressions in order of increasing superscript,
then since each RE;‘) depends only on expressions with a smaller superscript,
then all expressions arc available when we need them.

Eventually, we have R};” for all i and j. We may assume that state 1 is the
start state, although the accepting states could be any set of the states. The
regular expression for the language of the automaton is then the sum (union)
of all expressions R(l';} such that state j is an accepting state. 0O

Example 3.5: Let us convert the DFA of Fig. 3.4 to a regular expression.

This DFA accepts all strings that have at Jeast one 0 in them. To see why. note

that the automaton goes from the start state 1 to accepting state 2 as soon as

it sces an input 0. The automaton then stays in state 2 on all input sequences.
Below are the hasis cxpressions in the construction of Theorem 3.4.
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|

Rﬁ] e+1
0
R% 0

RY | €+0+1)

For instance, R&“,} has the term ¢ because the beginning and ending states are
the same, state 1. It has the term 1 because there is an arc from state 1 to state
1 on input 1. As another example, R(g is 0 because there is an arc labeled 0
from state 1 to state 2. There is no e term because the beginning and ending
states are different. For a third example, R{l = ), because there is no are from
state 2 to state 1.

Now, we must do the induction part, building more complex expressions
that first take into account paths that go through state 1, and then paths that
can go through states 1 and 2, i.c., any path. The rule for computing the
expressions RE;} are instances of the general rule given in the inductive part of
Theorem 3.4:

R(]} R(U B(U}( ) Rig} (31)

The table in Fig. 3.5 gives first the expressions computed by direct substitution
into the above formula, and then a simplified expression that we can show, by
ad-hoc reasoning, to represent the same language as the more complex expres-
sion.

| By direct substitution | Simplified
BV let14(e+ e+ 1) (e+1) ] 17
R | 0+ (e+1)(e+1)*0 170
W 0B+ 1) e+ 1) ]
R e+ 0+1+0(e+1)%0 e+0+1

Figure 3.5: Regular expressions for paths that can go through only state 1

For example, consider Rg). Its expression is R(O) (D) [R ] {2’, which
we get from (3.1) by substituting ¢ = 1 and j = 2.

To undersiand the simplification, note the general principle that if R is any
regular expression, then (e + R)* = R*. The justification is that both sides of
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the cquation describe the language consisting of any concatenation of zero or
more strings from L(R). In our case, we have (¢ + 1)" = 1*; notice that both
expressions denote ary number of 1’s. Further, (e+1)1" = 17. Again. it can be
observed that both expressions denote “any number of 1's.” Thus, the original
expression Rg} is equivalent to 0 + 1*0. This expression denotes the language
containing the string 0 and all strings consisting of a 0 preceded by any number
of 1’s. This language is also expressed by the simpler expression 1*0.

The simplification of Rﬁ] is similar to the simplification of R{? that we just
considered. The simplification of Réll) and R depends on two rules about
how @ operates. For any regular expression R:

1. BR = R = ®. That is, @ is an annihilator for concatenation; it results in
itself when concatenated, either on the left or right, with any expression.
"This rule makes sense, because for a string to be in the result of a concate-
nation, we must find strings from both arguments of the concatenation.
Whenever one of the arguments is @, it will be impossible to find a string
from that argument.

9. f+R=R+0=R. Thatis, 0 is the ideutity for union; it results in the
other expression whenever it appears in a union.

As a result, an expression like @(¢ + 1)*(e + 1) can be replaced by @. The last
two simplifications should now be clear.

Now, let us compute the expressions Rff] The inductive rule applied with
k = 2 gives us:

RY = R + RY(RY)) AL 3.2)

If we substitute the simplified expressions from Fig. 3.5 mio {3.2), we gH the
expressions of Fig. 3.6. That figure also shows simplifications following the same
principles that we described for Fig. 3.5.

| By direct substitution | Simplified
RP [ 1" +1*0(e + 0+ 1)*0 1"
RY | 10+ 1"0(c + 0+ 1) (e + 0+ 1) 1°0(0 + 1)
R | 0+ (e+0+1)(e+0+1)"0 0

@D | et 0+1+(e+0+1)(e+0+1)(€+0+1) | (0+1)

Figure 3.6: Regular expressions for paths that can go through any state

The final regular expression equivalent to the automaton of Fig. 3.4 is coun-
structed by taking the union of all the expressions where the first state is the
start state and the sccond state is accepting. In this example, with 1 as the

start state and 2 as the only accepting state, we need only the expression Rﬁ).
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This expression is 1*0(0 + 1)*. It is simple to interpret this expression. Its
language consists of all strings that begin with zero or more 1’s, then have a 0,
and then any string of 0°s and 1’s. Put another way, the language is all strings
of 0’s and 1's with at least one ). O

3.2.2 Converting DFA’s to Regular Expressions by
Eliminating States

The method of Section 3.2.1 for converting a DFA to a regular expression al-
ways works. In fact, as you may have noticed, it doesn’t really depend on the
automaton being deterministic, and could just as well have been applied to an
NFA or even an e-NFA. However, the construction of the regular expression
is expensive. Not only do we have to construct about n® expressions for au
n-state automaion, but the length of the expression can grow by a factor of 4
on the average, with each of the n inductive steps, if there is no simplification
of the expressions. Thus, the expressions themselves could reach on the order
of 4" symbols,

Tlere is a similar approach that avoids duplicating work at some points.
For example, all of the expressions with superseript (£ + 1) in the construction

of Theorem 3.4 use the same subexpression (RE_.’;))“; the work of writing that
expression is therefore repeated n? times.

The approach to constructing regular expressions that we shall now learn
involves eliminating states. When we eliminate a state s, all the paths that went
through s no longer exist in the automaton. If the language of the automaton
is not to change, we must include, on an arc that goes directly from ¢ to p,
the labels of paths that went from somne state g to state p, through s. Since
the label of this arc may now involve strings, rather than single symbols, and
there may even be an infinite number of such strings, we cannot simply list the
strings as a label. Fortunately, there is a simple, finite way to represent all such
strings: use a regular expression.

Thus, we are led to consider automata that have regular cxpressions as
labels. The language of the automaton is the union over all paths from the
start state to an accepting state of the language formed by concatenating the
languages of the regular expressions along that path. Note that this rule is
consistent with the definition of the language for any of the varieties of automata
we have considered so far. Each symbol a, or ¢ if it is allowed, can be thouglt
of as a regular expression whose language is a single string, either {a} or {¢}.
We may regard this observation as the basis of a state-elimination procedure,
whicli we describe next.

Figure 3.7 shows a generic state s about to be eliminated. We suppose that
the automaton of which s is a state has predecessor states ¢;,¢92,....q: for s
and successor states py,pa, .- .. Pm for s. It is possible that some of the ¢’s are
also p’s, but we assume that s is not among the ¢’s or p's, even if there is a loop
from & to itself, as suggested by Fig. 3.7. We also show a regular expression on
each arc from one of the ¢°s to s; expression @; labels the arc from g;. Likewise,
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R

Im

Figure 3.7: A state s about to be eliminated

we show a regular expression P; labeling the arc from s to p;, for all i. We show
a loop on s with label S. Finally, there is a regular expression R;; on the arc
from g; to p;, for all ¢ and j. Note that some of these arcs may not exist in the
automaton, in which case we take the expression on that arc to be @.

Figure 3.8 shows what happens when we eliminate state g. All arcs involving
state s are deleted. To compensate, we introduce, for each predecessor g; of s
and each successor p; of s, a regular expression that represents all the paths
that start at ¢;. go to s, perhaps loop around s zero or more times, and finally
g0 to p;. The expression for these paths is ;5™ F;. This expression is added
{(with the union operator) to the arc from ¢; to p;. If there was no arc q; =+ pj,
then first introduce one with regular expression .

The strategy for constructing a regular expression from a finite automaton
is as follows:

1. For cach accepting state g, apply the above reduction process to pro-
duce an equivalent automaton with regular-expression labels on the arcs.
Eliminate all states except ¢ and the start state go.

2. If ¢ # qo, then we shall be left with a two-state automaton that looks like
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R+ Q58

R+ Q58

Ry, + @, 5*F,

Figure 3.8: Result of climinating state s fromn Fig. 3.7

Fig. 3.9. The regular expression for the accepted strings can be deseribed
in various ways. One is (R + SUT)*SU*. In explanation, we can go
from the start state to itself any number of times, by following a sequence
of paths whose labels are in either L(R) or L{(SU*T). The expression
SU*T represents paths that go to the accepting state via a path in L(S),
perhaps return to the accepting state several times using a sequence of
paths with labels in L({7), and then return to the start state with a path
whose label is in L(T). Then we must go to the accepting state, never to
return to the start state, by following a path with a label in L{5). Once
in the accepting state, we can return to it as many times as we like, by
following a path whose label is in L(U).

Figurc 3.9: A generic two-state automaton

. If the start state is also an accepting state, then we must also perform

a state-elimination from the original automaton that gets rid of every
state but the start state. When we do so, we are left with a one-state
automaton that looks like Fig. 3.10. The regular expression denoting the
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strings that it accepts is R*.

Start

Figure 3.10: A generic one-staie automatou

4. The desired regular expression is the sum (unicn) of all the expressions
derived from the reduced automata for each accepting state, by rules (2)
and (3).

0.1

Start I 1 I 0,1 . 0,1 '
Figure 3.11: An NFA accepting strings that have a 1 either two or three posi-
tions from the end

Example 3.6: Let us consider the NFA in Fig. 3.11 that accepts all strings of
0's and 1's such that either the second or third position from the end has a 1.
Our first step is to convert it to an automaton with regular expression labels.
Since no state elimination has been performed, all we have to do is replace the
labels “0,1" with the equivalent regular expression 0 4+ 1. The resnlt is shown
in Fig. 3.12.

0+1

Start 1 o 0+1 . 0+1 @
Figure 3.12: The automaton of Fig. 3.11 with regular-expression labels

Let us first eliminate state B. Since this state is neither accepting nor
the start state, it will not be in any of the reduced automata. Thus, we save
work if we eliminate it first, before developing the two reduced automata that
correspond to the two accepting states.

State B has one predecessor, A, and one successor, C. In terms of the
regular expressions in the diagram of Fig. 3.7: =1, P =0+ 1, B, = ]
{since the arc from A to C does not exist), and S = § (because there is no
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loop at state B). As a result, the expression on the new arc from A to C is
@+107(0+1).

To simplify, we first eliminate the initial @, which may be ignored in a union.
The expression thus becomes 1*(0 + 1). Note that the regular expression @*
is equivalent to the regular expression e, since

L) ={UL@B)ULBDLB)U---

Since all the terms but the first are empty, we see that L(§*) = {e}, which
is the same as L{e). Thus, 1#~(0 + 1) is cquivalent to 1{0 + 1), which is the
expression we use for the arc 4 — € in Fig. 3.13.

0+1

Staﬂ_—@ W0+ 1) =@ 0+1 =@

Figure 3.13: Eliminating state B

Now, we must branch, eliminating states C' and D in separate reductions.
To eliminate state €', the mechanics are similar to those we performed above
to eliminate state B, and the resulting automaton is shown in Fig. 3.14.

0+1

StL@ 10+ 10+ D .;@

Figure 3.14: A two-state automaton with states 4 and D

In terms of the generic two-state automaton of Fig. 3.9, the regular expres-
sions from Fig. 3.14 are: R=04+1, S =10+ 1)(0+ 1), T =9, and U = @.
The expression I'™ can be replaced by ¢, i.e., eliminated in a concatenation;
the justification is that #* = ¢, as we discussed above. Also, the expression
SU*T is equivalent to @, since T, one of the terms of the concatenation, is @,
The generic expression (R + SU*T)*S5U* thus simplifies in this case to R*S,
or (0 + 1)*1(0 + 1){0 + 1). In informal terms, the language of this expression
is any string ending in 1, followed by two symbols that are each either 0 or
1. That language 1s one portion of the strings accepted by the automaton of
Fig. 3.11: those strings whose third position from the end has a 1.

Now, we must start again at Fig. 3.13 and eliminate state D instead of C.
Since 7 has no successors, an inspection of Fig. 3.7 tells us that there will be
no changes to arcs, and the arc from C to D is eliminated, along with state D.
The resulting two-state automaton is shown in Fig. 3.15.
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Ordering the Elimination of States

As we observed in Example 3.6, when a state is neither the start state
nor an accepting state, it gets eliminated in all the derived automata.
Thus, one of the advantages of the state-climination process compared
with the mechanical generation of regular expressions thar we described
in Section 3.2.1 is that we can start by eliminating all the states that
ar¢ neither start nor accepting, once and for all. We only have to begin
duplicasing the reduction effort when we need to eliminate some accepting
statos,

Even there, we can combine some of the effort. For instance, if there
are three acrepting states p, ¢, and v, we can eliminate p and then branch
to climinate cither ¢ or r, thus producing the automata for accepting states
r and g, respectively. We then start again with all three accepiing states
and eliminate both ¢ and r to get the automaton for p.

0+1

Start O 100 + 1)
—® -©

Figure 3.15: Two-state automaton resulring from the elimination of 2

This antomaton is very much like that of Fig. 3.14; only the label on the are
from the start state 1o the accepting state is differcnt. Thus, we can apply the
rule for two-state automata and simplify the expression to get (0+1)"1{0+1).
This expression represents the other type of string the automaton accepts: those
with a 1 in the sccond position from the end.

All that, remains is 1o sum the two expressions to getl the expression for the
entire antomaton of Fig. 3.11, This expression is

(O+1)71{0+ 1)+ (0+ 1710+ 1)(0+1)

L

3.2.3 Converting Regular Expressions to Automata

We shall now complete the plan of Fig. 3.1 by showing that every language L
that is L{R) for some regular expression A, is also L(E) for some e-NFA E. The
proof is a structural induction on the expression K. We start by showing how
to construct antomata for the basis expressions: single s¥mbols, €, and #. We
then show how to combine these automata into larger antomata that accept the
union, concatenation. or closure of the language accepted by smaller antomata,
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All of the automata we construct are e-NFA’s with a single accepting state.

Theorem 3.7: Every language defined by a regular expression is also defined
by a finite automaton.

PROOF: Suppose L = L(R) for a regular expression R. We show that L = L(E)
for some e-NFA E with:

1. Exactly one accepting state.
2. No arcs into the initial state.
3. No arcs out of the accepting state.

The proof is by structural induction on R, following the recursive definition of
regular expressions that we had in Section 3.1.2.

(a)

Figure 3.16: The basis of the construction of an automaton from a regular
expression

BASIS: There are three parts to the basis, shown in Fig. 3.16. In part (a) we
see how to handle the expression ¢. The language of the automaton is easily
seent to be {e}, since the only path from the start state to an accepting state
is labeled e. Part (b) shows the construction for §. Clearly therc are no paths
from start state to accepting state, so @ is the language of this automaton.
Finally, part {c) gives the automaton for a regular expression a. The language
of this automaton evidently consists of the one string e, which is also L(a). It
is easy to check that these automata all satisfy conditions (1}, (2), and (3) of
the inductive hypothesis.
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p
P 5
—=)
\f ‘
£ ‘\O Ry
(a)
R O%E—%—O s @
(b)
TN
£ €
R
v
(c)

Figure 3.17: The inductive step in the regular-expression-to-e-NFA construction

INDUCTION: The three parts of the induction are shown in Fig. 3.17. We
agsume that the statement of the theorem is true for the immediate subexpres-
sions of a given regular expression; that is, the languages of these subexpressions
are also the languages of -NFA’s with a single accepting state. The four cases

are:

1. The expression is R +

5 for some smaller expressions R and 5. Then the

antomaton of Fig. 3.17(a) serves. That is, starting at the new start state,
we can go to the start state of either the automaton for & or the automa-
ton for . We then reach the accepting state of one of these automata,
following a path labeled by some string in L{R) or L(S}, respectively.
Once we reach the accepting state of the automaton for R or S, we can
follow one of the e-arcs to the accepting state of the new automaton.
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Thus, the language of the automaton in Fig. 3.17(a) is L(R) U L(S).

2. The expression is RS for some smaller expressions R and $. The automa-
ton for the concatenation is shown in Fig. 3.17(b). Note that the start
state of the first automaton becomes the start state of the whole, and the
accepting state of the second automaton becomes the accepting state of
the whole. The idea is that the only paths from start to accepting state go
first through the automaton for R, where it must follow a path labeled by
a string in L(R), and then through the automaton for S, where it follows
a path labeled by a string in L{S). Thus, the paths in the automaton of
Fig. 3.17(b) are all and only those labeled by strings in L{R)L(S).

3. The expression is R* for some smaller expression R. Then we use the
aatomaton of Fig. 3.17(c). That automaton allows us to go either:

(a) Direclly from the start state to the accepting state along a path
labeled ¢. That path lets us accept ¢, which is in L{R™) no matter
what expression R is.

{(b) To the start state of the automaton for R, through that automaton
one or more times, and then to the accepting state. This set of paths
allows us to accept strings in L(R), L{R)L(R), L{(R)L{R)L(R), and
so on, thus covering all strings in L{R*) except perhaps €, which was
covered by the direct arc to the accepting state mentioned in (3a).

4. The expression is (R} for some smaller expression 8. The automaton
for R also serves as the automaton for (R), since the parentheses do not
change the language defined by the expression.

It is a simple observation that the constructed automata satisfy the three con-
ditions given in the inductive hypothesis — one accepiing state, with no arcs
into the initial state or out of the accepting state. O

Example 3.8: Let us convert the regular expression (0 + 1)*1(0 + 1) to an
e-NFA. Qur first step is to construct an automaton for 0 + 1. We use two
autornata constructed according to Fig. 3.16{c), one with label 0 on the arc
and one with label 1. These two automata are then combined using the union
construction of Fig. 3.17{(a). The result is shown in Fig. 3.18(a).

Next, we apply to Fig. 3.18(a) the star construction of Fig. 3.17(c). This
automaton is shown in Fig. 3.18(b). The last two steps involve applying the
concatenation construction of Fig. 3.17(b). First, we connect the automaton of
Fig. 3.18(b) to another automaton designed to accept only the string 1. This
automaton is another application of the basis construction of Fig. 3.16(c) with
label 1 on the arc. Note that we must create a new automaton to recognize 1;
we must. not use the automaton for 1 that was part of Fig. 3.18(a). The third
auntomaton in the concatenation is another antomaton for 0 + 1. Again, we
must create a copy of the antomaton of Fig. 3.18(a); we must not, use the same
copy that became part of Fig. 3.18(b). The complete automaton is shown in
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()

Figure 3.18: Automata constructed for Example 3.8
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Fig. 3.18(c). Note that this ¢-NFA, when e-transitions are removed, looks just
like the much simpler automaton of Fig. 3.15 that also accepts the strings that
have a 1 in their next-to-last position. O

3.2.4 Exercises for Section 3.2

Exercise 3.2.1: Here is a transition table for a DFA;

o]t

= q || g2 | 1
2|l M|
*3 || @3 | 42

* a) Give all the regular expressions RE?). Note: Think of state ¢; as if it were
the state with integer number :.

* b) Give all the regular expressions RE;} Try to simplify the expressions as
much as possible.

¢} Give all the regular expressions Ri-? . Try to simplify the expressions as
much as possible.

d) Give a regular expression for the language of the automaton.

* e) Construct the transition diagram for the DFA and give a regular expres-
sion for its language by eliminating state g¢;.

Exercise 3.2.2: Repeat Exercise 3.2.1 for the following DFA:

o |1
—+q1 || 92 | 93
gz || 91 | 93
*Gy | 42 | @

Note that solutions to parts (a), (b) and (e) are not available for this exercise.

Exercise 3.2.3: Convert the following DFA to a regular expression, using the
state-elimination technique of Section 3.2.2.

[o]1
=xp s |p
qajr|s
r|lr|q
sllg|r

Exercise 3.2.4: Convert the following regular expressions to NFA’s with -
fransitions.
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*a) 01",
b) (0 + 1)01.
¢) 00(0 + 1)*.

Exercise 3.2.5: Eliminate e-transitions from vour e-NFA's of Exercise 3.2.4.
A solution to part (a) appears in the book’s Web pages.

! Exercise 3.2.6: Let A = (Q, X, 4, q, {g7})} be an «-NFA such that there are no
transitions into go and no transitions out of g;. Describe the language accepted
by each of the following modifications of A, in terms of L = L(A):

* a) The automaton constructed from A by adding an e-transition from q; 0
Jo-

* b) The antomaton constructed from A by adding an e-transition from g
to every state reachable from g, (along a path whose labels may include
symbols of T as well as €).

¢) The automaton constructed from A4 by adding an e-transition to gy from
every state that can reach q; along some path.

d) The automaton constructed from A4 by doing both (b} and (c).

! Exercise 3.2.7: There are some simplifications to the constructions of Theo-
rem 3.7, where we converted a regular expression to an e-NFA. Here are three:

1. For the union operator, instead of creating new start and accepting states,
merge the two start states into one state with all the transitions of both
start states. Likewise, merge the two accepting states, having all transi-
tions to either go to the merged state instead.

2. For the concatenation operator, merge the accepting state of the first
automaton with the start state of the second.

3. For the closure operator, simply add ¢-transitions front the aceepting state
to the start state and vice-versa.

Each of these simplifications, by themsclves, still yield a correct construction;
that is, the resulting e-NFA for any regular expression accepts the language of
the expression. Which subsets of changes (1), (2), and (3) may be made to the
construction together, while still yielding a correct automaton for every regular
expression?

*!! Exercise 3.2.8: Give an algorithm that takes a DFA A and computes the
number of strings of length n (for some given n, not related to the number
of states of A) accepted by A. Your algorithm should be polynomial in both
n and the number of states of 4. Hint: Use the technique suggested by the
construction of Theorem 3.4.
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3.3 Applications of Regular Expressions

A regular expression that gives a “picture” of the pattern we want to recognize
is the medinm of choice for applications that search for patterns in text. The
regular expressions are then compiled, behind the scenes, intc deterministic or
nondeterministic automata, which are then simulated to produce a program
that recognizes patterns in text. In this section, we shall consider two impor-
tant classes of regular-expression-based applications: lexical analyzers and text
search.

3.3.1 Regular Expressions in UNIX

Before seeing the applications, we shall introduce the UNIX notation for ex-
tended regular expressions. This notation gives us a number of additional ca-
pabilitics. In fact, the UNIX cxtensions include certain features, especially the
ability to nare and refer to previous strings that have matched a pattern, that
actually allow nonregular languages to be recognized. We shall not consider
these features here; rather we shall only introduce the shorthands that allow
complex regular expressions to be written succinctly.

The first enhancement to the regular-expression notation concerns the fact
that most real applications deal with the ASCII character set. Our examples
have typically used a small alphabet, such as {0,1}. The existence of only two
symbols allowed us to write succinct expressions like 0+ 1 for “any character.”
However, if there were 128 characters, say, the same expression would involve
listing them all, and would be highly inconvenient to write. Thus, UNIX reg-
ular expressions allow us to write character classes to represent large sets of
characters as succinctly as possible. The rules for character classes are:

e The symbol . (dot) stands for “any character.”
¢ The sequence [oyaz - - ai] stands for the regular expression
e +ax+---+ag

This notation saves about half the characters, since we don’t have to write
the +-signs. For example. we could express the four characters used in C
comparison operators by [<>=!].

+ Between the square braces we can put a range of the form z-y to mean all
the characters from = to y in the ASCII sequence. Since the digits have
codes in order, as do the upper-case letters and the lower-case letters, we
can express many of the classes of characters that we really care about
with just a few keystrokes. For example, the digits can be expressed
[0-9], the upper-case letters can be expressed [A-Z], and the set of all
letters and digits can be expressed [A-Za-z0-9]. If we want to include a
minus sign among a list of characters, we can place it first or last, so it is
not confused with its use to form a character range. For example, the set
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of digits, plus the dot, plus, and minus signs that are used to form signed
decimal numbers may be expressed [-+.0-9]. Square brackets, or other
characters that have special meanings in UNIX regular expressions can
be represented as characters by preceding them with a backslash (\).

o There are special notations for several of the most common classes of
characters. For instance:

a) [:digit:] is the set of ten digits, the same as [0-9] 3
b) [:alpha:] stands for any alphabetic character, as does [A-Za-2].

¢) [:alnum:] stands for the digits and letters (alphabetic and numeric
characters), as does [A-Za-z0-9].

In addition, there are several operators that are used in UNIX regular ex-
pressions that we have not encountered previously. None of these operators
extend what languages can be expressed, but they sometimes make it easier €0
express what we want,

1. The operator | is used in place of -+ to denote union.

2. The operator ? means “zero or one of.” Thus, R? in UNIX is the same
as € + R in this book’s regular-expression notation.

3. The operator + means “one or more of.” Thus, R+ in UNIX is shorthand
for RR* in our notation.

4. The operator {n} means “n copics of.” Thus, R{5} in UNIX is shorthand
for RRRRR.

Note that UNIX regular expressions allow parentheses to group subexpressions,
just as for the regular expressions described in Section 3.1.2, and the same
operator precedence is used (with 7, + and {n} treated like * as far as precedence
is concerned). The star operator * is used in UNIX (without being a superscript,
of course) with the same meaning as we have used.

3.3.2 Lexical Analysis

One of the oldest applications of regular expressions was in specifying the comn-
ponent of a compiler called a “lexical analyzer.” This component scans the
source program and recognizes all tokens, those snbstrings of consecutive char-
acters that belong together logically. Keywords and identifiers are common
examples of tokens, but there are many others.

%The notation [:digit:] has the advantage that should some code other than ASCII be
used, including a code where the digits did not have conseculive codes, [:digit:1 would still
represent [01234667891, while [0-9] would represent whatever characters had codes between
the codes for 0 and 9, inclusive.
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The Complete Story for UNIX Regular Expressions

The reader who wants to get the complete list of operators and short-
hands available in the UNIX regular-expression notation can find them
in the manual pages for various commands. There are some differences
among the various versions of UNIX, but a command like man grep will
get ¥ou the notation used for the grep command, which is fundamental.
“Grep” stands for “Global (search for) Regular Expression and Print,”
incidentally.

The UNIX command lex and its (NU version flex, accept as input a list of
regular expressions, in the UNIX style, each followed by a bracketed section of
code that indicates what the lexical analyzer is to do when it finds an instance
of that token. Such a facility is called a lezicel-analyzer generator, because it
takes as input a high-level description of a lexical analyzer and produces from
it a function that is a working lexical analyzer.

Commands such as lex and flex have been found extremely useful because
the regular-expression notation is exactly as powerful as we need to describe
tokens. These commands are able t¢ use the regular-expression-to-DFA con-
version process to generate an efficient function that breaks source programs
into tokens. They make the implementation of a lexical analyzer an afternoon’s
work, while before the development of these regular-expression-based tools, the
hand-generation of the lexical analyzer could take months. Further, if we need
to modify the lexical analyzer for any reason, it is often a simple matter to
change a regular expression or two, instead of having to go into mysterious
code to fix a bug.

Example 3.9: In Fig. 3.19 is an example of partial input to the lex command,
describing some of the tokens that are found in the language C. The first line
handles the keyword else and the action is to return a symbolic constant {ELSE
in this example) to the parser for further processing. The second line contains
a regular expression describing identifiers: a letter followed by zero or more
letters and/or digits. The action is first to enter that identifier in the symbol
table if not already there; lex isolates the token found in a buffer, so this piece
of code knows exactly what identifier was found. Finally, the lexical analyzer
returns the symbolic constant ID, which has been chosen in this example to
represent. identifiers.

The third entry in Fig. 3.19 is for the sign >=, a two-character operator.
The last example we show is for the sign =, a one-character operator. There
would in practice appear expressions describing each of the keywords, each of
the signs and punctuation symbols like commas and parentheses, and families
of constants such as numbers and strings. Many of these are very simple,
Jjust a sequence of one or more specific characters. However, some have more
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else {return(ELSE);}

[A-Za-z] [A-Za-20-9]* {code to enter the found identifier
in the symbol table;
return{ID);

}
>= {return(GE);}

= {return(EQ);}

Figure 3.19: A sample of lex input

of the flavor of identifiers, requiring the full power of the regular-expression
notation to describe. The integers, floating-point numbers, character strings,
and comments are other examples of sets of strings that profit from the regular-
expression capabilities of commands like lex. O

The conversion of a collection of expressions, such as those suggested in
Fig. 3.19, to an automaton proceeds approximately as we have described for-
mally in the preceding sections. We start by building an automaton for the
union of all the expressions. This automaton in principle tells us only that
some token has been recognized. However, if we follow the construction of The-
orem 3.7 for the union of expressions, the e-NFA state tells us exactly which
token has been recognized.

The only problem is that more than one token may be recognized at once;
for instance, the string else matches not only the regular expression else but.
also the expression for identifiers. The standard resolution is for the lexical-
analyzer gencrator to give priority to the first expression listed. Thus, if we
want keywords like else to be reserved (not usable as identifiers), we simply
list them ahead of the expression for identifiers.

3.3.3 Finding Patterns in Text

In Section 2.4.1 we introduced the notion that automata could be used to scarch
efficiently for a set of words in a large repository such as the Web. While the
tools and technology for doing so are not so well developed as that for lexical
analyzers, the regular-expression notation is valuable for describing searches
for interesting patterns. As for lexical analyzers, the capability to go from
the natural, descriptive regular-expression notation to an efficient {antomaton-
based) implementation offers substantial intellectual leverage.
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The gencral problem for which regular-expression technology has been found
useful is the description of a vaguely defined class of patterns in text. The
vagueness of the description virtually guarantees that we shall not describe
the pattern correctly at first — perhaps we can never get exactly the right
description. By using regular-cxpression notation, it hecomes easy to describe
the patterns at a high level, with little effort, and to modify the description
quickly when things go wrong. A “compiler” for regular expressions is useful
to turn the expressions we write into cxccutable code.

Let us explore an extended example of the sort of problem that arises in
many Web applications. Suppose that we want to scan a very large number of
Web pages and detect addresses. We might simply want to crcate a mailing
list. Or, perhaps we are trying to classify businesses by their location so that
we can answer queries like “find me a restaurant within 10 minutes drive of
where I am now.”

We shall focus on recognizing street addresses in particular. What is & street
address? We'll have to figure that out, and if, while testing the software, we
find we miss some cases, we'll have to modify the expressions to capture what
we were missing. To begin, a street address will probably end in “Street” or its
abbreviation, “St.” However, some people live on “Avenues” or “Roads,” and
these might be abbreviated in the address as well. Thus, we might use as the
ending for our regular expression something like:

Street |St\. | Avenue|Ave\. |Road|Rd\.

In the above expression, we have used UNIX-style notation, with the vertical
bar, rather than +, as the union opcrator. Note also that the dots are escaped
with a preceding backslash, since dot has the special meaning of “any character”
in UNIX expressions, and in this case we really want only the period or “dot”
character to end the three abbreviations.

The designation such as Street must be preceded by the name of the street.
Usually, the name is a capital letter followed by some lower-case letters. We
can describe this pattern by the UNIX expression (A-Z][a-z]*. However,
some streets have a name consisting of more than one word, such as Rhode
Island Avenue in Washington DC. Thus, after discovering that we were missing
addresses of this forni, we could revise our description of street names to be

' (A-Z] [a-z]*( [A-Z] [a-z]l%)=’

The expression ahove starts with a group consisting of a capital and zero
or more lower-case letters. There follow zero or more groups consisting of a
blank, another capital letter, and zero or more lower-case letters. The blank
is an ordinary character in UNIX expressions, but to avoid having the above
expression look like two expressicns separated by a blank in a UNIX command
line, we are required to place quotation marks around the whole expression.
The quotes are not part of the expression itself.
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Now, we need to include the house number as part of the address. Most
house numbers are a string of digits. However, some will have a letter follow-
ing, as in “123A Main 5t.” Thus, the expression we use for numbers has an
optional capital letter following: [0-91+[A-Z]7. Notice that we use the UNIX
+ operator for “one or more” digits and the 7 operator for “zero or one” capital
letter. The entire expression we have developed for street addresses is:

? [0-91+[4-Z17 [A-Z)[a-zl*{ [A-Z][a-z]l*x)*
(Street |5t\.|Avenue|Ave\. |Road|Rd\.)’

If we work with this expression, we shall do fairly well. However, we shall
eventually discover that we are missing:

1. Streets that arc called something other than a street, avenue, or road. For
example, we shall miss “Boulevard,” “Place,” “Way,” and their abbrevi-
ations.

2. Street names that are numbers, or partially numbers, like “42nd Street.”
3. Post-Office boxes and rural-delivery routes.

4. Street names that don’t end in anything like “Street.” An example is El
Camino Real in Silicon Valley. Being Spanish for “the royal road,” saying
“El Camino Real Road” would be redundant, so one has to deal with
complete addresses like “2000 El Camino Real.”

5. All sorts of strange things we can’t even imagine. Can you?

Thus, having a regular-expression compiler can make the process of slow con-
vergence to the complete recognizer for addresses much easier than if we had
to recode overy change directly in a conventional programming language.

3.3.4 Exercises for Section 3.3

Exercise 3.3.1: Give a regular expression to describe phone numbers in all
the various forms you can think of. Consider international numbers as well as
the fact that different countries have different numbers of digits in arca codes
and in local phone numbaors.

Exercise 3.3.2: Give a regular expression to represent salaries as they might
appear in employment advertising. Consider that salaries might be given on
a per hour, week, month, or year basis. They may or may not appear with a
dollar sign, or other unit such as “K” following. There may be a word or words
nearby that identify a salary. Suggestion: look at classified ads in a newspaper,
or on-linc jobs listings to get an idea of what patterns might be useful.

Exercise 3.3.3: At the end of Section 3.3.3 we gave some examples of improve-
ments that could be possible for the regular expression that describes addresscs.
Modify the expression developed there to include all the mentioned options.
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3.4 Algebraic Laws for Regular Expressions

In Example 3.5, we saw the need for simplifying regular expressions, in order to
keep the size of expressions manageable. There, we gave some ad-hoc arguments
why one expression could be replaced by another. In all cases, the basic issue
was that the two expressions were cquivalent, in the sense that they defined
the same languages. In this section, we shall offer a collection of algehraic
laws that bring to a higher level the issuc of when two regular expressions are
equivalent. Instead of examining specific regular expressions. we shall consider
pairs of regular expressions with variables as arguments. Two expressions with
variables are equivalent if whatever languages we substitute for the variables,
the results of the two expressions are the same language.

An example of this process in the algebra of arithmetic is as follows. 1t is
one matter to say that 14+2 = 2+ 1. That is an example of the commutative law
of addition, and it is easy to check by applying the addition operator on both
sides and getting 3 = 3. However, the commautative law of addition says more;
it says that z +y = y + , where & and y are variables that can be replaced
by any two numbers. That is, no matter what two numbers we add, we get the
same result regardless of the order in whicli we suw them.,

Like arithmetic expressions. the regular expressions have a number of laws
that work for them. Many of these are similar to the laws for arithmetic, if we
think of union as addition and concatenation as multiplication. However, there
are a few places where the analogy breaks down, and there are also some laws
that apply to regular expressions but have no analog for arithmetic, especially
when the closure operator is invelved. The next sections form a catalog of the
major laws. We conclude with a discussion of how one can check whether a
proposed law for regular expressions is indeed a law; i.e., it will hold for any
languages that we may substitute for the variables.

3.4.1 Associativity and Commutativity

Commautativity is the property of an operator that says we can switch the order
of its operands and get the same result. An example for arithmetic was given
above: z +y = y + x. Associativity is the property of an operator that allows
us Lo regroup the operands when the operator is applied twice. For example,
the associative law of multiplication is (& x y) X z = z x (¥ % z). Here arc three
laws of these types that hold for regular expressions:

o L+ M =M+ L. This law, the commutative law for union, says that we
may take the union of two languages in cither order.

o (L+ M)+ N =L+ (M+ N). This law, the associative law for union,
says that we may take the union of three languages either by taking the
union of tho first two initially, or taking the union of the last two initially.
Note that, together with the commmutative law for union, we conclude
that. we can take the union of any collection of languages with any order
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and grouping, and the result will be the same. Intuitively, a string is in
Ly ULs U - Ly if and only if it is in one or more of the L;’s,

o (LM)N = L(MN). This law, the associative law for concatenation, says
that we can concatenate three languages by concatenating either the first
two or the last two initially.

Missing from this list is the “law”™ LM = ML, which would say that con-
catenation is commutative. However, this law is false.

Example 3.10: Consider the regular expressions 01 and 10. These expres-
sions denote the languages {01} and {10}, respectively. Since the languages are
different the general law LM = ML cannot hold. If it did, we could substitute

the regular expression 0 for L and 1 for M and conclude falsely that 01 = 10.
O

3.4.2 Identities and Annihilators

An identity for an operator is a value such that when the operator is applied to
the identity and some other value, the result is the other value. For instance,
0 is the identity for addition, since 0 + z = z + 0 = #, and 1 is the identity
for multiplication, since L x # = = x 1 = x. An ennihilator for an operator
is a value such that when the operator is applied to the annihilator and some
other value, the result is the annihilator. For instance, 0 is an annihilator for
multiplication, since 0 x z = z x 0 = . There is no annihilator for addition.

There are three laws for regular expressions involving these concepts; we list
them below,

o 0+ L =1L+ ®= L. This law asserts that @ is the identity for union.
e ¢L = Le = L. This law asserts that ¢ is the identity for concatenation.
o L = LB = 0. This law asserts that 0 is the annihilator for concatenation.

These laws are powerful tools in simplifications. For example, if we have a
union of several expressions, some of which are, or have been simplified to @,
then the #’s can be dropped from the union. Likewise, if we have a concatenation
of severa) expressions, some of which are, or have been simplified to ¢, we can
drop the ¢’s from the concatenation. Finally, if we have a concatenation of any
number of expressions, and even one of them is @, then the entire concatenation
can be replaced by §.

3.4.3 Distributive Laws

A distributive law involves two operators, and asserts that one operator can be
pushed down to be applied to each argument of the other operator individually.
The most common example from arithmetic is the distributive law of multipli-
cation over addition, that is, z x (¥ + 2) = z X ¥ + £ x z. Since multiplication is
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commutative, it doesn’t matter whether the multiplication is on the left or right
of the sum. However, there is an analogous law for regular expressions, that we
must state in two forms, since concatenation is not commutative. These laws
are:

o L(M+ N)=LM + LN. This law, is the left distributive law of concate-
nation over union.

o (M + N})L = ML+ NL. This law, is the right distributive law of con-
catenation over union.

Let us prove the left distributive law; the other is proved similarly. The
proof will refer to languages only; it does not depend on the languages having
regular expressions.

Theorem 3.11: If L, M, and N are any languages, then
LIMUN)=LMULN

PROOF: The proof is similar to another proof about a distributive law that we
saw in Theorem 1.10. We neced first to show that a string w is in L(M U N) if
and only if it is in LM U LN.

(Only if) If w is in L(M U N), then w = zy, where z is in L and ¥ is in either
Mor N. Ifyisin M, then zy is in LM, and therefore in LM U LN. Likewise,
if y is in N, then zy is in LN and therefore in LM U LN.

(If) Suppose w is in LM U LN. Then w is in either LM or in LN. Suppose
first that w isin LM. Then w = 2y, where zisin L and y is in M. Asyis in
M, it is also in M U N. Thus, ay is in L(M U N}, If w is not in LM, then it
is surely in LN, and a similar argument shows it is in LIM U N). O

Example 3.12: Consider the regular expression 0-+01*. We can “factor out a
0" from the union, but first we have to recognize that the expression 0 by itself
is actually the concatenation of 0 with something, namely e. That is, we use
the identity law for concatenation to replace 0 by Oe, giving us the expression
0e + 01*. Now, we can apply the left distributive law to replace this expression
by O(e + 1*). If we further recognize that e is in L(1*), then we observe that
€+ 1* =17, and can simplify to 01*. O

3.4.4 The Idempotent Law

An operator is said to be idempetent if the result of applying it to two of the
same values as arguments is that value. The common arithmetic operators are
not idempotent; x + z 7 z in general and = X ¢ # z in general (although there
are some values of z for which the equality holds, such as 0+ 0 = 0). However,
union and intersection are common examples of idempotent operators. Thus,
for regular expressions, we may assert the following law:
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o L+ L = L. This law, the idempotence law for union, states that if we
take the union of two identical expressions, we can replace them by one
copy of the expression.

3.4.5 Laws Involving Closures

There arc a number of laws involving the closure operators and its UNIX-style
variants T and 7. We shall list them here, and give some explanation for why
they are true.

e (L*)* = L*. This law says that closing an expression that is already
closed does not change the language. The language of (L*)” is all strings
created by concatcnating strings in the language of L*. But those strings
are themselves composed of strings from L. Thus, the string in (L*)* is
alsc a concatenation of strings from L and is therefore in the language of
L=

o * = ¢. The closure of @ contains only the string e, as we discussed in
Example 3.6.

s ¢ = ¢. It is easy to check that the only string that can be formed by
concatenating any number of copies of the empty string is the empty
string itself.

o Lt =LL" = L*L. Recall that ¥ is defined to be L+ LL + LLL 4+ .-,
Also, I* = e+ L+ LL + LLE +--- . Thus,

LL*=Le+LL+LLL+LLLL+---

When we remember that Le = L, we sec that the infinite expansions for
LL* and for LT are the same. That proves Lt = LL*. The proof that
Lt = L*L is similar.*

o L* = Lt +¢. The proof is easy, since the expansion of L™ includes every
termn in the expansion of L* except e. Note that if the language L contains
the string ¢, then the additional “+¢” term is not needed; that is, Lt =L*
in this special case.

o L7 = ¢+ L. This rule is really the definition of the ? operator.

3.4.6 Discovering Laws for Regular Expressions

Each of the laws above was proved, formally or informally. However, there is
an infinite variety of laws about regular expressions that might be proposed.
Is there a general mecthodology that will make our proofs of the correct laws

1Notice that, as a consequence, any language £ commutes (under concalenation) with ils
own closure; LL* = L* L. That rule does not contradict the fact that, in general, concatena-
tion is not commutative.
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easy? It turns out that the truth of a law reduces to a question of the equality
of two specific languages. Interestingly, the technique is closely tied to the
regular-expression operators, and cannot be extended to expressions involving
some other operators, such as intersection.

To see how this test works, let us consider a proposed law, such as

(L + M) = (L*M*)*

This law says that if we have any two languages L and A, and we close their
union, we get the same language as if we take the language L*M™, that is,
all strings composed of zero or more choices from L followed by zero or more
choices from M, and close that language.

To prove this law, suppose first that string w is in the language of (L+ M )*.5
Then we can write @ = wyws - - - wy for some &, where each w; is in either L or
M. Tt follows that each w; is in the language of L*A4*. To see why, if w is in
L, pick one string, my;, from L; this string is also in L*. Pick no strings from
M that is, pick ¢ from M*. If w; is in M, the argument is similar. Once every
w; is seen to be in L*M*, it follows that w is in the closure of this language.

To complete the proof, we also have to prove the converse: that strings
in (L*M™*)* are also in (L + M)*. We omit this part of the proof, since our
objeetive is not to prove the law, but to notice the following important property
of regular expressions.

Any regular expression with variables can be thought of as a concrete regular
expression, one that has no variables, by thinking of each variable as if it were a
distinct symbol. For example, the expression (L + M)* can have variables L and
M replaced by symbols @ and &, respectively, giving us the regular expression
{a+b)".

The language of the concrete expression guides us regarding the form of
strings in any language that is formed from the original expression when we
replace the variables by languages. Thus, in our analysis of (L + M)*, we
observed that any string w composed of a sequence of choices from either L or
M, would be in the language of (L 4+ M}, We can arrive at that conclusion
by looking at the language of the concrete expression, L{(a + b)*}, which is
evidently the set of 2ll strings of a’s and &s. We could substitute any string in
L for any occurrence of a in one of those strings, and we could substitute any
string in M for any occurrence of b, with possibly different choices of strings for
different occurrences of a or b. Those substitutions, applied to all the strings
in (a + b)=, gives us all strings formed by concatenating strings from 7 and/or
M, in any order.

The above statement may seem obvious, but as is pointed out in the box
on “Extensions of the Test Beyond Regular Expressions May Fail,” it is not
even truc when some other operators are added to the three regnlar-expression
operators. We prove the general principle for regular expressions in the next
theorem.

SFor simplicity, we shall identify the regular expressions and their languages, and avoid
saying “the Janguage of” in from of every regular expression,
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Theorem 3.13: Let E be a regular expression with variables Ly, Lo, ..., Ly,
Form concrete regular expression C by replacing each occurrence of L; by the
symbol a;, for ¢ = 1,2,...,m. Then for any languages L;, L2,..., Ly, every
string w in L(E) can be written w = wywa - - - wy, where each w; is in one of
the languages, say Lj, and the string aj,aj, --»a;, is in the language L(C).
Less formally, we can construct L{E) by starting with each string in L(C),
say aj,aj, <-4, and substituting for each of the a;,’s any string from the
corresponding language L, .

PROOF: The proof is a structural induction on the expression E.

BASIS: The basis cases are where E is ¢, #, or a variable L. In the first two
cases, there is nothing to prove, since the concrete expression C is the same as
E. If E is a variable L, then L{E) = L. The concrete expression C is just a,
where a is the symbol corresponding to L. Thus, L(C) = {a}. If we substitute
any string in L for the symbol  in this one string, we get the langnage L, which
is also L(E).

INDUCTION: There are three cases, depending on the final operator of E.
First, suppose that E = F 4+ @ i.e., a union is the final operator. Let C and D
be the concrete expressions formed from F and G, respectively, by substituting
concrete symbols for the language-variables in thesc expressions. Note that the
same symbol must be substituted for all occurrences of the same variable, in
both F and G. Then the concrete expression that we get from E is C+ D, and
L(C + D) = L(C) + L(D).

Suppose that w is a string in L{E), when the language variables of E are
replaced by specific languages. Then w is in either L{F) or L(G). By the
inductive hyputhesis, w is obtained by starting with a concrete string in L(C) or
L(D), respectively, and substituting for the symbols strings in the corresponding
languages. Thus, in either case, the string w can be constructed by starting
with a concrete string in L{C + D), and making the same substitutions of strings
for syinbols.

We must also consider the cases where E is FG or F*. However, the ar-
guments are similar to the union case above, and we leave them for you to
complete. O

3.4.7 The Test for a Regular-Expression Algebraic Law

Now, we can state and prove the test for whether or not a law of regular
expressions is true. The test for whether E = F is true, where £ and F' are
two regular expressions with the same set of variables, 1s:

1. Convert E and F' to concrete regular expressions € and D, respectively,
by replacing each variable by a concrete symbol.

2. Test whether L{(C) = L(D). If so, then B = F is a true law, and if not,
then the “law” is false. Note that we shall not sec the test for whether two
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regular expressions denote the same language until Section 4.4. However,
we can use ad-hoc means to decide the equality of the pairs of languages
that we actually care about. Recall that if the languages are not the same,
than it is sufficient to provide one counterexample: a single string that is
in one language but not the other.

Theorem 3.14; The above test correctly identifies the true laws for regular
expressions.

PROOF: We shall show that L(E) = L(F) for any languages in place of the
variables of E and F if and only if L{C) = L(D).

(Only-if) Suppose L(E) = L{F) for all choices of languages for the variables,
In particular, choose for every variable L the concrete symbol a that replaces L
in expressions C and 0. Then for this choice, L{(C) = L(E)}, and L{D) = L(F).
Since L{E) = L(F) is given, it follows that L{C) = L(D).

(If) Suppose L{C) = L(D). By Theorem 3.13, L(E) and L(F) are each
constructed by replacing the concrete symbols of strings in L{C) and L{D),
respectively, by strings in the langvages that correspond fo those symbols. If
the strings of L(C') and L{D) are the same, then the two languages constructed
in this manner will also be the same; that is, L{F)=L(F). DO

Example 3.15: Consider the prospective law (L + M)* = (L*M*)*. If we
replace variables L and M hy concrete symhbols ¢ and b respectively, we get the
regular expressions (a + b)* and (a*b”)”. It is easy to check that both these
expressions denote the language with all strings of e’s and #'s. Thus, the two
concrete expressions denote the same language, and the law holds.

For another example of a law, consider L* = L*L*. The concrete languages
are a* aud a*a*, respectively, and each of these is the sot of all strings of a's.
Again, the law is found to hold; that is, concatenation of a closed language with
itself yickls that langunage.

Finally, consider the prospective law L+ ML = (L + M)L. If we choose
symbols ¢ and b for variables L and A, respectively. we have the two concrete
regular expressions a + ba and (a + b}a. However, the languages of these
expressiotls are not the same. For example, the string ea is in the second, but
not the first. Thus, the prospective law is false, O

3.4.8 Exercises for Section 3.4
Exercise 3.4.1: Verily the following identities involving regular expressions.
*a) R+S=S+R.

b) (R+8)+T=R+(5+7).

c) (RS)T = R(5T).
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Extensions of the Test Beyond Regular Expressions
May Fail

Let us consider an extended regular-expression algebra that includes
the intersection operator. Interestingly, adding N to the three regular-
expression operators does not increase the set of languages we can de-
scribe, as we shall see in Theorem 4.8. However, it ducs make the test for
algebraic laws invalid.

Consider the “law” L 1 M N N = LN M; that is, the intersection of
any three languages is the same as the intersection of the first two of these
languages. This “law” is patently falsc. For example, let L = M = {a}
and N = §. But the test based on concretizing the variables wonld fail to
sec the difference. That is, if we replaced L, A, and N by the symbols a,
b, aud ¢, respectively, we would test whether {a} N {6} 0 {c} = {a} N {b}.
Since both sides are the empty set, the equality of languages holds and
the test would imply that the “law™ is true.

d) R(S+T)= RS + RT.

e)
*f

R+ S)T = RT + ST.
R*)* =R*.
e+ R)*=HR".

(
(
(
(R*S°)" = (R+S)".

)
g)
h)

! Exercise 3.4.2: Trove or disprove cach of the following statements about
regular cxpressions.

*a) (R+S5) =R +8",
h) (RS+ R)*R = R{SE+ R)".
*¢) (RS + R)*RS = (RR*S)™.
d} (R+S5)YS=(RS)".
e} S(RS+ S)*R = RR*S(RR*S)".
Exercise 3.4.3: In Example 3.6. we developed the regular expression
(0+1)*'1{0+1)+ (0 +1)"1(0+ 1){0+ 1)

Use the distributive laws to develop two different, simpler, equivalent expres-
sions,
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Exercise 3.4.4: At the beginning of Section 3.4.6, we gave part of a proof that
(L*M=*)* = (L + M)*. Complete the proof by showing that strings in (L*M*)”
are also in (L + M)™.

1 Exercise 3.4.5: Complete the proof of Theorem 3.13 by handling the cases
wherc regular expression E is of the form F'G or of the form F*.

3.5 Summary of Chapter 3

4 Regular Ezpressions: This algebraic notation describes exactly the same
languages as finite automata: the regular languages. The regular-ex-
pression operators are union, concatenation {or “dot”), and closure (or
“star”).

4 Regular Expressions in Practice: Systems such as UNIX and various of
its commands use an extended regular-expression language that provides
shorthands for many common expressions. Character classes allow the
easy expression of sets of symbols, while operators such as one-or-more-of
and at-most-onc-of augment the usual regular-expression operators.

4+ Eguivalence of Regular Expressions and Finite Automata: We can con-
vert a DFA to a regular expression by an inductive construction in which
expressions for the labels of paths allowed to pass through increasingly
larger sets of states are constructed. Alternatively, we can use a state-
elimination procedure to build the regular expression for a DFA. In the
other direction, we can construct recursively an e-NFA from regular ex-
pressions, and then convert the e-NFA to a DFA, if we wish.

+ The Algebra of Regular Expressions: Regular expressions obey many of
the algebraic laws of arithmetic, although there are differences. Union
and concatenation are associative, but only union is commutative. Con-
catenation distributes over union. Union is idempotent.

4+ Testing Algebraic Identitics: We can tell whether a regular-expression
equivalenice involving variables as arguments is true by replacing the vari-
ables by distinct constants and testing whether the resulting languages
are the same.

3.6 References for Chapter 3

The idea of regular expressions and the proof of their equivalence to finite
automata is the work of S. C. Kleene [3]. However, the construction of an e-
NFA from a regular expression, as presented here, is the “McNaughton-Yamada
construction,” from [4]. The test for regular-expression identities by treating
variables as constants was written down by J. Gischer [2]. Although thought to
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be folklore, this report demonstrated how adding several other operations such
as intersection or shuffle (See Exercise 7.3.4) makes the test fail, even though
they do not extend the class of languages representable.

Even before developing UNIX, K. Thompson was investigating the use of
regular expressions in commands such as grep, and his algorithm for processing
such commands appears in [5]. The early development of UNIX produced sev-
eral other commands that make heavy use of the extended regular-expression
notation, such as M. Lesk’s lex command. A description of this command and
other regular-expression techniques can be found in {1].
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Chapter 4

Properties of Regular
Languages

The chapter explores the propertics of regular languages. Our first tool for
this exploration is a way to prove that certain languages arc not regular. This
theorem, called the “punping lemma,” is introduced in Section 4.1.

One important kind of fact about the regular languages is called a “closure
property.” These properties let us build recognizers for languages that are
coustructed from other languages by certain operations. As an example, the
intersection of two regular languages is also regular. Thus, given automata
that recognize two different regular languages, we can construct mechanically
an automaton that recognizes exactly the intersection of these two languages.
Since the automaton for the intersection may have many more states than either
of the two given automata, this “closure property” can be a useful tool for
building complex autemata. Section 2.1 used this construction in an essential
way.

Some other important facts about regular languages are called “decision
properties.” Qur study of these properties gives us algorithms for answering
important questions about automata. A central example is an algorithm for
deciding whether two automata define the same Janguage. A consequence of
our ability to decide this question is that we can “minimize” automata, that
is, find an equivalent to a given automaton that has as few states as possible.
This problem has been important in the design of switching circuits for decades,
since the cost of the circuit (arca of a chip that the circuit occupics) tends t0
decrease as the number of states of the automaton implemented by the circuit
decreases.
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4.1 Proving Languages not to be Regular

We have established that the class of languages known as the regular langnages
has at least four different descriptions. They are the languages accepted by
DFA’s, by NFA's, and by e-NFA’s; they are also the languages defined by regular
expressions.

Not every language is a regular language. In this section, we shall introduce
a powerful technique, known as the “pumping lemma,” for showing certain
languages not to be regular, We then give several examples of nonregular
languages. In Section 4.2 we shall see how the pumping lermma can be used in
tandem with ¢losure propertics of the regular languages to prove cther languages
not to be regular.

4.1.1 The Pumping Lemma for Regular Languages

Let us consider the langnage Loy = {0%1" | n > 1}. This language contains
all strings 01, 0011, 000111, and so on, that consist of one or more 0’s followed
by an equal number of 1's. We claim that Ly, is not a regular language. The
intuitive argurent is that if Ly, were regular, then Lgy, would be the language
of some DFA A. This automaton has some particular number of states, say k
states. Imagine this automaton receiving & 0's as input. It is in some state after
consuming each of the k + 1 prefixes of the input: €,0,00,...,0%. Since there
are only k different states, the pigeonhole principle tells vy that after reading
two different prefixes, say 0¢ and 04, A must be in the same state, say state g.

However, suppose instead that after reading ¢ or j 0's, the automaton A4
starts receiving 1’s as input. After receiving ¢ 1's, it must accept if it previously
received 7 0’s, but not if it received § 0’s. Since it was in state ¢ when the 1's
started, it cannot “remember” whether it received ¢ or 7 0's, so we can “fool”
A and make it do the wrong thing - accept if it should not, or fail to accept
when it should.

The above argument is informal, but ¢an be made precise. However, the
same conclusion, that the language Ly is not regular, can be reached using a
general result, as follows.

Theorem 4.1: (The punping lemma for regular languages) Let L be a regular
language. Then there exists a constant n (which depends on L) such that for
every string w in L such that |w| > n, we can break w into three strings,
w = 2yz, such that:

L. y#e
2. |zy| < n.
3. For all k > 0, the string xy*z is also in L.

That is, we can always find a nonempty string  not too far from the beginning
of w that can be “pumped”; that is, repeating y any number of times, or deleting
it (the case k = 0), keeps the resulting string in the language L.
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PROOF: Suppose L is regular. Then L = L(A) for some DFA 4. Suppose A has
n states. Now, consider any string w of length n or more, say w = @y - - .
where m > n and cach @; is an input symbol. For 7 =0.1....,n define state
pi to be §(qo. @102 -+ - @;), where 6 Is the transition function of 4, and go is the
start state of .A. That is, p; is the state A is in after reading the first ¢ symbols
of w. Note that po = go.

By rhe pigeonhole principle, it is not possible for the n + 1 different p;’s for
i=0,1....,n to be distinct, since there are ouly n different states. Thus, we
can find two differenc integers ¢ and ., with 0 <& < j € n, such that p; = p;.
Now, we can break w = gyz as follows:

1L x=a a0 @y,
2. ¥ = aj10i00 a4y
J.z Sty

That is, & takes us to p; once; y takes us from p; back to p; (since py is also p;),
and z is the balance of w. The relationships among the strings and states arc
suggested by Fig. 4.1. Note that & may be empty, tn the case that i = 0. Also,
z may be empty if j = n = m. However, y can not be empty, since [ is strictly
less than j.

Figure 4.1: Every string longer than the number of states must cause 4 state
to repeal

Now, consider what happens if the automaton A reccives the input ay*» for
any k = 0. If k¥ = 0, then the automaton goes from the start state go (which is
also po) to p; on input x. Since p; is also p;, it must be that A goes from p; to
the accepting state shown in Fig. 4.1 on input z. Thus, -1 accepts rz.

If £ > 0, then A goes from gg to p; on input . circles from p; to p; k times
on input y*, and then gous to the accepting state on input z. Thus, for any
k>0, :zy"'z is also accopted by A; that s, ryfzisin L. O

4.1.2 Applications of the Pumping Lemma

Let us sce some examples of how the pnmping lemma is used. lu each case.
we shall propose a language and use the pumping letma to prove that the
language is not regular.
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The Pumping Lemma as an Adversarial Game

Recall our discussion from Section 1.2.3 where we pointed out that a theo-
rem whose statement involves several alternations of “for-all” and “there-
exists” quantifiers can be thought of as a game between two players. The
pumping lemma is an important example of this type of theorem, since it
in effect involves four different quantifiers: “for all regular languages L
there exists n such that for all w in L with |w| > n there exists zyz
cqual to w such that --- ." We can see the application of the pumping
lemma as a game, in which:

1. Player 1 picks the language L to be proved nonregular.

2. Player 2 picks n, but doesn’t reveal to player 1 what n is; player 1
must devise a play for all possible n's.

3. Player 1 picks w, which may depend on n and which must be of
length at least n.

4. Player 2 divides w into z, y, and z, obeying the constraints that
are stipulated in the pumping lemma; y # € and |zy| < n. Again,
player 2 does not have to tell player 1 what z, y, and z are, although
they must obey the constraints.

5. Player 1 “wins” by picking %, which may be a function of n, z, y.
and z, such that zy*z is not in L.

Example 4.2: Let us show that the language L., consisting of all strings with
an equal number of O’s and 1’s {not in any particular order) is not a regular
language. In terms of the “two-player game” described in the box on “The
Pumping Lemma as an Adversarial Game,” we shall be player 1 and we must
deal with whatever choices player 2 makes. Suppose n is the constant that must
exist if L.q is regular, according to the pumping lemma; i.e., “player 2" picks
n. We shall pick w = 0™17, that is, n (s followed by n 1’s, a string that surely
isin L.g.

Now, “player 2" breaks our w up into zyz. All we know is that y # e, and
|ry| € n. However, that information is very useful, and we “win” as follows.
Since |zy| < n, and zy comces at the front of w, we know that x and y consist
only of 0’s. The pumping lemma tells us that wz is in L., if L., is regular.
This conclusion is the case k = 0 in the pumping lemma.! However, 2 has n
1’s, since all the 1's of w are in z. But zz also has fewer than n 0’s, because we

LObserve in what follows that we could have also succeeded by picking & = 2, or indeed
any value of & other than 1.
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lost the 0’s of y. Since y # ¢ we know that there can be no more than n — 1 0's
among z and z. Thus, after assuming L., is a regular language, we have proved
a fact known to be false, that xz is in L.;. We have a proof by contradiction
of the fact that L.y is not regular. O

Example 4.8: Let us show that the language L,, consisting of all strings of
1's whose length is a prime is not a regular language. Suppose it werc. Then
there would be a constant n satisfying the conditions of the pumping lemma.
Constder some prime p > n + 2; there must be such a p, since there are an
infinity of primes. Let w = 17,

By the pumping lemma, we can break w = xyz such that y # ¢ and |oy| < n.
Let |y] = m. Then |xz| = p — m. Now consider the string zy*~ ™2, which must
be in Ly, by the pumping lemma, if L, really is regular. However,

ey ™z = |zz| + (p—m)|yl =p—m+(p—-m)m ={m + 1){p—m)

Tt looks like [zyP~™z| is not a prime, since it has two factors m + 1 and
p — m. However, we must check that neither of these factors are 1, since then
(m + 1}{p — m) might be a prime after all. But 1n + 1 > 1, since y # ¢ tells us
m > 1. Also, p —m > 1, since p > n + 2 was chosen, and m < n since

m=|y|<|zy| £n

Thus, p—m > 2.

Again we have started by assuming the language in question was regular,
and we derived a contradiction by showing that some string not in the language
was required by the pumping lemma to be in the language. Thus, we conclude
that L,, is not a regular language. O

4.1.3 Exercises for Section 4.1

Exercise 4.1.1: Prove that the following are not regular languages.

a) {0717 | n > 1}. This language, consisting of a string of 0’s followed by an
equal-length string of s, is the language Lo, we considered informally at
the beginning of the section. Here, you should apply the pumping lemma
in the proof.

b) The set of strings of balanced parentheses. These are the strings of char-
acters “(” and “)” that can appear in a well-formed arithmetic expression.

*¢) {010" | n>1}.
d) {0™172" | n and mn arc arbitrary integers}.
e} {U"1™ | n < m}.

£y {0712% | n > 1).
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! Exercise 4.1.2: Prove that the following are not regular languages.
* a) {0" | n is a perfect square}.
b) {0" | n is a perfect cube}.
c) {0" | n is a power of 2}.
d) The set of strings of 0's and 1's whose length is a perfect square.

¢) The set of strings of 0’s and 1’s that are of the form ww, that is, some
string repeated.

f) The set of strings of 0’s and 1's that are of the form ww?, that is, some
string followed by its reverse. (See Section 4.2.2 for a formal definition of
the reversal of a string.)

g) The set of strings of 0's and 1’s of the form ww, where % is formed from
w by replacing all 0’s by 1’s, and vice-versa; e.g., 011 = 100, and 011100

is an example of a string in the language.

h) The set of strings of the form w1™, where w is a string of 0’s and 1’s of
length n.

! Exercise 4.1.3: Prove that the following are not regular languages.

a} The set of strings of 0's and 1’s, beginning with a 1, such that when
interpreted as an integer, that integer is a prime.

b) The set of strings of the form 0°17 such that the greatest common divisor
of i and jis 1.

! Exercise 4.1.4: When we try to apply the pumping lemma to a regular lan-
guage, the “adversary wins,” and we cannot complete the proof. Show what
goes wrong when we choose L to be one of the following languages:

* a) The empty set.
* by {00.11}.
* ¢) (00 + 11)*.

d) 01*0°1.
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4.2 Closure Properties of Regular Languages

In this section, we shall prove several theorems of the form “if certain languages
are regular, and a language L is formed from them by certain operations (e.g., L
is the union of two regular languages), then L is also regular.” These theorems
are often called closure properties of the regular languages, since they show that
the class of regular languages is closed under the operation mentioned. Closure
properties express the idea that when one (or several) languages are regular,
then certain related langnages arc also regular. They also serve as an interest-
ing illustration of how the equivalent representations of the regular languages
(automata and regular ¢xpressions} reinforce each other in our understanding
of the class of languages, since often one representation is far better than the
others in supporting a proof of a closure property. Herc is a summary of the
principal closure properties for regular languages:

1. The union of two regular languages is regular.
The interscction of two regular languages is regular.

The complement of a regular language is regular.

o b

The difference of two regular languages is regular.
The reversal of a regular language is regular.
The closure (star) of a regular language is regular.

The concatenation of regular languages is regular.

L -

A homomorphism (substitution of strings for symbols) of a regular lan-
guage is regular.

9. The inverse homomorphism of a regular language is regular.

4.2.1 Closure of Regular Languages Under Boolean
Operations

Our first closure properties are the three boolean operations: umion, intersec-
tion. and complementation:

1. Let L and M be languages over alphabet X. Then L U M is the language
that contains all strings that arc in either or both of L and M.

2. Let L and A be languages over alphabet . Then L N Af is the language
that contains all strings that are in both L and M.

3. Let I be a language over alphabet ¥. Then L, the complement of L, is
the set of strings in ¥* that are not in L.

It turns out that the regular languages are closed under all three of the
boolean operations. The proofs take rather different approaches though, as we
shall see.
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What if Languages Have Different Alphabets?

When we take the union or intersection of two languages L and M, they
might have different alphabets. For example, it is possible that L; € {a, b}
while Ly C {b.c.d}. However, if a language L consists of strings with
symbols in £, then we can also think of L as a language over any finite
alphabet that is a snperset of . Thus, for example. we can think of both
L, and L, above as being languages over alphabet {u,b,¢,d}. The fact
that none of L,’s strings contain symbols ¢ or d is irrelevant, as is the fact
that Ls's strings will not contain d.

Likewise, when taking the complement of a language L that is a subset
of T} for some alphabet T;, we may choose to take the complement with
respect to some alphabet X that is a superset of £). If so, then the
complement of L will be 3 — L; that is, the complement of L with respect
ta By includes (among other strings) all those strings in £ that have at
least one symbol that is in Zy but not in £;. Had we taken the complement
of L with respect to ;. then no string wirh symbols in £; —%; would be in
L. Thus, to be strict, we should always state the alphabet with respect to
which a corplement is taken. However, often it is obvious which alphabet
is meant; e.g., if L is defined by an automaton, then the specification of
thal automaton includes the alphabet. Thus, we shall often speak of the
“complement” without specifying the alphabet.

Closure Under Union
Theorem 4.4: If L and M are regular languages, then so is L U M.

PROOF: This proof is simple. Since I and M are regular, they have regular
expressions; say L = L(R) and A = L{S). Then L U M = L(R + S5) by the
definition of the + operator for regular expressions. D

Clasurc Under Complementation

The theorem for union was made very easy by the use of the regular-expression
representation for the languages. However, ler us next consider complemen-
tation. Do you see how to take a regular expression and change it into one
that defines the complement language? Well neither do we, However, it can be
done. because as we shall see in Theoremn 4.5, it is easy to start with a DFA and
construct a DFA that accepts the complement. Thus, starting with a regular
expression, we could find a regular expression for its complement as follows:

1. Convert the regular expression to an «NFA.

2. Convert that ¢ NFA to a DFA by the subset construction.
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Closure Under Regular Operations

The proof that regular languages are closed under union was exceptionally
easy because union is one of the three operations that define the regular
expressions. The same idea as Theorem 4.4 applies to concatenation and
closure as well. That is:

o If L and Af arc regular languages, then so is LA,

e If L is a regular language, then so is L*.

3. Complement the accepting states of that DFA.

4, Turn the complement DFA back into a regular expression using the con-
struction of Sections 3.2.1 or 3.2.2.

Theorem 4.5: If L is a regular language over alphabet T, then L = X* — L is
also a regular language.

PROOF: Let L = L(A) for some DFA A4 = (Q,%,4,40, F). Then L = L(B),
where B is the DFA {Q. X.8,¢0. ¢ — F). That is, B is exactly like A, but the
accepting states of A have become nonaccepting states of B, and vice versa.
Then w is in L(B) if and only if §(go,w) is in @ — F, which oceurs if and only
ifwisnotin L(4). D

Notice that it is important for the above proof that §(gg, w) is always some
state; i.e., there are no missing transitions in A. If there were, then certain
strings might lead neither to an accepting nor nonaccepting state of A, and
those strings would be missing from both L(Ad) and L(B). Fortunately, we
have defined a DFA to have a transition on every symbol of ¥ from every state,
so each string leads either to a state in F or a state in @ — F.

Example 4.6: Let 4 be the automaton of Fig. 2.14. Recall that DFA A ac-
cepts all and only the strings of 0’s and 1’s that end in 01; in regular-expression
terms, L{4)} = (0 + 1)*01. The complement of L{A} is therefore all strings
of 0’s and 1's that do not end in 01. Figure 4.2 shows the automaton for
{0,1}* — L(A). It is the same as Fig. 2.14 but with the accepting state made
nonaccepting and the two nonaccepting states made accepting. O

Example 4.7: In this cxample, we shall apply Theorem 4.5 to show a certain
language not to be regular. In Example 4.2 we showed that the language L.,
consisting of strings with an equal number of (s and 1's and is not regular. This
proof was a straightforward application of the pumping lemma. Now consider
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Figure 4.2: DFA accepting the complement of the language (0 + 1)*01

the language M consisting of those strings of (°s and 1’s that have an unequal
number of 0’s and 1's.

It would be hard to use the pumping lemma to show M is not regular.
Intuitively, if we start with some string w in M, break it into w = 2yz, and
“pump” y, we might find that y itsclf was a string like 01 that had an equal
number of 0's and 1’s. If so, then for no k will zy*z have an equal number of 0’s
and 1’s, since zyz has an unequal number of 0’s and 1's, and the numbers of 0°s
and 1’s change cqually as we “pump” y. Thus, we can never use the pumping
lermma to contradiet the assumption that M is regular.

However, M is still not regular. The reason is that Af = L. Since the
complement of the complement is the set we started with, it also follows thai
L = M. If M is regular, then by Theorem 4.5, L is regular. But we know L is
not regular, so we have a proof by contradiction that M is not regular. D

Closure Under Intersection

Now, iet us consider the intersection of two regular languages. We actually
have little to do, since the three boolean operations are not independent. Once
we have ways of performing complementation and union, we can obtain the
intersection of languages L and A by the identity

InM=LuM (4.1)

In general, the intersection of two scts is the set of elements that are not in
the complement of either set. That observation, which is what Equation (4.1)
says, 15 ouc of DeMorgan’s laws. The other law is the same with union and
intersection interchanged; that is, LUM =T N M.

However, we can also perform a direct construction of a DFA for the in-
tersection of two regular languages. This construction, which essentially runs
two DFA's in parallel, is useful in its own right. For instance, we used it to
construct the automaton in Fig. 2.3 that represented the “product” of what
two participants — the bank and the store — were doing. We shall make the
product construction formal in the next theorer.
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Theorem 4.8: If L and M are regular languages, then so is L N M.

PROOF: Let L and M be the languages of automata 4 = (Qr,%,8z,qr, FL)
and Ay = (Qar, 2, 6ar, gar, Far). Notice that we are assuming that the alpha-
bets of both automata are the same; that is, ¥ is the union of the alphabets
of L and M, if those alphabets are different. The product construction actu-
ally works for NFA’s as well as DFA’s, but to make the argument as simple as
possible, we assume that A; and Ay are DFA’s.

For L N M we shall construct an automaton A that simulates both 4; and
Aar. The states of A are pairs of states, the first from Ay and the second from
Apr. To design the transitions of A, suppose A is in state (p, ¢}, where p is the
state of Az and q is the state of Ap. If ¢ is the input symbol, we see what A,
does on input @; say it goes to state s. We also see what Aps does on input
a; say it makes a transition to state ¢. Then the next state of A will be (s,¢).
In that manner, A has sirnulated the effect of both Ay and Apy. The idea is
sketched in Fig. 4.3.

Input a

Ty

Start

@-’ Accept

—

Ay

Figure 4.3: An automaton simulating two other automata and accepting if and
only if both accept

The remaining details are simple. The start state of 4 is the pair of start
states of A and Aas. Since we want to accept if and only if both automata
accept, we select as the accepting states of A all those pairs (p, ¢) such that p
is an accepting state of Ay and g is an accepting state of Axr. Formally, we
define:

A= {QL X Qﬂ!!zla'} ((IL:‘IM):FL X R’U)
where 5((7): Q)'-a) = (éf(p a)s£ﬂ4(?$a))-
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To see why L{A) = L(AL) N L{Aar), first observe that an easy induction
on |w| proves that §{(qr, gm),w) = (8r.(qr, w), SM(qM,w)). But 4 accepts w if
and only if 3((qL,qM), w) is a pair of accepting states. That is, L (gL, w) must
be in Fy, and b (¢ar, w) must be in Far. Put another way, w is accepted by 4

if and ouly if both Ay and Ay accept w. Thus, 4 accepts the intersection of
Land 3. O

Example 4.9: In Fig. 4.4 we see two DFA’s. The automaton in Fig. 4.4(a)
accepts all those strings that have a 0, while the automaton in Fig. 4.4(b)
accepts all those strings that have a 1. We show in Fig. 4.4(¢) the produet of
these two automata. Its states are labeled by the pairs of states of the automata
in {a) and (b).

Start 1@ 0 ’ 0.1

(©)
Figure 4.4: The product construction

It is casy to argue that this automaton accepts the intersection of the first
two languages: those strings that have both a 0 and a 1. State pr represents
only the initial condition, in which we have seen neither 0 nor 1. State ¢r means
that we have seen only (s, while state ps represents the condition that we have
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seen only 1’s. The accepting state gs represents the condition where we have
seen both 0's and 1's. O

Closure Under Difference

There is a fourth operation that is often applied to scts and is related to the
boolean operations: set difference. In terms of languages, L — M, the difference
of L and A, is the set of strings that are in language L but not in language
M. The regular languages are also closed under this operation, and the proof
follows easily from the thecrems just proven.

Theorem 4.10: If L and M are regular languages, then so is L — M.

PROOF: Observe that L — M = L N 31. By Theorem 4.5, M is regular, and
by Theorem 4.8 L N M is regular. Thercfore L — M is regular. D

4.2.2 Reversal

The reversal of a string ayaz---a, is the string written backwards, that is,
Aty -1 - - - a1. We use w' for the reversal of string w. Thus, 0010% is 0100, and
e = e

The reversal of a language L, written L%, is the language consisting of the
reversals of all its strings. For instance, if L = {001,10,111}, then L7 =
{100,01,1i1}.

Reversal is another operation that preserves regular languages; that is, if
L is a regular language, so is L#. There are two simple proofs, one based on
automata and one based on regular expressions. We shall give the automaton-
based proof informally, and let you fill in the details if you like. We then prove
the theorem formally using regular expressions.

Given a language L that is L{A) for some finite automaton, perhaps with
noudeterminisin and e-transitions, we may construet an automaton for LT by:

1. Reverse all the arcs in the transition diagram for A.

2. Mauke the start state of 4 be the only accepting state for the new automa-
ton.

3. Create a new start state pg with transitions on € to all the accepting states
of A.

The result is an automaton that simulates 4 “in reverse,” and therefore accepts
a string w if and only if 4 accepts w®. Now, we prove the reversal theorem

formally.

Theorem 4.11: If L is a regular language, so is L.
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PROOF: Assume L is defined by regular expression E. The proof is a structural
induction on the size of E. We show that there is another regular expression
E#® such that L(ER) = (L(E))R; that is, the language of E® is the reversal of
the language of E. '

BASIS: If K is ¢, 0, or a, for some symbol a, then E® is the same as E. That
is, we know {e} = {¢}, 8% = 0, and {a}”® = {a).

INDUCTION: There are three cases, depending on the form of E.

1. E = By + E>. Then ER = Eff + ER. The justification is that the reversal
of the union of two languages is obtained by computing the reversals of
the two languages and taking the union of those languages.

2. E = EyE;. Then ER = ERER. Note that we reverse the order of
the two languages, as well as reversing the languages themselves. For
instance, if L(E1) = {01,111} and L(FE>) = {00,10}, then L(E\E,) =
{0100,0110,11100,11110}. The reversal of the latter Janguage is

{0010,0110,00111, 01111}
If we concatenate the reversals of L(E;) and L(E,) in that order, we get

{00,01}{10,111} = {0010,00111, 0110, 01111}

which is the same language as (L(F; Eg))R. In general, if a word w in
L(E) is the concatenation of w, from L({E;) and w, from L(E,), then
wh = wfwl
2 Wi
3. E = BEY. Then ER = (Ef)*. The justification is that any string = in
L(E) can be written as wyws - - -w,,, where each w; is in L(E). But

WR = w0k
Each wf is in L(E®), so w® is in L((ER)*). Conversely, any string in
L((EF)‘) is of the form wywy - - - wy,, where each w; is the reversal of a
string in L(E1). The reversal of this string, wRwf® | --.wf, is therefore
a string in L{EY), which is L{F). We have thus shown that a string is in
L(E) if and only if its reversal is in L((Ef)*).

(]

Example 4.12: Let L be defined by the regular expression (0 + 1)0*. Then
L% is the language of (0*)2(0+ 1)2, by the rule for concatenation. If we apply
the rules for closure and union to the two parts, and then apply the basis rule
that says the reversals of 0 and 1 are unchanged, we find that L7 has regular
expression 0*(0+1). O
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4.2.3 Homomorphisms

A string komomorphism is a function on strings that works by substituting a
particular string for each symbol.

Example 4.13: The function b defined by h(0) = ab and (1) = ¢ is a homo-
morphism. Given any string of 0’s and 1’s, it replaces all 0’s by the string ab
and replaces all 1’s by the empty string. For example, & applied to the string
0011 is abab. O

Formally, if h is a homomorphism on alphabet X, and w = ajaz--- a4
is a string of symbols in ¥, then h{w) = h{ay)h{az)---h{a,). That is, we
apply A to each symbol of w and concatenate the results, in order. For in-
stance, if & is the homomorphism in Example 4.13, and w = 0011, then
h(w) = A(0YR(0)R(1)R(1) = (ab)(ab)(e)(¢) = abab, as we claimed in that ex-
ample.

Further, we can apply a homomorphism to a language by applying it to
each of the strings in the language. That is, if L is a language over alphabet
%, and h is a homomorphism on X, then h(L) = {h{w) | w is in L}. For
instance, if L is the language of regular expression 10*1, i.c., any number of
0’s surrounded by single 1’5, then h(L} is the language (ab)". The reason is
that A of Example 4.13 effectively drops the 1's, since they are replaced by e,
and turns each 0 into ab. The same idea, applying the homomorphism directly
to the regular expression, can be used to prove that the regular languages are
closed under homomorphisms.

Theorem 4.14: If L is a regular language over alphabet ¥, and % is a homo-
morphism on Z, then k(L) is also regular.

PROOF: Let I = L(R) for some regular cxpression R. In general, if E is a
regular expression with symbols in E, let k(E) be the expression we obtain by
replacing each symbol a of £ in E by h{e). We claim that A(R) defines the
language h(L).

The proof is an easy structural induction that says whenever we take a
subexpression £ of R and apply k to it to get A(E), the language of h(E)
is the same language we get if we apply h to the language L(E). Formally,
L{K{E)) = h(L(E)}).

BASIS: If F is € or @, then h{E) is the same as E, since & docs not affect the
string ¢ or the language 8. Thus, L(k({E)) = L{E). However, if Eis § or ¢, then
L(E) contains either no strings or a string with no symbols, respectively. Thus
h{L(E)) = L{E) in either case. We conclude L({Ah(E))} = L(E) = h{L{E)).

The only other basis case is if E = a for some symbol a in 3. In this case,
L{E) = {a}, so h{L(E)) = {h(a)}. Also, h(E) is the regular expression that
is the string of symbols h(a). Thus, L{A(E)) is also {h{a)}, and we conclude
L((E)) = h(L(B)).
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INDUCTION: There are three cases, each of them simple. 'We shall prove only
the union case, where £ = F'4+ (. The way we apply homomorphisms to regular
expressions assures us that A(E) = M{F + Q) = A(F) + h(G). We also know
that L{(E) = L(F) U L{() and

L(ME)) = L{A(F) + h(G)) = L(h{(F)) U L((G)) (4.2)

by the definition of what “+” means in regular expressions. Finally,

RL(E)) = ML(F) U L(G)) = A{L(F)) U h(L(G)) (4.3)

because h is applied to a language by application to each of its strings individ-
ually. Now we may invoke the inductive hypothesis to assert that L(h(F )) =
R(L{F)) and L{h{G)) = A(L(G)). Thus, the final expressions in (4.2) and
{4.3) are equivalent, and therefore so are their respective first terms; that is,
L(R(E)) = h(I(E)).

We shall not prove the cases where expression F is a concatenation or clo-
sure; the ideas are similar to the above in both cases. The conclusion is that
L(h(R)) is indeed h({L(R)); ie., applying the homomorphism k to the regu-
lar expression for language L results in a regular expression that defines the
language A(L). O

4.2.4 Inverse Homomorphisms

Hemomorphisms may also be applicd “backwards,” and in this mode they also
preserve regular languages, That is, suppose i is a homomorphism from some
alphabet ¥ to strings in another (possibly the same) alphabet T2 Let L be
a language over alphabet T. Then A™1(L), read “A inverse of L,” is the sct
of strings w in £* such that h{w) is in L. Figure 4.3 suggests the effect of
a homomorphism on a language L in part (a), and the effect of an inverse
homomarphism in part (b).

Example 4.15: Let L be the language of regular expression (00 + 1)*. That
15, L consists of all strings of 0’s and 1’s such that all the (’s occur in adjacent
pairs. Thus, 0010011 and 10000111 are in L, but 000 and 10100 are not.

Let /& be the homomorphism defined by k{a) = 01 and 2{b) = 10. We claim
that A~'(L) is the langnage of regular cxpression (ba)®, that is, all strings of
repeating ba pairs. We shall prove that A{w) is in L if and only if w is of the
form baba - - - ba.

(If) Suppose w is n repetitions of ba for some n > 0. Note that h(ba) = 1001,
s0 h{w) is n repetitions of 1001. Since 1001 is composed of two 1’s and a pair of
(’s, we know that 1001 is in L. Therefore any repetition of 1001 is also formed
from 1 and 00 scgments and is in L. Thus, A(w) is in L.

*That “T™ should be thought of as a Greek capital tau, the letter following sigma.
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h h(L)
()
(b)

Figure 4.5: A homomorphism applied in the forward and inverse direction

(Only-if) Now, we must assume that h(w) is in L and show that w is of the
fortn baba - - - ba. There are four conditions under which a string is not of that
form, and we shall show that if any of them hold then h{w) is not in L. That
is, we prove the contrapositive of the statement we set out to prove.

1. If w begins with e, then h(w) begins with 01. It therefore has an isolated
0, and is not in L.

2. Tf w ends in b, then h{w) ends in 10, and again therc is an isolated 0 in
h{w).

3. If w has two consecutive a's, then (w) has a substring 0101. Here too,
there is an isolated 0 in w.

4. Likewise, if w has two consecutive &'s, then hA(w) has substring 1010 and
has an isolated 0.

Thus, whenever one of the above cases hold, h{w) is not in L. However, unless
at least one of items (1) through (4) hold, then w is of the form baba - --ba.
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To see why, assume none of (1) through {(4) hold. Then (1) tells us w must
begin with b, and (2) tells us w ends with a. Statements (3) and (4) tell us that
a’s and b’s must alternate in w. Thus, the logical “OR” of (1) through (4) is
equivalent to the statement “w is not of the form baba-- - ba.” We have proved
that the “OR” of (1) through (4} implies A{w) is not in L. That statement is
the contrapositive of the statement we wanted: “if h{w) is in L, then w is of
the form baba - - ba.” O

We shall next prove that the inverse homomorphism of a regular language
is also regular, and then show how the theorem can be used.

Theorem 4.16: If A is a homomorphism from alphabet ¥ to alphabet T, and
L is a regular language over T, then h~!(L) is also a regular language.

PROOF: The proof starts with a DFA A for L. We constract from A and i a
DFA for A~ 1(L) using the plan suggested by Fig. 4.6. This DFA uses the states
of A but transiates the input symbol according to A before deciding on the next
state.

Input a
h
Input
Start Y hfa) t0o A
Accept/reject
- A Lot

Figure 4.6: The DFA for A~'(L) applies & to its input, and then simulates the
DFA for L

Formally, let L be L{A), where DFA A = (@, T,4,4p, F). Define a DFA
B = (Qazﬂr}':qﬂap)

where transition function v is constructed by the rule y(¢,a) = S(q, h{a}). That
is, the transition B makes on input « is the result of the sequence of transitions
that A makes on the string of symbols h(a). Remember that h(a) could be ¢,
it could be one symbol, or it could be many symbols, but § is properly defined
to take care of all these cases.
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It is an easy induction on |w| to show that 4(go. w) = §{go, A(w)). Since the
accepting states of 4 and B are the same, B accepts w if and only if A accepts
h{w). Put another way, B accepts exactly those strings w that are in A~1(L).
U

Example 4.17: In this example we shall use inverse homomorphism and sev-
eral other closure properties of regular sets to prove an odd fact about finite
automata. Suppose we required that a DFA vigit every state at least once when
accepting its input. More precisely, suppose 4 = ((}, X,4,q0, F) is a DFA, and
we are interested in the language L of all strings w in ¥* such that 3(qn, w)
is in F, and also for every state q in @ there is some prefix z; of w such that
8(go, t4) = ¢. Is L regular? We can show it is, but the construction is complex.

First, start with the language M that is L(A), i.e., the set of strings that
A accepts in the usual way, without regard to what states it visits during the
processing of its input. Note that L C M, since the definition of L puts an
additional condition on the strings of L(A). Qur proof that L is regular begins
by using an inverse homomorphism to, in effect, place the states of A into the
input symbols. More precisely, let us define a new alphabet T consisting of
symbols that we may think of as triples [pag], where:

1. p and g are states in @,
2. @ is a symbol in X, and
3. §{p,a)=4g.

That is, we may think of the symbols in T as representing transitions of the
automaton A. It is important to see that the notation [pag] is our way of
expressing a single symbol, not the concatenation of threc symbols. We could
have given it a single letter as a name, but then its relationship to p, ¢, and a
would be hard to describe.

Now, define the homomorphism h([pag]) = « for all p, @, and ¢. That is, A
removes the state components from each of the symbols of T' and leaves only
the symbol from X. Our first step in showing L is regular is to construct the
language L1 = A~ L{M). Since M is regular, so is Ly by Theorem 4.16. The
strings of L, are just the strings of M with a pair of states, representing a
transition, attached to each symbol.

As a very simple illustration, consider the two-state automaton of Fig.
4.4{a). The alphabet T is {0,1}, and the alphabet T consists of the four sym-
bols [pUg], [¢0q], [p1p], and [glg]. For instance, there is a transition from state
p to g on input O, so [p0g] is one of the symbols of T'. Since 101 i3 a string ac-
cepted by the automaton, h~! applied to this string will give us 23 = 8 strings,
of whick {plp]{pOq¢][g1q] and [¢lq][q0q][plp] are two examples.

We shall now construct L from L, by using a series of further operations
that, preserve regular languages. Our first goal is to eliminate all those strings
of L, that deal incorrectly with states. That is, we can think of a symbol like



144 CHAPTER 4. PROPERTIES OF REGULAR LANGUAGES

[paq] as saying the automaton was in state p, read input @, and thus entered
state . The sequence of symbols must satisfv three conditions if it is to be
deemed an accepting computation of A:

1. The first state in the first symbol must be gg, the start state of 4.

2. Bach transition must pick up where the previous one left off. That is,
the first state in one symbol must equal the second state of the previons
symbol.

3. The second state of the last symbol must be in ¥. This condition in fact
will be gnaranteed once we enforce (1) and (2), since we know that every
string in L; came from a string accepted by A.

The plan of the construction of I is shown in Fig. 4.7.

M The language of automaton A
¥ Inverse homomorphism
Ly Strings of M with state transitions embedded

Intersection with a regular language

L 2 Add condition that first state is the start state

Difference with a regular language

Ly Add condition that adjacent states are equal

v Difference with regular languages

Ly Add condition that all states appear on the path
i Homomorphism

L Delete state components, leaving the symbols

Figure 4.7: Constructing language L from language M by applying operations
that preserve regularity of languages

We enforce (1) by intersecting L; with the set of strings that begin with a
symbol of the form [goagq] for some symbol a and state ¢. That is, let E) be the
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expression [gouigi] + [go@2qz) + - - -, where the pairs a;g; range over all pairs in
¥ x Q such that 8(¢gn,a;) = g;. Then let Ly = Ly N L(E1T*). Since ENT™ iy
a regular expression denoting all strings in 7 that begin with the start state
{treat T in the regular expression as the sum of irs symbols), L, is all strings
that are formed by applying 27! to language M and that have the start state
as the first component of its Arst symbol; i.e., it meets condition (1).

To enfarce condition (2), it is easicr to subtract from Lg (using the set-
difference operation) all those strings that viclate it. Let E» be the regular
expression consisting of the sum (union) of the concatenation of all pairs of
symbols that fail to match; that is, pairs of the form [pagl[rbs} where ¢ # r.
Then T*E,T* is a regular expression denoting all strings that fail to meet
condition {2).

We may now define Ly = L — L(T*E,T*). The strings of L3 satisty condi-
tion (1) because strings in L, must begin with the start symbol. They satisty
condition {2) because the subtraction of L(T*E;T*) removes any string that
violates that condition. Finally, they satisfy condition (3), that the last state
is accepting, because we started with only strings in A, all of which lead to
acceptance by 4. The effect is that Ly consists of the strings in M with the
states of the accepting computation of that string embedded as part of each
symbol. Note that Ly is regular becanse it is the result of starting with the
regular language A, and applying operations — inverse homomorphism, inter-
section, and set difference — that yield regular sets when applied to regular
sets.

Recall that our goal was to accept only those strings in M that visited
every state in their accepting computation. We may enforce this condition by
additional applications of the set-difference operator. That is, for each state ¢,
let E, be the regular expression that is the sum of all the symbols in 7' such
that ¢ appears in neither its first or last position. If we subtract L(E}) fromn
L3 we have those strings that are an accepting computation of A and that visit
state g at least once. If we subtract from Ly all the languages L(E}) for ¢ in
Q, then we have the accepting computations of A that visit all the states. Call
this language Ly. By Theorem 4.10 we know Ly is also regular.

Qur final step is to construct L from L, by getting rid of the state com-
ponents. That is, L = h(Ls). Now, L is the sct of strings in X* that are
accepted by A and that visit each state of A at least once during their accep-
tance. Since regular languages are closed under homomorphisms, we conclude
that L is regular. O

4.2.5 Exercises for Section 4.2

Exercise 4.2.1: Suppose & is the homomorphism from the alphabet {0,1,2}
to the alphabet {a,b} defined by: A(0) = «; (1) = ab, and A(2) = ba.

* 2) What is £(0120)7
b) What is h{21120)?
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* ¢) If L is the language L{01"2), what is h(L)?
d) If L is the language L{0 + 12}, what is h(L)?

* e) Suppose L is the langnage {ababa}, that is, the language consisting of
only the one string cbaba. What is 2~'(L)?

!'f) If L is the language L(a(ba)"), what is A~1(L)?

*! Exercise 4.2.2: If L is a language. and a is a symbal, then L/a, the quotient
of L and a, is the set of strings w such that wa is in L. For example, if
L = {a,aab,baa}, then L/a = {¢,ba}. Prove that if L is regular, so is L/a.
Hini: Start with a DFA for L and consider the set of accepting states.

! Exercise 4.2.3: Lf L is a language, and a is a symbol, then a\L is the sct
of strings w such that aw is in L. For example, if L = {a,aab, baa}, then
a\L = {¢, ab}. Prove that if L is regular, so is a\L. Hint: Remember that the
regular languages are closed under reversal and under the quotient operation of
Excreise 4.2.2.

! Exercise 4.2.4: Which of the following identitics are true?

a) {L/a)a = L (the left side represents the concatenation of the languages
Lja and {a}).

b) a(a\L) = L (again, concatenation with {a}, this time on the left, is
intended).

¢) (La}fa= L.
d) a\(al)=L.
Exercise 4.2.5: The operation of Exercise 4.2.3 is sometimnes viewed as a “der-
ivative,” and a\L is written %. These derivatives apply to regular expressions
in & manner similar to the way ordinary derivatives apply to arithmetic expres-
sions. Thus, if R is a regular expression, we shall use % to mean the same as
al _
Se, if L= L(R).
y : d{ft+5) _ dR , dS
d] Show that ~de  — da -+ da
*!' b) Give the rule for the “derivative” of RS. Hint: You need to consider two
cases: if L(R) does or does not contain ¢. This rule is not quite the same
as the “product rule” for ordinary derivatives, but is similar.

! ¢) Give the rule for the “derivative” of a closure, i.e., -‘ﬂc‘%l.

d) Usc the rules from (a)- (c) to find the “derivatives” of regular expression
(0 + 1)*011 with respect to 0 and 1.

- ; - which 2L —
* e) Characterize those languages L for which %& = §.
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. Ry di
*1 f) Characterize those languages L for which 45 = L.

Exercise 4.2.6: Show that the regular languages are closed under the follow-
ing operations:

a) min(L) = {w | wis in L, but no proper prefix of w is in L}.
b) maz(L) = {w | wis in L and for no « other than ¢ is wz in L}.
c) init(L) = {w | for some =, we is in L}.

Hint: Like Exercisc 4.2.2, it is casiest to start with a DFA for L and perform a
construction to get the desired language.

Exercise 4.2.7: If w = aiaz---an and x = b1ba-- -by, are sirings of the
same length, define alt(w, ) to be the string in which the symbols of w and =
alternate, starting with w, that is, a1 byasby - - - abg. If L and M are languages,
define alt{L, M) to be the set of strings of the form alt(w, ), where w is any
string in L and z is any string in M of the same length. Prove that if L and
M are regular, so is alt{L, M).

Exercise 4.2.8: Let L be a language. Define half(L) to be the set of first
halves of strings in L, that is, {w | for some x such that |z| = |w|, we have wz
in L}. For example, if L = {¢,0010,011,010110} then half(L) = {¢,00,010}.
Notice that odd-length strings do not contribute to kalf(L). Prove that if L is
a regular language, so is half(L).

Exercise 4.2.9: We can generalize Exercise 4.2.8 to a number of functions that
determine how much of the string we take. If f is a function of integers, define
f(L) to be {w | for some &, with |z{ = f(|w}), we have wz in L}. For instance,
the operation half corresponds to f being the identity function f(n) = n, since
half(L) is defined by having |¢| = |w|. Show that if L is a regular language,
then so is f{L), if f is one of the following functions:

a) f(n) = 2n (i.e., take the first thirds of strings).

b) f(n) = n® (i.c., the amount we take has length equal to the square root
of what we do not take.

¢) f(n) = 2" (i.e.,, what we take has length equal to the logarithm of what
we leave).

Exercise 4.2.10: Suppose that L is any language, not necessarily regular,
whose alphabet is {0}; i.e., the strings of L consist of 0's only. Prove that L* is
regular. Hint: At first, this theorem sounds preposterous. However, an example
will help you see why it is true. Consider the language L = {0% | i is prime},
which we know is not regular by Example 4.3. Strings 00 and 000 are in L,
since 2 and 3 are both primes. Thus, if j > 2, we can show 0 isin L*. If j is
even, use j/2 copies of 00, and if j is odd, use one copy of 000 and (j — 3)/2
copies of 00. Thus, L™ = 000™.
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Exercise 4.2.11: Show that the regular languages are closed under the fol-
lowing operation: cyele(L) = {w | we can write w as w = zy, such that yz is
in L}. For example, if L = {01,011}, then cycle(L) = {01,10,011,110, 101}.
Hint: Start with a DFA for L and construct an e-NFA for eyele(L).

Exercise 4.2.12: Let w4y = agpaed;, and w; = w;yw;—1ay for all ¢ > 1.
For instance, wy = appa) 2glpC1@2009Qpa16p20a1a2a@3. The shortest regular
expression for the language L, = {wy,}, i.e., the language consisting of the one
string 2oy, is the string w, itself, and the length of this expression is 271 — 1.
However, if we allow the intersection operator, we can write an expression for
Ly, whose length is O(n?). Find such an expression. Hini: Find n languages,
cach with regular expressions of length O(r), whose intersection is L.

Exercise 4.2.13: We can use closure properties to help prove certain lan-
guages arc not regular. Start with the fact that the language

Lopin = {Unlﬂ I n 2z 0}

is not a regular set. Prove the following languages not to be regular by trans-
forming them. using operations known to preserve regularity, to Loyin:

*a) {0 | i # ).
b) {Onlmzn—m | n 2 m Z 0}

Exercise 4.2.14: In Theorem 4.8, we described the “product construction™
that took two DFA’s and constructed one DFA whose language is the intersec-
tion of the languages of the first two.

a) Show how to perform the product construction on NFA’s (without e-
transitions).

!'b) Show how to perform the product construction on e-NFA's.

* ¢) Show how to modify the product construction so the resulting DFA ac-
cepts the difference of the languages of the two given DEA's.

d)} Show how to modify the product counstruction so the resulting DFA ac-
cepts the union of the languages of the two given DFA’s.

Exercise 4.2.15: In the proof of Theorein 4.8 we claimed that it could be
proved by induction on the length of w that

8((gr. are)yw) = (Onlar, w). darlqar, )
Give this inductive proof.

Exercise 4.2.16: Complete the proof of Theorem 4.14 hy considering the cases
where expression F is a concatenation of two subexpressions and where E is
the closure of an expression.

Exercise 4.2.17: In Theorem 4.16, we omitted a proof by induction on the
length of w that 4(ga,w) = 6{go, h{w)). Prove this statement.
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4.3 Decision Properties of Regular Languages

In this section we consider how one answers important questions about regular
languages. First, we must consider what it means to ask a question about a
language. The typical language is infinite, s0 you cannot present the strings of
the language to someonc and ask a question that requires them to inspect the
infinite set of strings. Rather, we present a language by giving one of the finite
representations for it that we have developed: a DFA, an NFA, an ¢-NFA, or a
regular expression.

Of course the language so describid will be regular, and in fact there is no
way at all to represent completely arbitrary languages. In later chapters we
shall see finite ways to represent morc than the regular languages, so we can
consider questions about languages in these more general classes. However, for
many of the questions we ask, algorithms exist only for the class of regular
languages. The same questions become “undecidable” {no algorithm to answer
them exists) when posed using more “expressive” notations (i.e., notations that
can be used to express a larger set of languages) than the representations we
have developed for the regular languages.

We begin our study of algorithms for questions about regular languages by
reviewing the ways we can convert one representation into ancther for the same
language. In particular, we want to observe the time complexity of the algo-
rithms that perform the conversions. We then consider some of the fundamental
questions about languages:

1. Is the language described empty?
2. Is a particular string w in the described language?

3. Do two descriptions of a language actually describe the same language?
This question is often called “equivalence” of languages.

4.3.1 Converting Among Representations

We know that we can convert any of the four representations for regular lan-
guages to any of the other three representations. Figure 3.1 gave paths from
any representation to any of the others. While there are algorithms for any
of the conversions, sometimes we are interested not only in the possibility of
making a conversion, but in the amount of time it takes. Tn particular, it is
important to distinguish between algorithms that take exponential time (as a
function of the size of their input), and therefore can be performed only for
relatively small instances, from those that take time that is a linear, quadratic,
or some small-degree polynomial of their input size. The latter algorithms are
“realistic,” in the sense that we expect them to be executable for large instances
of the problem. We shall consider the time complexity of each of the conversions
we discussed.
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Converting NFA’s to DFA’s

When we start with either an NFA or and «-NFA and convert it to a DFA, the
time can be exponential in the number of states of the NFA. First, computing
the e-closure of n states takes O{r®) time. We must search from each of the n
states along all ares labeled e. If there are n states, there can be no more than
n? arcs. Judicious bookkeeping and well-designed data structures will make
sure that we can explore from each state in O(n?) time. In fact, a transitive
closure algorithm such as Warshall’s algorithm can be used {0 compute the
entire e-closure at once.>

Once the e-closure is computed, we can compute the equivalent DFA by the
subset. construction. The dominant cost is, in principle, the number of states
of the DFA, which can be 2". For each state, we can compute the transitions
in O(n?) time by consulting the e-closure information and the NFA’s trausition
table for ecach of the input symbols. That is, suppose we want to compute
0{{@1,q2,...,4x},a) for the DFA, There may be as many as n states reachable
from each ¢; along e-labeled paths, and each of those states may have up to n
arcs labeled a. By creating an array indexed by states, we can compute the
union of up to n sets of up to n states in time proportional to n?.

In this way, we can compute, for each ¢;, the set of states reachable from
g; along a path labeled ¢ (possibly including €'s). Since k < =, there are at
mnost 7 states to deal with. We compute the reachable states for cach in O(n?)
time. Thus, the total time spent computing reachable states is O(n*). The
union of the sets of reachable states requires only ({n?) additional time, and
we conclude that the computation of one DFA transition takes O(n®) time.

Note that the number of input symbols is assumed constant, and does not
depend on n. Thus, in this and other estimates of running time, we do not
consider the number of input symbols as a factor. The size of the input alpha-
bet influences the constant factor that is hidden in the “big-oh” notation, but
nothing more,

QOur conclusion is that the running time of NFA-to-DFA conversion, includ-
ing the case where the NFA has e-transitions, is O(n®2"). Of course in practice
it is common that the mumber of states created is much less than 2%, often only
n states. We could state the bound on the rununing time as G{n®s), where s is
the number of states the DFA actually has,

DFA-to-NFA Conversion

This conversion is simple, and takes O(n) time on an n-state DFA. All that we
necd to do is modify the transition table for the DFA by putting set-brackets
around states and. if the output is an e-NFA, adding a column for €. Since we
treat the number of input symbols (i.c., the width of the transition table) as a
constant, copying and processing the table takes (Q(n) time.

Alor a discussion of transilive closure algorithms, see A. V. Alo, J. E. Hopcroft, and J.
D. Ullman, Pala Siractures end Algorithms, Addison-Wesley, 1084.
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Automaton-to-Regular-Expression Conversion

If we examine the construction of Section 3.2.1 we observe that at each of n
rounds {where .2 is the number of states of the DFA) we can quadruple the size
of the regular expressions constructed, since each is built from four expressions
of the previous round. Thus, simply writing down the n3 expressions can take
time O{n34™). The improved construction of Section 3.2.2 reduces the constant
factor, but does not affect the worst-case exponentiality of the problem.

The same construction works in the same running time if the input is an
NFA, or even an e-NFA, although we did not prove those facts. It is important
to use those constructions for NFA’s, however. If we first convert an NFA to
a DFA and then convert the DFA to a regular expression, it could take time
O(n34™*?"), which is doubly exponential.

Regular-Expression-to- Automaton Conversion

Conversion of a regular expression to an e-NFA takes lincar time. We nced to
parse the expression efficiently, using a technique that takes only O(n) time on
a regular expression of length n.' The result is an expression tree with one
node for each symbol of the regular expression (although parentheses do not
have to appear in the tree; they just guide the parsing of the expression).

Once we have an expression tree for the regular expression, we can work
up the tree, building the ¢-NFA for each node. The construction rules for the
conversion of a regular expression that we saw in Scction 3.2.3 never add more
than two states and four arcs for any node of the expression tree. Thus, the
numbers of states and arcs of the resulting e-NFA are both O(n). Moreover,
the work at each node of the parse tree in creating these elements is constant,
provided the function that processes each subtree returns pointers to the start
and accepting states of its automatoun.

We conclude that construction of an e-NFA from a regular expression takes
time that is linear in the size of the expression. We can eliminate e-transitions
from an n-state NFA, to make an ordinary NFA, in O(n®) time, without
increasing the number of states. However, proceeding to a DFA can take expo-
nential {ime.

4.3.2 Testing Emptiness of Regular Languages

At first glance the auswer to the question “is regular language L empty?” is
obvicus: @ is empty, and all other regular languages are not. However, as we
discussed at the beginning of Section 4.3, the problem is not stated with an
explicit list of the strings in L. Rather, we are given some representation for L
and need o decide whether that representation denotes the language 9.

1Parsing methods capable of deing this task in O(n) time are discussed in A. V. Aho,
R. Sethi, and J. D, Ullman, Comptler Design: Principles, Tools, and Techniques, Addison-
Weslev, 1986,
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If our representation is any kind of finite automaton. the emptiness question
is whether there is any path whatsoever from the start state to some accepting
state. If so, the language is nonempty, while if the accepting states are all
separated from the start state, then the language is empty. Deciding whether
we can reach an accepting state from the start state is a simple instance of
graph-reachability, similar in spirit to the calculation of the e-closure that we
discussed in Section 2.5.3. The algorithm can be summarized by this recursive
process.

BASIS: The start state is surelv reachable from the start state.

INDUCTION: If state g is reachable from the start state, and there is an arc
from g to p with any label (an input symbol, or € if the automaton is an e-NFA),
then p is reachable.

In that manner we can compute the set of reachable states. If any accepting
state is among them, we answer “no” (the language of the automaton is not
empty), and otherwise we answer “yes.” Note that the reachability calculation
takes no more time that Q(n”) if the automaton has n states, and in fact it is
no worse than proportional to the number of arcs in the automaton’s transition
diagram, which could be less than n? and cannot be more than O(n?),

If we arc given a regular expression representing the language L, rather
than an automaton, we could convert the expression to an e-NFA and proceed
as above. Since the automaton that results from a regular expression of length
n has at most O(n) states and transitions, the algorithm takes O(n) time.

However, we can also inspect the regular expression to decide whether it
is empty. Notice first that if the expression has no occurrence of @, then its
language is surely not empty. If there are @'s, the language may or may not be
empty. The following recursive rules tell whether a regular expression denotes
the empty language.

BASIS: ) denotes the empty language; € and a for any input symbol a do not.

INDUCTION: Suppose R is a regular expression. There are four cases to con-
sider, corresponding to the ways that R could be constructed.

1. R = Ry + Ry. Then L(R) is empty if and only if both L{A,) and L(Rs)
are empty.

2. R = R1R>. Then L(R) is empty if and only if either L(R;) or L{R») is
empty.

3. R = R}. Then L{R) is not empty; it always includes at least e.

4. R ={R;). Then L{R) is empty if and only if L{Ry) is empty, since they
are the same language.
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4.3.3 Testing Membership in a Regular Language

The next question of importance is, given a string w and a regular language L,
is w in L. While w is represented explicitly, L is represented by an automaton
or regular expression.

If L is represented by a DFA, the algorithm is simnple. Simnulate the DFA
processing the string of input symbols w, beginning in the start state. If the
DFA ends in an accepting state, the answer is “yes”; otherwise the answer is
“no.” This algorithm is extremely fast. If [w| = n, and the DFA is represented
by a suitable data structure, such as a two-dimensional array that is the transi-
tion table, then each transition requires constant time, and the entire test takes
O(n) time.

If L has any other representation besides a DFA, we could convert to a DFA
and run the test above. That approach could take time that is exponential
in the size of the representation, although it is linear in |w|. However, if the
representation is an NFA or -NFA, it is simpler and more efficient tc simulate
the NFA directly. That is, we process symbols of w one at a time, maintaining
the sct of states the NFA can be in after following any path labeled with that
prefix of w. The idea was presented in Fig. 2.10.

If w is of length n, and the NFA has s states, then the running time of this
algorithm is O(ns?). Each input symbol can be processed by taking the previons
set of states, which numbers at most s states, and looking at the successors of
each of these states. We take the union of at most ¢ sets of at most s states
each, which requires ((s?) time.

I the NFA has e-transitions, then we must compute the e-closure before
starting the simulation. Then the processing of each input symbol o has two
stages, cach of which requires O{s?) time. First, we take the previous set of
states and find their successors on input symbol a. Next, we compute the e-
closure of this set of states. The initial sct of states for the simulation is the
e-closure of the initial state of the NFA.

Lastly, if the representation of L is a regular cxpression of size &, we can
convert to an e<NFA with at most 2s states, in O(s) time. We then perform
the simulation above, taking O(ns?) time on an input w of length n.

4.3.4 Exercises for Section 4.3

Exercise 4.3.1: Give an algorithm to tell whether a regular language L is
infinite. Hint: Use the pumping lemma to show that if the language contains
any string whose length is above a certain lower limit, then the language must
be infinite.

Exercise 4.3.2: Cive an algorithm to tell whether a regular language L con-
tains at least 100 strings.

Exercise 4.3.3: Suppose L is a regular language with alphabet X. Give an
algorithm to tell whether L = £*, i.e., all strings over its alphabet.



154 CHAPTER 4. PROPERTIES OF REGULAR LANGUAGES

Exercise 4.3.4: Give an algorithm to tell whether two regular languages L,
and Lo have at least one string in common.

Exercise 4.3.5: Give an algorithm to tell, for two regular languages Ly and
L, over the same alphabet, Z, whether there is any string in £* that is in neither
L] nar Lg.

4.4 Equivalence and Minimization of Automata

It contrast to the previous questions — emptiness and membership — whose
algorithing were rather simple, the question of whether two descriptions of two
regular languages actually define the same language involves considerable intel-
lectual mechanies. In this section we discuss how to test whether two descriptors
for regular languages are equivalent, in the sense thai they define the same lan-
guage. An important consequence of this test is that there is a way to minimize
a DFA. That is, we can take any DFA and find an equivalent DFA that has
the minimum number of states. In fact, this DFA is essentially unique: given
any two minimum-state DFA’s that are equivalent, we can always find a way
to rename the states so that the two DFA’s become the same.

4.4.1 Testing Equivalence of States

We shall begin by asking a question about the states of a single DFA. QOur goal
is to understand when two distinet states p and g can be replaced by a single
state that behaves like both p and ¢g. We say that states p and ¢ are equivalent
ifs

e For all input strings w, 8{p, w) is an accepting state if and only if &(q, w)
is an accepting state.

Less formally, it is impossible to tell the difference between equivalent states
p and g merely by starting in one of the states and asking whether or not a
given input string leads to acceptance when the automaton is started in this
(unknown) state. Note we do nef require that d(p,w) and §(q, w) are the same
state, only that either both are accepting or both are nonaccepting.

If two states are not equivalent, then we say they are distinguishable. That
is, state p is distinguishable from state g if there is at least one string w such
that one of ﬁ(p, w) and d(q,w) is accepting, and the other is not accepting.

Example 4.18 : Consider the DFA of Fig. 4.8, whose transition function we
shall refer to as ¢ in this example. Certain pairs of states are obviously not
equivalent. For example, C' and G are not equivalent because one is accepting
and the other is not. That is, the empty string distinguishes these two states,
because §(C, ¢) is accepting and 8(G, €) is not.

Consider states A and G. String ¢ doesn’t distinguish them, because they are
both nonaccepting states. String 0 doesn’t distinguish them because they go to



Figure 4.8: An automaton with equivalent states

states B and G, respectively on input 0, and both these states are nonaccepting.
Likewise, string 1 doesn’t distinguish A from G, because they go to F and E,
respectively, and both are nonaccepting. However, 01 distinguishes 4 from G,
because (A, 01) = C, 8(G,01) = E, C is accepting, and E is not. Any input
string that takes A and G to states only one of which is accepting is sufficient
to prove that A and G are not equivalent.

In contrast, consider states A and E. Neither is accepting, so € does not
distinguish them. On input 1, they both go to state F. Thus, no input string
that begins with 1 can distinguish A from E, since for any string z, 5(4,1z) =

8(E, 1x).

Now consider the behavior of states 4 and E on inputs that begin with 0.
They go to states B and H, respectively. Since neither is accepting, string 0
by itself does not distinguish A from E. However, B and H are no help. On
input 1 they both go to C, and on input 0 they both go to G. Thus; all inputs
that begin with 0 will fail to distinguish A from E. We conclude that no input
string whatsoever will distinguish 4 from F; i.e., they are equivalent states. [

To find states that are equivalent, we make our best efforts to find pairs
of states that are distinguishable. It is perhaps surprising, but true, that if
we try our best, according to the algorithm to be described below, then any
pair of states that we do not find distinguishable are equivalent. The algo-
rithm, which we refer to as the table-filling algorithm, is a recursive discovery
of distinguishable pairs in a DFA A = (Q, 2.6, g, F)-

BASIS: If p is an accepting state and ¢ is nonaccepting, then the pair {p,q} is
distinguishable.

INDUCTION: Let p and ¢ be states such that for some input symbol a, r =
8(p,a) and s = d(g,a) are a pair of states known to be distinguishable. Then
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{p,q} is a pair of distinguishable states. The reason this rule makes sense is
that there must be some string w that distinguishes r from s; that is, exactly
cne of 5(r w) and (s, , ) is accepting. Then string aw must dlstmgumh p from
g, since §(p, aw) and 8(g, aw) is the same pair of states as §(r,w) and (s, w).

Example 4.19: Let us exccute the table-filling algorithm on the DFA of
Fig 4.8. The final table is shown in Fig. 4.9, where an z indicates pairs of
distinguishable states, and the blank squares indicate those pairs that have
been found equivalent. Initially, thoere are no #’s in the table.

B |x

C |x |x

D Jx |x |x

E x |x |x

F lx |[x |x X
G |x (x |x|x|x |x
H |x X |x |x |x |x

A B C D E F G
Figure 4.9: Table of state inequivalences

For the basis, since C' is the only accepting state, we put z’s in each pair
that involves C. Now that we know some distinguishable pairs, we can discover
others. For instance, since {C, H} is distinguishable, and states F and F go to
H and C, respectively, on input 0, we know that {E, F} is also a distinguishable
pair. In fact, all the 's in Fig. 4.9 with the exception of the pair {4, G} can be
discovered simply by looking at the transitions from the pair of states on cither
0 or on 1, and observing that (for one of those inputs) one state goes to C and
the other does not. We can show {4, G} is distinguishable on the next round,
since on input 1 they go to F' and E, respectively, and we already established
that the pair {¥, F'} is distinguishable,

However, then we can discover no moere distinguishable pairs. The three
rewaining pairs, which are therefore equivalent pairs, are {A, E}, {B, H}, and
{D,F}. For example, consider why we can not infer that {4, £} is a distin-
guishable pair. On input 0, 4 and E go to B and H, respectively, and {B,H}
has not yet been shown distinguishable. On input 1, A and E both go to F, so
there is no hope of distinguishing them that way. The other two pairs, { B, H}
and {D, F'} will never be distinguished because they each have identical tran-
sitions on 0 and identical transitions on 1. Thus, the table-filling algorithm
stops with the table as shown in Fig. 4.9, which is the correct determination of
equivalent and distinguishable states. O
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Theorem 4.20: If two states are not distinguished by the table-filling algo-
rithm, then the states are equivalent.

PROOF: Let us again assume we are talking of the DFA 4 = (@, %, 4, do, F).
Suppose the theorem is false; that is, there is at least one pair of states {p,q}
such that

1. States p and ¢ are distinguishable, in the sense that there is some string
w such that exactly one of d(p, w) and d(g, w) is accepting, and yet

2. The table-filling algorithm does not find p and ¢ to be distinguished.

Call such a pair of states a bad pair.

If there are bad pairs, then there must be some that are distinguished by the
shortest strings among all those strings that distinguish bad pairs. Let {p,q}
be onc such bad pair, and let w = @ a2 ---a, be a string as short as any that
distinguishes p from g. Then exactly one of 6(p,w) and 6(g,w) is accepting.

Observe first that w cannot be e, since if e distinguishes a pair of states,
then that pair is marked by the basis part of the table-filling algorithm. Thus,
n > 1.

Consider the states r = §(p, a; ) and s = §(g, ¢1). States r and s are distin-
guished by the string asay -+ - ¢,, since this string takes r and s to the states
8(p, w) and 8{g, w). However, the string distinguishing r from s is shorter than
any string that distinguishes a bad pair. Thus, {r,s} cannot be a bad pair.
Rather, the table-filling algorithm must have discovered that they are distin-
guishable.

But the inductive part of the table-filling algorithm will not stop until it has
also inferred that p and ¢ are distinguishable, since it finds that §(p,a;) = r is
distinguishable from §{(g,a;) = s. We have contradicted our assumption that
bad pairs exist. If there are no bad pairs, then every pair of distinguishable
states is distinguished by the table-filling algorithm, and the theorem is true.
O

4.4.2 Testing Equivalence of Regular Langunages

The table-filling algorithm gives us an easy way to test if two regular languages
are the same. Suppose languages L and M are each represented in some way,
e.g., one by a regular expression and one by an NFA. Convert each represent-
ation to a DFA. Now, imagine one DFA whose states are the union of the
states of the DFA’s for L and M. Technically, this DFA has two start states,
but actually the start state is irrelevant as far as testing state equivalence is
concerned, so make any state the lone start state.

Now, test if the start states of the two original DFA’s are equivalent, using
the table-filling algorithm. If they are equivalent, then L = M, and it not, then
L#M.
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1

Figure 4.10: Two equivalent DFA’s

Example 4.21: Cousider the two DFA’s in Fig. 4.10. Bach DFA accepts
the empty string and all strings that end in 0; that is the language of regnlar
expression € + (0 + 1)*0. We can imagine that Fig. 4.10 represents a single
DFA, with five states A through E. If we apply the table-filling algorithm to
that automaton, the result is as shown in Fig. 4.11.

B |x

C x

D X

E |x x |x
A B C D

Figure 4.11: The table of distinguishabilities for Fig. 4.10

To see how the table is filled out, we start by placing z’s in all pairs of
states where exactly one of the states is accepting. It turns out that there is
no more to do. The four remaining pairs, {4,C}, {4, D}, {C, D}, and {B, E}
are all equivalent pairs. You should check that no more distinguishable pairs
are discovered in the inductive part of the table-filling algorithm. For instance,
with the table as in Fig. 4.11, we cannot distinguish the pair {A, D} because
on Q they go to themselves, and on 1 they go to the pair {B, E}, which has
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not yet been distinguished. Since A and € are found equivalent by this test,
and those states were the start states of the two original automata, we conclude
that these DFA’s do accept the same language. O

The time to fill out the table, and thus 1o decide whether two states are
equivalent is polynomial in the number of states. If there are n states, then
there are (;’”) or n(n — 1)/2 pairs of states. In one round, we consider all pairs
of states, to sce if one of their successor pairs has been found distinguishable,
s0 a round surely takes no more than G(n?) time. Morcover, if on some round,
no additional z's are placed in the table, then the algorithm ends. Thus, there
can be no more than O(n?) rounds, and O(n?*) is surely an upper bound on the
running time of the table-filling algorithm.

However, a more carcful algorithm can fill the table in O(n?) time. The
idea is to initialize, for cach pair of states {r, s}, a list of those pairs {p, g} that
“depend on” {r,s}. That is, if {r,s} is found distinguishable, then {p.q} is
distinguishable. We create the lists initially by examining each pair of states
{p.q}, and for each of the fixed number of input symbols a. we put {p, ¢} on
the list for the pair of states {d(p, @), 6(¢, )}, which are the successor states for
pand g on input a.

If we ever find {r,s} to be distinguishable, then we go down the list for
{r.s}. For cach pair on that list that is not already distinguishable, we make
that pair distinguishable, and we put the pair on a queue of pairs whosc lists
we must check similarly.

The total work of this algorithm is proportional to the sum of the lengths
of the lists, since we are at all times either adding something to the lists (ini-
tialization) or examining a member of the list for the first and last time {when
we go down the list for a pair that has been found distinguishable). Siuce the
size of the input alphabet is considered a constant, each pair of states is put on
O(1) lists. As there are O(n?) pairs, the total work is O(n?).

4.4.3 Minimization of DFA’s

Another important consequence of the test for equivalence uf states is that we
can “minimize” DFA’s. That is, for each DFA we can find an equivalent DFA
that has as few states as any DFA accepting the same language. Moreover,
except for our ability to call the states by whatever names we choose, this
minimum-state DFA is unique for the language. The algorithm is as follows:

1. First, eliminate any state that cannot be reached from the start state.

2. Then, partition the remaining states into blocks, so that all states in the
same block are equivalent, and no pair of states from different blocks are
oquivalent. Theoremn 4.24, below. shows that we can always make such a
partition.

Example 4.22: Consider the table of Fig. 4.9, where we determined the state
equivalences and distinguishabilities for the states of Fig. 4.8. The partition
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of the states into equivalent blocks is ({4, E}, {B,H}, {C}, {D,F}, {G)).
Notice that the three pairs of states that are equivalent are each placed in a
block together, while the states that are distinguishable from all the other states
are each in a block alone. :

For the automaton of Fig. 4.10, the partition is ({4,C, D}, {B, E}). This
example shows that we can have more than two states in a block. It may
appear fortuitous that 4, C, and D can all live together in a block, becausce
every pair of them is equivalent, and none of them is equivalent to any other
state. However, as we shall see in the next theorem to be proved, this situation
is guaranteed by our definition of “equivalence” for states. 0O

Theorem 4.23: The equivalence of states is transitive. That is, if in some
DFA A = (Q.Z,4, 4o, F) we find that states p and g arc equivalent, and we also
find that ¢ and r are equivalent, then it must be that p and r are equivalent.

PROOF: Note that transitivity is a property we expect of any relationship called
“equivalence.” However, simply calling something “equivalence” doesn’t make
it transitive; we must prove that the name is justified.

Suppose that the pairs {p,q} and {¢,r} are equivalent, but pair {p,r} is
distinguishable. Then there is some input string w such that exactly one of
6(p,w) and d(r,w) is an accepting state. Suppose, by symmetry, that é(p, w)
is the accepting state. )

Now consider whether d(g,w) is accepting or not. If it is accepting, then
{g,r} is distinguishable, gince 8(g,w) is accepting, and 8(r,w) is not. I §(q, w)
is nonaccepting, then {p, ¢} is distinguishable for a similar reason. We conclude
by contradiction that {p,7} was not distinguishable, and therefore this pair is
equivalent. O

We can use Theorem 4.23 to justify the obvious algorithm for partitioning
states. For each state g, construct a block that consists of ¢ and all the states
that are equivalent to g. We must show that the resulting blocks are a partition;
that is, no state is in two distinct blocks.

First, observe that all states in any block are mutually equivalent. That is,
if p and = are two states in the block of states equivalent to ¢, then p and r are
equivalent, to each other, by Theorem 4.23.

Suppose that there are two overlapping, but not identical blocks. That
is, there is a block B that includes states p and g, and another block ¢ that
includes p but not g. Since p and g are in a block together, they are equivalent.
Consider how the block C was formed. If it was the block generated by p, then
g would be in C, because those states are equivalent. Thus, it must be that
there is some third state s that generated block C; i.e., C is the set of states
equivalent to s.

We know that p is equivalent to s, because pis in block €. We also know that
p is equivalent to g because they are together in block B. By the transitivity of
Theorem 4.23, ¢ is equivalent to s. But then g belongs in block C, a contradic-
tion. We conclude that equivalence of states partitions the states; that is, two
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states either have the samne set of equivalent states (including themselves), or
their equivalent states are disjoint. To conclude the above analysis:

Theorem 4.24: If we create for each state g of a DFA a block consisting of
g and all the states equivalent to g, then the different blocks of states form a
partition of the set of states.® That is, each state is in exactly one block. All
members of a block are equivalent, and no pair of states chosen from diffcrent
blocks are equivalent. O

We are now able to state succinetly the algorithm for minimizing a DFA
A= (Q E,J, qo: F)

1. Use the table-filling algorithm to find all the pairs of equivalent states.

2. Partition the set of states Q into blocks of mutually cquivalent. states by
the method described above.

3. Construct the minimum-state equivalent DFA B by using the blocks as
its states. Lot v be the transition function of B. Suppose S is a sct of
equivalent states of 4, and a is an input symbol. Then there must exist one
block T of states such that for all states g in S, 6(g. @) is a menuber of block
T. For if not, then input symbol a takes two states p and g of S to states
in different blocks, and those states are distinguishable by Theorem 4.24.
That fact lets us conclude that p and g are not equivalent, and they did
not both belong in $. As a consequence, we can let ¥(5, a)=T. In
addition:

(a) The start state of B is the block containing the start state of A.

(b) The set of acceptiug states of B is the set of blocks containing ac-
cepting states of 4. Note that if one state of a block is accepting,
then all the states of that block must be accepting. The reason is
that any accepting state is distinguishable from any nonaccepting
state, so you can’t have both accepting and nonaccepting states in
one block of equivalent states.

Example 4.25: Let us minimize the DFA from Fig. 4.8. We established the
blocks of the state partition in Example 4.22. Figure 4.12 shows the minimuin-
state automaton. Tts five states correspond to the five blocks of equivalent states
for the automaton of Fig. 4.8,

The start state is {A, B}, since 4 was the start statc of Fig. 4.8. The ouly
accepting state is {C}, since C' is the only accepting state of Fig. 4.8. Notice
that the transitions of Fig. 4.12 properly reflect the transitions of Fig. 4.8. For
instance, Fig. 4.12 has a transition on input 0 from {4, E} to {B,H}. That

fVeu should remember thal the same block may be formed several times, starting from
different states. [Towever, the partition consists of the different blocks. so this block appears
only once in the partiiion.
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Figure 4.12: Minimum-state DFA equivalent to Fig. 4.8

makes sense, because in Fig. 4.8, 4 goes to B on input 0, and E goes to H.
Likewise, on input 1, {4, E} goes to {D, F}. If we examine Fig. 4.8, we find
that both 4 and F go to F on input 1, so the selection of the successor of
{4,E} on input 1 is also correct. Note that the fact neither 4 nor E goes to
D on input 1 is not important. You may check that all of the other transitions
are also proper. O

4.4.4 Why the Minimized DFA Can’t Be Beaten

Suppose we have a DFA A, and we minimize it, to construct a DFA M | using the
partitioning method of Theorem 4.24. That theorem shows that we can’t group
the states of A into fewer groups and still have an equivalent DFA. However,
could there be another DFA N, unrelated to 4, that accepts the same language
as A and M, yet has fewer states than M7 We can prove by contradiction that
N does not exist.

First, run the state-distinguishability process of Section 4.4.1 on the states of
M and N together, as if they were one DFA. We may assume that the states of
M and N have no names in commotn, so the transition fanction of the combined
antomaton is the union of the transition rules of A and ¥, with no interaction.
States are accepting in the combined DFA if and only if they are accepting in
the DFA from which they come.

The start states of M and N are indistinguishable because L(M) = L(N).
Further, if {p, ¢} are indistinguishable, then their successors on any one input
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Minimizing the States of an NFA

You might imagine that the same state-partition technique that minimizes
the states of a DFA could also be used to find a minimum-state NFA
equivalent to a given NFA or DFA. While we can, by a process of exhaustive
enumeration, find an NFA with as few states as possible accepting a given
regular language, we cannot simply group the states of some given NFA
for the language.

An example is in Fig. 4.13. None of the three states are equivalent.
Surely accepting state B is distinguishable from nonaccepting states A and
C. However, A and C arc distinguishable by input 0. The successors of C'
are A alone, which does not include an accepting state, while the successors
of A are {A, B}, which does include an accepting state. Thus, grouping
cquivalent states does not reduce the number of states of Fig. 4.13.

However, we can find a smaller NFA for the same language if we
simply remove state C'. Note that A and I alone accept all strings ending
in 0, while adding state C' does not allow us to accept any other strings.

symbol are also indistinguishable. The reason is that if we could distinguish
the successors, then we could distinguish p from g.

Neither M nor N could have an inaccessible state, or else we could eliminate
that state and have an even smaller DFA for the same language. Thus, every
state of M is indistinguishable from at least onc state of N. To sec why, suppose
p is a state of M. Then there is some string a,a2 - -+ a; that takes the start
state of A to state p. This string also takes the start state of N to some state
q. Since we know the start states arc indistinguishable, we also know that their
successors nunder input symbol @) are indistinguishable. Then, the successors
of those states on input a» are indistinguishable, and so on, until we conclude

0,1

0

Start

Figure 4.13: An NFA that cannot be minimized by state equivalence
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that p and g are indistinguishable,

Since /¥ has fewer states than M, there are two states of Af that are in-
distinguishable from the same state of ¥, and therefore indistinguishable from
each other. But M was designed so that all its states are distinguishable from
cach other. We have a contradiction, so the assumption that N exists is wrong,
and Af in fact has as fow states as any equivalent DFA for 4. Formally, we
have proved:

Theoremn 4.26: If A is a DFA, and M the DFA constructed from A by the
algorithm described in the statement of Theorem 4.24, then M has as few states
as any DFA cquivalent to 4. 0O

In fact we can say something even stronger than Theorem 4.26. There must
be a one-to-one correspondence between the states of any other minimum-state
N and the DFA M. The reason is that we argued above how each state of M
must be equivalent to one state of N, and no state of M can be equivalent to
two gtates of V. We can similarly argue that no state of N can be equivalent
to two states of M| although each state of N must be equivalent to one of M’s
states. Thus, the minimum-state DFA equivalent to A is unique except for a
possible renaming of the states.
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Figure 4.14: A DFA to be minimized

4.4.5 Exercises for Section 4.4
* Exercise 4.4.1: In Fig. 4.14 is the transition table of a DFA.
a) Draw the table of distingnishabilities for this automaton.
b) Constrnct the minimum-state equivalent DFA.
Exercise 4.4.2: Repeat Exercise 4.4.1 for the DFA of Fig 4.15.
! Exercise 4.4.3: Suppose that p are ¢ are distinguishable states of a given DFA

A with n states. As a function of n, what is the tightest npper bound on how
long the shortest string that distinguishes p from ¢ can be?
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Figure 4.15: Another DFA to minimize

4.5 Summary of Chapter 4

+ The Pumping Lemma: If alanguage is regular, then every sufficiently long
string in the language has a nonempty substring that can be “pumped,”
that is, repeated any number of times while the resulting strings are also
in the language. This fact can be used to prove that many different
languages are notf regular.

4+ Operations That Preserve the Property of Being a Regular Language:
There are many operations that, when applied to regular languages, yield
a regular language as a result. Among these are union, concatenation, clo-
sure, intersection, complementation, difference, reversal, homomorphism
(replacement of each symbol by an associated string), and inverse homo-
morphism.

+ Testing Emptiness of Regular Languages: There is an algorithm that,
given a representation of a regular language, siuch as an automaton or
regular expression, tells whether or not the represented language is the
empty set.

4+ Testing Membership in a Regular Language: There is an algorithm that,
given a string and a representation of a regular language, tells whether or
not the string is in the language.

4 Testing Distinguishability of States: Two states of a DFA are distinguish-
able if there is an input string that takes exactly one of the two states to
an accepting state. By starting with only the fact that pairs consisting of
one accepting and one nonaccepting state are distinguishable, and trying
to discover addition pairs of distinguishable states by finding pairs whose
successors on one input symbol are distinguishable, we can discover all
pairs of distinguishable states.
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+ Minimizing Deterministic Finite Automata: We can partition the states
of any DFA into groups of mutually indistinguishable states. Members of
two different groups are always distinguishable. If we replace each group
by a single stare, we get an equivalent DFA that has as few states as any
DFA for the same language.

4.6 References for Chapter 4

Except for the obvious closure properties of regular expressions — union, con-
catenation, and star — that were shown by Kleene [6], almost all resnlts about
closure properties of the regular languages mimic similar results about context-
free languages (the class of languages we study in the next chapters). Thus,
the pumping lemma for regular languages is a simplification of a correspond-
ing result for context-free languages by Bar-Hillel, Perles, and Shamir [1]. The
same paper indirectly gives us several of the other closure properties shown
here. However, the closure under inverse homomorphism is from [2].

The quotient operation introduced in Exercise 4.2.2 is from [3)]. In fact, that
paper talks about a more general operation where in place of a single symbol a
Is any regular language. The series of operations of the “partial removal™ type,
starting with Exercise 4.2.8 on the first halves of strings in a regular langnage,
began with [8]. Sciferas and McNaughton [9] worked out the gencral case of
when a removal operation preserves regular languages.

The original decision algoritluns, sucli as emptiness, finiteness, and member-
ship for regular languages, are {rom [7]. Algorithms for minimizing the states
of a DFA appear there and in [3]. The most efficient algorithm for finding the
minimum-state DFA s in [4].
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Chapter 5

Context-Free Grammars
and Languages

We now turn onr attention away from the regular languages to a larger class of
tanguages, called the “context-free languages.” These lanuguages have a natu-
ral, recursive notation, called “context-free grammars.” Context-free grammars
have played a central role in compiler technology since the 1960's; they turned
the implementation of parsers (functions that discover the structure of a pro-
gram) from a time-consuming, ad-hoc implementation task into a routine job
that can be done in an afterncon. More recently, the context-free grammar has
been used to describe document formats, via the so-called document-type defi-
nition (DTD) that is used in the XML {cxtensible markup language) community
for information exchange on the Web.

In this chapter, we introduce the context-free grammar notation, and show
how grammars define langnages. We discuss the “parse tree,” a picture of the
structure that a grammar places on the strings of its language. The parse freo
is the product of a parser for a programuming language and is the way that the
structure of programns is normally captured.

There is an automatoti-like notation, called the “pushdown automaton,”
that also describes all and only the coutext-free languages; we introduce the
pushdown automaton in Chapter 6. While less important than finite automata,
we shall find the pushdown automaton, especially its equivalence to context-free
grammars as a language-defining mechanisu, to be quite useful when we explore
the closure and decision properties of the context-free languages in Chapter 7.

5.1 Context-Free Grammars
We shall begin by introducing the context-frec grammar notation informally.

After secing some of the important capabilities of these grammars, we offer
formal definitions. We show how to define a grammar formally, and introduce

169
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the process of “derivation,” whereby it is determined which strings are in the
language of the grammar.

5.1.1 An Informal Example

Let us consider the language of palindromes. A palindrome is a string that reads
the same forward and backward, such as otto or madamimadan {“Madam, I'm
Adam,” allegedly the first thing Eve heard in the Garden of Eden). Put another
way, string w is a palindrome if and only if w = w?. To make things simple,
we shall consider describing only the palindromes with alphabet {0,1}. This
language includes strings like 0110, 11011, and ¢, but not 011 or 0101.

It is easy to verify that the language Lpg of palindromes of 0’s and Vs is
not a regular language. To do 8o, we usc the pumping lemma. If Lyy is a
regular language, let n be the associated constant, and consider the palindrome
w = 0"107. If Lye is regular, then we can break w into w = zyz, such that
y consists of one or more 0’s from the first group. Thus, xz, which would also
have to be in Ly, if Lpg were regular, would have fewer 0’s to the left of the
lone 1 than there are to the right of the 1. Therefore zz cannot be a palindrome.
We have now contradicted the assumption that Ly, is a regular language.

There is a natural, recursive definition of when a string of 0's and 1's is in
Lpar- It starts with a basis saying that a few obvious strings are in Lpat, and
then exploits the idea that if a string is a palindrome, it must begin and end
with the same symbol. Further, when the first and last symbols are removed,
the resulting string must also be a palindrome. That is:

BASIS: ¢, 0, and 1 are palindromes.

INDUCTION: If w is a palindrome, so are 0w0 and lwl. No string is a palin-
drome of (s and 1's. unless it follows from this basis and induction rule.

A context-free grammar is a formal notation for expressing such recursive
definitions of languages. A grammar consists of one or more variables that
represent classes of strings, i.e., languages. In this example we have need for
only one variable P, which represents the set of palindromes; that is the class of
strings forming the language Lpq;. There are rules that say how the strings in
cach class are constructed. The construction can use symbols of the alphabet,
strings that are alrcady known to be in one of the classes, or both.

Example 5.1: The rules that define the palindromes, expressed in the context-
free grammar notation, are shown in Fig. 5.1. We shall see in Section 5.1.2 what
the rules mean.

The first three rules form the basis. They tell us that the class of palindromes
includes the strings ¢, 0, and 1. None of the right sides of these rules (the
portions following the arrows) contains a variable, which is why they form a
basis for the definition.

The last two rules form the inductive part of the definition. For instance,
rule 4 says that if we take any string w from the class P, then 00 is also in
class P. Rule 5 likewise tells us that 1wl is alsoin P, O
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1. P — ¢
2. P =5 0
3. P = 1
4. P — 0PO
5 P — 1Pl

Figure 5.1: A context-free grammar for palindromes

5.1.2 Definition of Context-Free Grammars

There are four important components in a grammatical description of a lan-
guage:

1. There is a finite set of symbals that form the strings of the language being
defined. This set was {0, 1} in the palindrome example we just saw. We
call this alphabet the terminals, or terminal symbols.

9. There is a finite set of variables, also called sometimes nonterminals or
syntactic categories. Each variable represents a language; i.e., a set of
strings. In our example above, there was only one variable, P, which we
used to represent the class of palindromes over alphabet {0,1}.

3. One of the variables represents the language being defined; it is called the
start symbol Other variables represent auxiliary clagses of strings that
are used to help define the language of the start symbol. In our example,
P, the only variable, is the start symbol.

4. There is a finite set of productions or rules that rcpresent the recursive
definition of a language. Each production consists of:

(a) A variable that is being (partially} defined by the production. This
variable is often called the head of the production.

(b} The production symbol —.

(¢) A string of zero or more terminals and variables. This string, called
the body of the production, represents onc way to form strings in the
language of the variable of the head. In so doing, we lcave terminals
unchanged and substitute for each variable of the body any string
that is known to be in the language of that variable.

We saw an example of productions in Fig. 5.1.

[he four components just described form & context-free grammar, or just gram-
mar, or CFG. We shall represent a CFG G by its four components, that 1s,
G = (V,T,P,3), where V is the set of variables, T the terminals, P the set of
productions, and S the start symbol.
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Example 5.2: The grammar G, for the palindromes is represented by
Gpm‘ — ({P}: {U 1} A P}
where A represents the sct of five productions that we saw in Fig. 5.1. O

Example 5.3: Let us explore a more complex CFG that represents (a simplific-
ation of) expressions in a typical programming language. First, we shall limit
ourselves to the operators + and #, representing addition and multiplication.
We shall allow arguments to be identifiers, but instead of allowing the full set of
typical identifiers (letters followed by zero or more letters and digits), we shall
allow only the letters ¢ and b and the digits 0 and 1. Ewvery identifier must
begin with @ or b, which may be followed by any string in {a, 5,0, 1}.

We need two variables in this grammar. One, which we call F, represents
expressions. It is the start symbol and represents the language of expressions
we arc defining. The other variable, I, represents identifiers. Its language is
actually regular; it is the langnage of the regular expression

(a+b)a+b+0+1)*

Howoever, we shall not use regular cxpressions directly in grammars. Rather,
we use a set of productions that say essentially the same thing as this regular
OXProssion.

1 E > I

2 E - FE+E
3 E —= ExFE
4 E - (E)

5. I -5 a

8. I =9

7. I = Ia

8 I = Db

9. I = 1D

0. I —= Il

Figure 5.2: A context-free grammar for simple expressions

The grammar for expressions is stated formally as G = ({E, I} T, P, E),
where T is the set of symbols {+, %, (,),a,5,0,1} and P is the set of productions
shown in Fig. 5.2. We interpret the productions ag follows.

Rule (1) is the basis rule for expressions. It says that an expression can
be a single idenrifier. Rules (2) through (4) describe the inductive case for
expressions. Rule (2) says that an expression can be two expressions connected
by a plus sign; rule (3) says the same with a multiplication sign. Rule {4) says
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Compact Notation for Productions

It is convenient to think of a production as “helonging” to the variable
of its head. We shall often use remarks like “the productions for A” or
“ A-productions” to refer to the productions whose head is variable A. We
may write the productions for a grammar by listing each variable once, and
then listing all the bodies of the productions for that variable, separated by
vertical bars. That is, the productions 4 = o). 4 = a2,..., 4 = @y, can
be replaced by the notation 4 - aqjag| -« - |a,. For instanee, the grammar
for palindromes from Fig. 5.1 can be written as P — ¢ | 0 [ 1] 0PO [ 1P1.

that if we take any expression and put matching parentheses around it, the
result is also an expression.

Rules (5) through (10) describe identifiers I. The basis is mles (5) and (6);
they say that e and b are identifiers. The remaining four rules are the inductive
case. They say that if we have any idenfifier, we can follow it by e, b, 0, or 1,
and the result will be another identifier. O

5.1.3 Derivations Using a Grammar

We apply the productions of a CFG to infer that certain strings are in the
language of a certain variable. There are two approaches to this inference. The
more conventional approach is to use the rules from hody to head. That is, we
take strings known to be in the langnage of each of the variables of the body,
concatenate them, in the proper order, with any terminals appearing in the
body, and infer that the resulting string is in the language of the variable in
the head. We shall refer to this procedure as recursive inference.

There is another approach to defining the language of a grammar, in which
we use the productions from head to body. We expand the start symbol using
one of its productions (i.e., using a production whosc head is the start symbol).
We further expand the resulting string by replacing one of the variables by the
body of one of its productions, and so on, until we derive a string consisting
entirely of terminals. The language of the grammar is all strings of terminals
that we can obtain in this way. This use of grammars is called derivation.

Wo shall begin with an example of the first approach — recursive inference.
However, it is often more natural to think of grammars as used in derivations,
and we shall next develop the notation for describing these derivations.

Example 5.4: Let us consider some of the inferences we can make using the
grammar for expressions in Fig. 5.2. Figure 5.3 summarizes these inferences.
For example, line (¢) says that we can infer string a is in the language for
I by using production 5. Lines {iz) through (iv) say we can infer that 00
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is an identifier by using production 6 once (to get the &) and then applying
production 9 twice {to attach the two 0%3).

String For lang- | Production | String(s)
Inferred uage of used used
(i) | @ I 5
(#) | b I 6 —
(¢44) | 50 I 9 (i)
(iv) | H00 I 9 (234)
() | & E 1 (2)
(vi} | 800 E 1 (2v)
(vid) | @+ b00 E 2 (v), (vi)
{vtii) | (a + B0O) E 4 {wii)
{iz) | ax{a+b00) | E 3 (v), {viif)

Figure 3.3: Inferring strings using the grammar of Fig. 3.2

Lines (v) and (v¢) exploit production 1 to infer that, since any identifier is
an expression, the strings a and 00, which we inferred in lines (7) and (iv) to
be identifiers, are also in the language of variable E. Line (vid) uses produc-
tion 2 to infer that the sum of these identifiers is an ¢xpression; line (viit) uses
production 4 to infer that the same string with parcntheses around it is also an
expression, and line (iz) uses production 3 to multiply the identifier « by the
expression we had discovered in line (viid). O

The process of deriving strings by applying productions from head to body
requires the definition of a new relation symbol =. Suppose G = (V,T, P, 5) is
a CI'G. Let aA8 be a string of terminals and variables, with A a variable. That
is, & and 3 are strings in {V UT)*, and Aisin V. Let 4 — -y be a production
of G. Then we say ac A3 = a8, If G is understood, we just say add = avi.
Notice that one derivation step replaces any variable anywhere in the string by
the hody of one of its productions.

We may extend the = relationship to represent zero, one, or many derivation
steps, much as the transition function § of a finite automaton was extended to
é. For derivations, we use a * to denote “zero or more steps,” as follows:

BASIS: For any string ¢ of terminals and variables, we say = . That is,
G

any string derives itself. '

INDUCTION: If o :? 8 and 3 C:‘> ¥, then o C=*> +. That is, if & can become 3

by zero or more steps, and one more step takes 3 to 7, then « can become -,
* N .

Put another way, & = 3 means that there is a sequence of strings ¥1,vs, -+ -, s
£

for some n 2 1, such that

1. o= Ty
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2. 7=y, and

3. Fori=1,2,...,n — 1, we have v = viy1.

If grammar G is understood, then we use % in place of C*:-} .

Example 5.5: The inference that a* (¢ + b00) is in the language of variable £
can be reflected in a derivation of that string, starting with the string £. Here
is one such derivation:

E=sExE=IxsE=axE =
ax(E)=a*x(E+EB)>as{I+E)=sax(a+E)=
x(a+I})=a*(a+10) = ax(a+ I00) = ax(a+ b00)

At the first step, E is replaced by the body of production 3 {from Fig. 5.2).
At the second step, production 1 is used to replace the first £ by I, and so
on. Notice that we have systematically adopted the policy of always replacing
the leftmost variable in the string. However, at each step we may choose which
variable to replace, and we can use any of the productions for that variable.
For instance, at the second step, we could have replaced the second E by (E),
using production 4. In that case, we would say Ex E = E+(E). We could also
have chosen to make a replacernent that would fail to lead to the same string
of terminals. A simple example would be if we used production 2 at the first
step, and said £ = E + E. No replacements for the two E’s could ever turn
E + Finto ax* (a + 500).

We can use the = relationship to condense the dernatlon We know E S E
by the basis. Repeated use of the inductive part gives us £ = E+E,E> IxE,
and so on, until finally £ = « * (a + 500).

The two viewpoints — recursive inference and derivation - are equivalent.
That is, a string of terminals w is inferred to be in the language of sone variable
A if and only if A & w. However, the proof of this fact requires some work,
and we leave it to Scetion 5.2, O

5.1.4 Leftmost and Rightmost Derivations

In order to restrict the number of choices we have in deriving a string, it is
often useful to require that at each step we replace the leftmost variable by one
of its production bodies. Such a derivation is called a leftmost der watwn and
we indicate that a derivation is leftmost by using the relations :> and => for

one or many steps, respectively. If the grammar G that is belng uwd Is not

obvious, we can place the name G below the arrow in either of these symbols.
Similarly, it is possible to require that at cach step the rightmost variable

is replaced by one of its bodies. If so, we call the derivation rightmaost and use
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Notation for CFG Derivations

There are a number of conventions in common use that help us remember
the role of the symbols we use when discussing CPG’s. Here are the
conventions we shall use:

1. Lower-case letters near the beginning of the alphabet, a, b, and so
on, are terminal symbols. We shall also assume that digits and other
characters such as + or parentheses are terminals.

9. Upper-case letters near the beginning of the alphabet, A, I, and so
on, are variables.

3. Lower-casc letters near the end of the alphabet, such as w or z, are
strings of terminals. This convention reminds us that the terminals
are analogous to the input symbols of an automaton.

4. Upper-case letters near the end of the alphabet, such as X or V', are
either terminals or variables.

5. Lower-case Greek letters, such as o and 3, are strings consisting of
terminals and/or variables.

There is no special notation for strings that consist of variables only, since
this concept plays no important role. However, a string named o or an-
other Greek letter might happen to have only variables.

the symbols = and % to indicate one or many rightmost derivation steps,

rm I
respectively. Again, the name of the grammar may appear below these symbols
if it is not clear which grammar is being used.

Example 5.6: The derivation of Example 5.5 was actually a leftmost deriva-
tion. Thus, we can describe the same derivation by:

E= ExE= [+E= axE=

Im ftn {1t im

e (E) = a*(E+E)I_=> a*(I-i—E)'E:} a*(a+E)l:>

tems

a*(a+ )= a*(a+1’0).r=> a*(a+IOO)I=> a * (a + b00)
ki ki

fire

. - - N *
We can also summniarize the leftmost derivation by saying B = ax {a+b00), or
3473

express several steps of the derivation by cxpressions such as E + B = ax(F).
im
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There is a rightmost derivation that uses the same replacements for each
variable, although it makes the replacements in different order. This rightmost
derivation is:

E=> ExE= Ex(E) = Ex{E+E)=

Pt TH M

(E+I)=> E*(F+IO)=> E % (E+IOO)=> Ex(E+b00) =

L

E*(I+b00)= E*(a+b00)= I*(a+b00)= ax*{a+b00)

I T T

This derivation allows us to conclude F = a* (a +500). O
M
Any derivation has an equivalent lefimost and an equivalent rlghtmmt der-
ivation, That is, if w is a terminal string, and A a variable, then A = w if and
only if A3 w, and A % wif and only if A = w. We shall also prove these

T

tm
claims in Section 5.2.

5.1.5 The Language of a Grammar

IfGQ(V, T, P,8) is a CFG, the lunguage of G, dencted L{G), is the set of terminal
stringy that have derivations from the start symbol. That is,

G)={winT'|Sc=i> w}

If a language L is the language of some context-free grammar, then L is said to
be a contezt-free language, or CFL. For instance, we asserted that the grammar
of Fig. 5.1 defined the language of palindromes over alphabet {0, 1}. Thus, the
set of palindromes is a context-free language. We can prove that statement, as
follows.

Theorem 5.7: L{Gpa), where G i8 the grammar of Example 5.1, is the set
of palindromes over {0,1}.

PROOF: We shall prove that a string w in {0,1}* is in L{G ) if and only if it
is a palindrome; i.e., w = w¥.

(If) Suppose w is a palindrome. We show by induction on |w| that w is in
L[Gpa.t]-

BASIS: We use lengths 0 and 1 as the basis. If |w| = 0 or [w] = 1, then w is ¢,

0, or 1. Since there are productions P = ¢, I’ = 0, and P 5 1, we conclude
* . :

that I? = w in any of these basis cascs.

INDUCTION: Suppose |w| > 2. Since w = w®, w must begin and end with the
same symbol That is, w = 0z0 or w = 1x1, Moreover, x must be a palindrome;
that is, z = . Note that we need the fact that |w| > 2 to infer that there are
two distinct 0’s or 178, at cither end of w.



178 CHAPTER 5. CONTEXT-FREE GRAMMARS AND LANGUAGES

If w = 0z0, then we invoke the inductive hypothesis to claim that P = z.
Then there is a derivation of w from P, namely P = 0P0 = 0z0 = w. If
w = lzl, the argument is the same, but we use the production P — 1P1 at
the first step. In either case, we conclude that w is in L(Gpa) and complete
the prool.

(Only-if) Now, we assume that w is in L(Gpa); that is, P L w. We must
conclude that w is a palindrome., The proof is an induction on the number of
steps in a derivation of w from P.

BASIS: If the derivation is one step, then it must use one of the three produe-
tions that do not have P in the body. That is, the derivation is P = ¢, P = 0,
or P = 1. Since ¢, 0, and 1 are all palindromes, the basis is proven.

INDUCTION: Now, suppose that the derivation takes n+ 1 steps, where n > 1,
and the statement is true for all derivations of n steps. Thatis, if P= z inn
steps, then z is a palindrome.

Consider an (n + 1)-step derivation of w, which must be of the form

P=0P0= 0z0=w

or P = IP1 3 lrl = w, gince n + 1 steps is at least two steps, and the
productions P — 0P0 and P — 1P1 are the only productions whose use allows
additional steps of a derivation. Note that in cither case, P = z in n steps.

By the inductive hypothesis, we know that « is a palindrome; that is, # = z'.
But if so, then 0z0 and 1z1 are also palindromes. For instance, (020)% =
00 = 020. We conclude that w is a palindrome, which completes the proof.
(|

5.1.6 Sentential Forms

Derivations from the start symbol produce strings that have a special role. We

call these “sentential forms.” That is, if G = (V. T, P, S) is a CFG, then any

string o it (' U T)* such that $ > a is a sentential form. If § > a, then
m

@ is a left-sentential form, and if S = @, then o is a right-sentential form.

T
Note that the language L(G) is those sentential forms that are in T*; i.e., they
congist solely of terminals.

Example 5.8: Consider the grammar for expressious from Fig. 5.2. For ex-
ample, E + (I + E) is a scutential form, since there is a derivation

E=ExE=Ex(E)= E+(E+E)= Ex(I + E)

However this derivation is neither leftmost nor rightmost, since at the last step,
the middle E is replaced.

As an cxample of a left-sentential form, comsider a x E, with the leftmost
derivation
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The Form of Proofs About Grammars

Theorem 5.7 is typical of proofs that show a grammar defines a particular,
informally defined language. We first develop an inductive hypothesis that
states what properties the strings derived from each variable have. In this
example, there was only one variable, P, so we had only to claim that its
strings were palindromes.

We prove the “if” part: that if a string w satisfies the mformal state-
ment about the strings of one of the variables A, then A= w Inour
example, since P is the start symbol, we stated “F 3 w” by saying that
w is in the language of the grammar. Typically, we prove the “if” part by
induction on the length of w. If there are & variables, then the inductive
statement to be proved has k parts, which must be proved as a mutual
induction.

We must also prove the “only-if” part, that if A S w, then w sat-
isfics the informal statement about the strings derived from variable A.
Again, in our example, since we had to deal only with the start symbol
P, we assumed that w was in the language of G, as an equivalent to
P 2 w. The proof of this part is typically by induction on the number of
steps in the derivation. If the grammar has productions that allow two or
more variables to appear in derived strings, then we shall have to break
a derivation of n steps into several parts, one derivation from each of the
variables. These derivations may have fewer than n steps, so we have to
perform an induction assuming the statement for all values n or less, as
discussed in Section 1.4.2.

E= ExE=> IxE= axFE
tri fm im
Additionally, the derivation

E:» ExE= Ex(E)= Ex(E+E)
THL

rin

shows that E = (E + E) is a right-sentential form. 0O

5.1.7 Exercises for Section 5.1

Exercise 5.1.1: Design context-free grammars for the following languages:

a) The sct {0®1" | n > 1}, that is, the set of all strings of one or more U’s
followed by an egual number of 1's

*1 b} The set {a’b/c* | i # j or j # k}, that is, the set of strings of a’s followed
by b’s followed by ¢’s, such that there are either a different number of ¢s
and s or a different number of &'s and ¢’s, or both.
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! ¢) The set of all strings of ¢’s and &’s that are not of the form ww, that is,
not equal to any string repeated.

11 d) The set of all strings with twice as many 0's as 1’s.

Exercise 5.1.2: The following grammar gencrates the language of regular
expression 0°1(0 + 1)™:

S = AIB
A4 = 04]e€
B — 0B|1B|e¢

Give leftmost and rightmost derivations of the following strings:
* a) 00101.

b) 1001.

¢) 00011.

Exercise 5.1.3: Show that every regular language is a context-free language.
Hint: Construct a CFG by induction on the number of operators in the regular
expression.

Exercise 5.1.4: A CFG is said to be right-linegr if each production body
has at most one variable, and that variable is at the right end. That is, all
productions of a right-linear grammar are of the form 4 - wB or 4 - w,
where A and B are variables and w some string of 2ero or more terminals.

a) Show that every right-linear grammar generates a regular language. Hin:
Construct an e-NFA that simulates leftmost derivations, using its state to
represent the lone variable in the current left-sentential form.

b) Show that every regular language has a right-linear grammnar. Hint: Start
with a DFA and let the variables of the grammar represent states.

Exercise 5.1.5: Let T ={0,1,(, ), +, *,@,e}. We may think of T as the set of
symbols used by regular expressions over alphabet {0. 1}: the only difference is
that we use e for symbol €, to avoid potential confusion in what follows. Your
task is to design a CFG with set of terminals T that generates exactly the
regular exproessions with alphabet {0,1}.

Exercise 5.1.6: We defined the relation = with a basis “@ = o’ and an
induction that says “c % Zand 3= v imply @ = v. There are several other
ways to define = that also have the effect of saying that “3 i3 zero or more
= steps.” Prove that the following are true:

* N . . -
a) a = g if and only if there is a sequence of one or more strings
RITHCTEERE

suchthat a =91, 3=, and fori =1,2,...,7 — 1 we have v; = 741,
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b) If 5 3, and 3> «, then o = ~. Hint: use induction on the number
of steps in the derivation 3 5 .

! Exercise 5.1.7: Consider the CFG G defined by productions:
S—aS|Sb|lalb

a) Prove by induction on the string length that no string in L(G) has ba as
a substring.

h) Describe L(G) informally. Justify your answer using part (a).
1! Exercise 5.1.8: Consider the CFG G defined by productions:

S — u89bS | bSaS | €

Prove that L(G) is the set of all strings with an equal number of a’s and b’s.

5.2 Parse Trees

There is a tree representation for derivations that has proved extremely useful.
This tree shows us clearly how the symbols of a terminal string are grouped
into substrings, each of which belongs to the language of one of the variables of
the grammar. But perhaps more importantly, the tree, known as a “parse tree”
when used in a compiler, is the data structure of choice to represent the source
program. In a compiler, the tree structure of the source program facilitates
the translation of the source program into executable code by allowing natural,
recursive funictions to perform this translation process.

In this section, we introduce the parse tree and show that the existence of
parse trees is tied closely to the existence of derivations and recursive inferences.
We shall later study the matter of ambiguity in grammars and languages, which
is an important application of parse trees. Certain grammars allow a terminal
string to have more than one parse tree. That situation makes the grammar
unsuitable for a programming language, since the compiler could not tell the
structure of certain source programs, and therefore could not with certainty
deduce what the proper executable code for the program was.

5.2.1 Constructing Parse Trees

Lot us fix on a grammar G = (V,T, P, S). The parse trees for G are trees with
the following conditions:

1. Each interior node is labeled by a variable in V.

2. Each leaf is labeled by either a variable, a terminal, or ¢. However, if the
leaf is labeled ¢, then it must be the only child of its parent,
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Review of Tree Terminology

We assume you have heen introduced to the idea of a tree and are familiar
with the commonly used definitions for trees. However, the following will
Serve as a review.

o Trees are collections of nodes, with a parent-child relationship. A
node has at most one parent, drawn above the node, and zero or
more children, drawn below. Lines connect parents to their children.
Figures 5.4, 5.5, and 5.6 are examples of trees.

« There is one node, the root, that has no parent; this node appears at
the top of the tree. Nodes with no children are called leaves. Nodes
that are not leaves are interior nodes.

o A child of a child of a - - - node is a descendant of that node. A parent
of a parent of a - - - is an ancestor. Trivially, nodes are ancestors and
descendants of themselves.

¢ The children of a node are ordered “from the left,” and drawn so. If
node ¥ is to the left of node Af, then all the descendants of NV are
considered to be to the left of all the descendants of M.

3. If an interior node is labeled A4, and its children arc labeled
X13X2! e }Xﬁ'

respectively, from the left, then 4 - XX, --- X} is a2 production in P.
Note that the only time one of the X’s can be ¢ is if that is the label of
the only child, and 4 — € is a production of G.

Example 5.9: Figure 5.4 shows a parse tree that uses the expression grammar
of Fig. 5.2. The root is labeled with the variable E. Wo sce that the production
used at tlie root is £ — E + E, since the three children of the root have labels
E, +, and E, respectively, from the lefi. At the leftimost child of the root, the
production £ — I is used, since there is one child of that node, labeled I. O

Example 5.10: Figure 5.5 shows a parse tree for the palindrome grammar of
Fig. 5.1. The production used at the root is P — 0170, and at the middle child
of the root it is P — 11, Note that at the bottom is a use of the production
P — e. That use, where the node labeled by the head has one child, labeled e,
is the only time that a node labeled € can appear in a parse tree. 0O
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RN

Figure 5.3: A parse tree showing the derivation P = 0110

5.2.2 The Yield of a Parse Tree

If we look at the leaves of any parse tree and concatenate them from the left, we
get a string, called the yield of the tree, which is always a string that is derived
from the root variable. The fact that the yicld is derived from the root will be
proved shortly. Of special importance are those parse trees such that:

1. The yield is a terminal string. That is, all leaves arc labeled either with
a terminal or with e.

2. The root is labeled by the start symbol.

These are the parse trees whose yields are strings in the language of the under-
lying grammar. We shall alse prove shortly that another way to describe the
language of a grammar is as the set of yields of those parse trees having the
start symbaol at the root and a terminal string as yield.

Example 5.11: Figure 5.6 is an example of a tree with a terminal string as
yield and the start symbol at the root; it is based on the grammar for expressions
that we introduced in Fig. 5.2. This tree's yield is the string a * (@ + 500) that
was derived in Example 5.5. In fact, as we shall see, this particular parse tree
is a representation of that derivation. [
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Figure 5.6: Parse tree showing a* (a + b00) is in the language of our expression
Erammar

5.2.3 Inference, Derivations, and Parse Trees

Each of the ideas that we have introduced so far for describing how a grammar
works gives us essentially the same facts about strings. That is, given a grammar
G =(V,T, P, S), we shall show that the following are equivalent;

1. The recursive inference procedure determines that terminal string w is in
the language of variable A.

2. AS w.
3. AS w.
Im

4. AS w.

R

5. There is a parse tree with root A and yield w.

In fact, except for the use of recursive inference, which we only defined for
terminal strings, all the other conditions — the existence of derivations, leftmost
or rightmost derivations, and parse trees — are also cquivalent if w is a string
that has some variables.
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We need to prove these equivalences, and we do so using the plan of Fig. 5.7,
That is, each arc in that diagram indicates that we prove a theorem that says
if w meets the condition at the tail, then it meets the condition at the head of
the arc. For instance, we shall show in Theorem 5.12 that if w is inferred to be
in the language of A by recursive inference, then there is a parse tree with root
A and yicld w.

derivation / \
/ Rightmost

Derivation ~+——— derivation Recursive

\—/ inference

Figure 5.7: Proving the equivalence of certain statements about grammars

Note that two of the arcs are very simple and will not be proved formally. If
w has a leftmost derivation from A4, then it surely has a derivation from A, since
a leftmost derivation is a derivation. Likewise, if w has a rightmost derivation,
then it surely has a derivation. We now procced to prove the harder steps of
this equivalence.

5.2.4 From Inferences to Trees

Theorem 5.12: Let G = (V.T,P,S) be a CFG. If the recursive inference
procedure tells us that terminal string w is in the language of variable A, then
there is a parse tree with root 4 and yield w.

PROOF: The proof is an induction on the number of steps used to infer that w
is in the language of A.

BASIS: One step. Then only the basis of the inference procedure must have
heen used. Thus, there must be a production A — w. The tree of Fig. 5.8,
where there is one leaf for each position of w, meets the conditions to be a parse
tree for grammar G, and it evidently has yield w and root A. In the special
case that w = ¢, the tree has a single leaf labeled € and is a legal parse tree
with root A and yield w.

INDUCTION: Suppose that the fact w is in the language of A is inferred after
n+ 1 inference steps, and that the statement of the theorem holds for all strings
z and variables B such that the membership of z in the language of B was
inferred using n or fewer inference steps. Consider the last step of the inference
that w is in the language of 4. This inference uses some production for A, say
A= X1 X2 Xy, where each X; is either a variable or a terminal.
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A

T

w

Figure 5.8: Tree constructed in the basis case of Theorem 5.12

We can break w up as wyws -+« wg, where:

1. If X;is a terminal, then w; = Xj; i.e., w; consists of only this one terminal
from the production.

2. If X; is a variable, then w; is a string that was previously inferred to be in
the language of X;. That is, this inference about w; took at most n of the
n+ 1 steps of the inference that w is in the language of A. Tt cannot take
all n+41 steps, because the final step, using production 4 — X, X, - - - Xj,
is surely not part of the inference about w;. Consequently, we may apply
the inductive hypothesis to w; and X;, and conclude that there is a parse
tree with yield wy and root X;.

AVANA

Figure 5.9: Tree used in the induetive part of the proof of Theorem 5.12

We then construct a tree with root 4 and yield w, as suggested in Fig. 5.9.
There is a root labeled A4, whose children are X;, Xy, ..., X;. This choice is
valid, since 4 = X1 X, --- X}, is a production of (.

The node for each X; is made the root of a subtree with yield w;. In case {1),
where X; is a terminal, this subtree is a trivial tree with a single node labeled
X;. That is, the subtree consists of only this child of the root. Since w; = X;
in case (1), we meet the condition that the yield of the subtree is w;.

In case (2), X; is a variable. Then, we invoke the inductive hypothesis to
claim that there is some tree with root X; and yield w;. This tree is attached
to the node for X; in Fig. 5.9.

The tree so constructed has root A. Its yield is the yields of the subtrees,
concatenated from left to right. That string is wywa - - - wg, which is w. O
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5.2.5 From Trees to Derivations

We shall now show how to construct a leftmost derivation from a parse tree.
The method for constructing a rightmost derivation uses the same ideas, and
we shall not explore the rightmost-derivation case. In order to understand how
derivations may be constructed, we need first to see how one derivation of a
string from a variable can be embedded within another derivation. An example
should illustrate the point.

Example 5.13: Let us again consider the expression grammar of Fig. 5.2. It
is easy to check that there is a derivation

E=xI=Ib=ab
As a result, for any strings « and , it is also true that
aEB = oI = albf = aabf

The justification is that we can make the same replacements of production
bodics for heads in the context of @ and 3 as we can in isolation.’

For instance, if we have a derivation that begins E = E 4+ E = E + (E),
we could apply the derivation of ab from the second E by treating “E + (7 as
a and )" as #. This derivation would then continue

E+(E)=> E+() = E+(Ib) = E + (ab)

We are now able to prove a theorem that lets us convert a parse tree to a
leftmost derivation. The proof is an induction on the height of the tree, which is
the maximum length of a path that starts at the root, and proceeds downward
through descendants, to a leaf. For instance, the height of the tree in Fig. 3.61s
7. The longest root-to-leaf path in this tree goes to the leaf labeled b. Note that
path lengths conventionally count the edges, not the nodes, s0 a path consisting
of a single node is of length 0.

Theorem 5.14: Let G = (V,T, P,S) be a CFG, and suppose there is a parse
tree with root labeled by variable A and with yield w, where w is in T*. Then
there is a leftmost derivation A §> w in grammar G.

PROOF: We perform an induction on the height of the tree.

11n fact, it is this property of being able to make a string-for-variable substitution regard-
less of context that gave rise originally to the term “contexi-free.” There is a more powerful
classes of grammars, called “context-sensitive,” where replacements are permitted only if cer-
tain strings appear to the left and/or right. Context-sensitive grammars do not play & major
role in practice today.
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BASIS: The basis is height 1, the least that a parse tree with a yield of terminals
can be. In this case, the tree must look like Fig. 5.8, with a root labeled A and
children that read w, left-to-right. Since this tree is a parse tree, A — w must
be a preduction. Thus, A = w is a one-step, leftmost derivation of w from A.

L
INDUCTION: If the height of the tree is n, where n > 1, it must look like
Fig 5.9. That is, there is a root labeled A, with children labeled X7, X5, ..., X;
from the left, The X's may be either terminals or variables.

1. If X; is a terminal, define w; to be the string consisting of X; alone.

2. IF X; is a variable, then it must be the root of some subtree with a yield
of terminals, which we shall call u:;. Note that in this case, the subtree is
of height less than n, so the inductive hypaothesis applies to it. That is,
there is a leftmost derivation X; :‘:*> ;.

L
Note that w = wywsy - - -t
We construct a leftmost derivation of w as follows. We begin with the step
A t:> X1Xy -+ Xg. Then, for each § = 1,2,..., %, in order, we show that

17l

*
AI=> wywy - Wi Xip XNigs - Xy
™m

This proof is actually another induction, this time on i. For the basis, i = 0,
we already know that 4 Jt=:» A1 Xy --- X, For the induction, assume that
™

*
4= e - "wg_l.Yf.Y1+| - Xk

2573

a} If X; is a terminal, do nothing. However, we shall subsequently think of
X; as the terminal string wy. Thus, we already have

* -
A !=> wiwsy - wiX ) Xipz oo X
m
b) If X, is a variable, continue with a derivation of w; from X;. in the context
of the derivation being constricted. That is, if this derivation is
‘YfZ} k] = (- - = 1wy
frre im fn

we proceed with

- w XX - Xy =

tre
wywy w1 Xy e X I:>
m
wiws - - Wi a Xy - - Xy f?
LT

wiws - Wi X1 Xiypo -+ - X
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The result is a derivation 4 E-i-> Wiwe e WiAe - Xk
m
When = k, the result is a leftmost derivation of w from 4. O

Example 5.15: Lot us construct the leftmost derivation for the tree of Fig. 5.6.
We shall show only the final step, where we construct the derivation from the
entire tree from derivations that correspond to the subtrees of the root. That is,
we shall assume that by recursive application of the technique in Theorem 5.14,
we have deduced that the subtree rooted at the first child of the root has
leftinost derivation & :‘> I = a, while the subtree rooted at the third child of

i i

the root has leftmost derivation
E=> ()= (E+E)=> (I+E)=> (e+ E)=>
m im fm im im

(a+1)= (a+10)= (a+100) = (a+500)
m

im

To build a leftmost derivation for the entire tree, we start with the step at
the root: A = E % E. Then, we replace the first E according to its deriva-

1
tion, followiné each step by *F to account for the larger context in which that
derivation is used. The leftmost derivation so far is thus
E= ExE= IxE= axk

{m im im

The * in the production used at the root requires no derivation, so the
above leftmost derivation also accounts for the first two duldren of the root.
We complete the leftmost derivation by using the derivation ol E => (a + 600},

n
in a context where it is preceded by ax and followed by the empty strlng This
derivation actually appeared in Example 5.6; it is:
E=o ExE= IxE=> a*E=>

tm im fm

x(E)=> ax(E+E)=> a*(I+E)=> ax*(a+ E)=

tm im fm

x{o+1)= ax{e+10)= a*(a+100)£=> a * (@ + b00)

im tm

O

A similar theorem lets us convert a tree to a rightmost derivation. The
construction of a rightmost derivation from a tree is almost the same as the
construction of a leftmost derivation. However, after starting with the step
A= X X»---Xg, we expand X first, using a rightmost derivation, then

i
expand X;._;, and so on, down to Xy. Thus, we shall state without further

proof:

Theorem 5.16: Let G = (V,T, P,S) be a CFG, and suppose there is a parse
tree with root labeled by variable A and with yield w, where w is in 7*. Then
there is a rightiost derivation 4 = win grammar G. O

rre
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5.2.6 From Derivations to Recursive Inferences

We now complete the loop suggested by Fig. 5.7 by showing that whenever
there is a derivation A 2 w for some CFQ@, then the fact that w is in the
language of A is discovered in the recursive inference procedure. Before giving
the theorem and proof, let us observe something important about derivations.

Suppose that we have a derivation 4 = X, X5 -+ X}, 2, . Then we can
break w into pieces w = wiwy - - - wy such that X = wy. Note that if X; is
a terminal, then w; = X;, and the derivation is zero steps. The proof of this
observation is not hard. You can show by induction on the number of steps
of the derivation, that if X, X5+ X, 2w, then all the positions of a that
come from expansion of X; are to the left of all the positions that come from
expansion of X;, if ¢ < j.

If X; is a variable, we cau obtain the derivation of X; = w; by starting
with the derivation 4 = w, and stripping away:

a) All the positions of the sentential forms that are either to the left or right
of the positions that are derived from X, and

b) All the steps that are not relevant to the derivation of w; from X;.
An example should make this process clear.

Example 5.17: Using the expression grammar of Fig, 5.2, cousider the deriva-
tion
EFE=o>EBExsE=FE«xE+E=I+«xFE+E3I«x]+E=

IslI+]lsaxl+I=zaxb+TI=axbta

Consider the third sentential form, E* F + E, and the middle E in this form.2

Starting from E = E + E. we may follow the steps of the above derivation,
but strip away whatever positions are derived from the Ex to the lefi of the
ventral E or derived from the +F to its right. The steps of the derivation then
become E, E,1,1,1,bb. That is, the next step does not change the central E,
the step after that changes it to I, the next two steps leave it as I, the next
changes it to b, and the final step does not change what is derived from the
central K.

If we take only the steps that change what comes from the central E, the
sequence of strings E, E, I, 1,I,b, b becomes the derivation £ = [ = b, That
derivation correctly deseribes how the central E evolves during the complete
derivation. 0O

Theorem 5.18: Let G = (V| T, P, 5) be a CFG, and suppose there is a deriva-
tion A4 ;:» w, where w is in T*, Then the recursive inference procedure applied

I
to & determines that w is in the language of variable 4.

20ur discussion of finding subderivations from larger derivations assumed we were con-
cerned with a variable in the second sentential lorm of some derivation. However, the idea
applies 10 a variable in any step of a derivation.
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PROOF: The proof is an induction on the length of the derivation A w

BASIS: If the derivation is one-step, then A — w must be a production. Since
w consists of terminals only, the fact that w is in the language of A will be
discovered in the basis part of the recursive inference procedure.

INDUCTION: Suppose the derivation takes n + 1 steps, and assume that for

any derivation of n or fewer steps, the statement holds. Write the derivation
o * . .

as A = X, Xy - Xx > w. Then, as discussed prior to the theorem, we can

break w as w = wywe - - Wk, where:

a) If X; is a terminal, then w; = X;.

b) If X; is a variable, then Xj = . Since the first step of the derivation
A = is surely not part of the derivation X 5wy, we know that this
derivation is of n or fewer steps. Thus, the inductive hypothesis applics
to it, and we know that w; is inferred to be in the language of X;.

Now, we have a production 4 = Xy X5 - - - Xy, with w; either equal to X; or
known to be in the language of X;. In the next round of the recursive inference
procedure, we shall discover that wyws -~ wy I8 In the language of A. Since
awhaws - - = W, we have shown that w is inferred to be in the language of A.
O

5.2.7 Exercises for Section 5.2

Exercise 5.2.1: For the grammar and cach of the strings in Excrcise 3.1.2,
give parsc trees.

Exercise 5.2.2: Suppose that G is a CFG without any productions that have
¢ as the right side. If w is in L(G), the length of w is n, and w has a derivation
of m steps, show that w has a parse tree with n +m nodes.

Exercise 5.2.3: Suppose all is as in Exercise 5.2.2, but ¢ may have some
productions with € as the right side. Show that a parse tree for a string « other
than e may have as many as n + 2m — 1 nodes, but no more.

Exercise 5.2.4: In Section 5.2.6 we mentioned that if X1.Xz--- Xy = @, then
all the positions of o that come from expansion of X; are to the left. of all the
positions that come from expansion of Xj. if 1+ < j. Prove this fact. Hint:
Perform an induction on the number of steps in the derivation.

5.3 Applications of Context-Free Grammars

Context-free grammars were originally conceived by N. Chomsky as a way to
describe natural languages. That promise has not been fulfilled. However, as
uses for recursively defined concepts in Computer Science have multiplied, so
has the need for CFG’s as a way to describe instances of these concepts. We
shall sketch two of these uses, one old and one new.
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1. Grammars are used to describe programming languages. More impor-
tantly, there is a mechanical way of turning the language description as
a CFG into a parser, the component of the compiler that discovers the
structure of the source program and represents that structure by a parse
tree. This application is one of the earliest uses of CFG's; in fact it is
one of the first ways in which theoretical ideas in Computer Science found
their way into practice.

2. The development of XML (Extensible Markup Language) is widely pre-
dicted to facilitate electronic commerce by allowing participants to share
conventions regarding the formai of orders, product descriptions, and
many other kinds of documents. An essential part of XML is the Docu-
ment Type Definition (DTD), which is essentially a context-free grarumnar
that describes the allowable tags and the ways in which these tags may
be nested. Tags are the familiar keywords with triangular brackets that
you may know from HTML, e.g., <EM> and </EM> to surround text that
needs to be emphasized. Howover, XML tags deal not with the formatting
of text, but with the meaning of text. For instance, one could surround
a sequence of characters that was intended to be interpreted as a phone
number by <PHONE> and </PHONE>.

5.3.1 Parsers

Many aspects of a programming language have a structure that may be de-
scribed by regular expressions. For instance, we discussed in Example 3.9 how
identifiers could be represented by regular expressions. However, there are also
some very important aspects of typical programming languages that cannot be
represented by regular expressions alone. The following are two examples.

Example 5.19: Typical languages use parentheses and/or brackets in a nested
and balanced fashion. That is, we must be able to match some left parenthesis
against a right parenthesis that appears immediately to its right, remove both
of them, and repeat. If we eventually eliminate all the parentheses, then the
string was balanced, and if we cannot match parentheses in this way, then it is
unbalanced. Examples of strings of balanced parentheses are ({)), ()}, ((()),
and ¢, while ){ and ((} are not.

A grammar Gpa = ({B},{(,)},F, B) generates all and only the strings of
balanced pareutheses, where P consists of the productions:

B BB|(B)|e

The first production, B — BB, says that the concatenation of two strings of
balanced parentheses is balanced. That assertion makes sense, because we can
match the parentheses in the two strings independently. The second production,
B — (B), says that if we place a pair of parentheses around a balanced string,
then the result is balanced. Again, this rule makes sense, because if we match



5.3. APPLICATIONS OF CONTEXT-FREE GRAMMARS 193

the parenthescs in the inner string, then they are all eliminated and we are then
allowed to match the first and last parentheses, which have become adjacent.
The third production, B — € is the basis; it says that the empty string is
balanced.

The above informal arguments should convince us that Gyer generates all
strings of balanced parentheses. We need a proof of the converse — that every
string of balanced parentheses is generated by this grammar. However, a proof
by induction on the length of the balanced string is not hard and is left as an
exercise.

We mentioned that the set of strings of balanced parentheses is not a regular
language, and we shall now prove that fact. If L{Gyu) were regular, then there
would be a constant n for this language from the pumping lemma for regular
languages. Consider the balanced string w = ()", that is, » left, parentheses
followed by n matching right parentheses. If we break w = wxyz according Lo
the pumping lemma, then y consists of only left parentheses, and therefore xz
has more right parentheses than left. This string is not balanced, contradicting
the assumption that the language of balanced parentheses is regular. U

Programming languages consist of more than parentheses, of course, but
parentheses arc an essential part of arithmetic or conditional expressions. The
grammar of Fig. 5.2 is more typical of the structure of arithmetic cxpressions,
although we used only two operators, plus and times, and we included the de-
tailed structure of identifiers, which would more likely be handled by the lexical-
analvzer portion of the compiler, as we mentioned in Section 3.3.2. Howover,
the language described in Fig. 5.2 is not regular either. For instance, according
to this gramunar, ("a)" is a legal expression. We can use the pumping lernma
to show that if the language were regular, then a string with some of the left
parentheses removed and the o and all right parentheses intact would also he a
legal expression, which it is not.

There are numerous aspects of a typical programming language that behave
like balanced parentheses. There will usually be parentheses themselves, in
expressions of all types. Beginnings and eudings of code blocks, such as begin
and end in Pascal, or the curly braces {...} of C, are examples. That is,
whatever curly braces appear in a C program must form a balanced sequence,
with { in place of the left parenthesis and } in place of the right parenthesis.

There is a related pattern that appears occasionally, where “parentheses”
can be balanced with the exception that there can be unbalanced left parenthe-
ses. An example is the treatment of if and else in C. An if-clause can appear
unbalanced by any else-clause, or it may be balanced by a matching else-clause.
A grammar that generates the possible sequences of if and else (represented
by 7 and e, respectively) is:

S—e|S5|i5]i%esS
For instance, ieie, iie, and iei are possible sequences of if’'s and else’s, and

each of these strings is generated by the above grammar. Some examples of
illegal sequences, not generated by the grammar, are ei and ieeii.
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A simple test (whose correctness we leave as an exercise), for whether a
sequence of i’s and ¢’s is generated by the grammar is to consider each e, in
turn from the left. Look for the first ¢ to the left of the e being considered. If
there is none, the string fails the test and is not in the language. If there is such
an ¢, delete this ¢ and the e being considered. Then, if there are no more s
the string passes the test and is in the language. If there are more e's, proceed
to consider the next one.

Example 5.20: Consider the string iee. The first e is matched with the i to
its left. They are removed, leaving the string e. Since there are more e’s we
consider the next. However, there is no i to its left, so the test fails; iee is not
in the language. Note that this conclusion is valid, since you cannot have morc
else’s than if’s in a C program.

For another example, consider éieie. Matching the first e with the i to its
left leaves iée. Matching the remaining e with the ¢ to its left leaves 7. Now
there are no more e’s, so the test succeeds. This conclusion also makes sense,
because the sequence iieie corresponds to a C program whose structure is like
that of Fig. 5.10. In fact, the matching algorithm also tells us {and the C
compiler) which if matches any given else. That knowledge is cssential if the
compiler is to create the control-flow logic intended by the programmer. O

if (Comdition) {

if (Condition) Statement;
else Statement;

if (Condition) Statement;
else Statement;

Figure 5.10: An if-clse structure; the two else’s match their previous if°s, and
the first if is unmatched

5.3.2 The YACC Parser-Generator

The generation of a parser (function that creates parse trees from source pro-
grams) has been institutionalized in the YACC command that appears in all
UNIX systems. The input to YACC is a CFG, in a notation that differs only
in details from the one we have used here. Associated with each production is
an action, which is a fragment of C code that is performed whenever a node of
the parse tree that (with its children) corresponds to this production is created.
Typically, the action is code to construct that node, although in some YACC
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applications the tree is not actually constructed, and the action does something
else, such as emit a piece of object code.

Example 5.21: In Fig. 5.11 is a sample of a CFG in the YACC notation.
The grammar is the same as that of Fig. 3.2. We have elided the actions, just
showing their (required) curly braces and their position in the YACC input.

Exp : Id {...}
| Exp '+’ Exp {...}
| Exp '*' Exp {...}
[ *(* Exp *)* {...}

Id : ‘a’ {...}
| 'b? {._-}
| Id ’a’ {...}
| Id v’ {...}
| Id 0 {...}
| 14 ’1° {...}

Figure 5.11: An example of a grammar in the YACC notation

Notice the following correspondences between the YACC notation for gram-
mars and ours:

¢ The colon is used as the production symbol, our —.

o All the productions with a given head are grouped together, and their
bodies are separated by the vertical bar. We also allow this convention,
as an option.

o The list of bodies for a given head ends with a semicolon. We have not
used a terminating symbol.

o Terminals are quoted with single quotes. Several characters can appear
within a single pair of quotes. Although we have not shown it, YACC al-
lows its user to define symbolic terminals as well. The occurrence of these
terminals in the source program are detected by the lexical analyzer and
signaled, through the return-value of the lexical analyzer, to the parser.

s Unquoted strings of letters and digits are variable names. We have taken
advantage of this capability to give our two variables more descriptive
names — Exp and Id — although E and I could have been used.



196 CHAPTER 5. CONTEXT-FREE GRAMMARS AND LANGUAGES

5.3.3 Markup Languages

We shall next consider a family of “languages” called markup languages. The
“strings” in these languages are documents with certain marks (called ags) in
them. Tags tell us something about the semantics of various strings within the
document.

The markup language with which you are probably most familiar is HTML
(HyperText Markup Language). This language has two wajor functions: cre-
ating links between documents and describing the format (“look”) of the a
document. We shall offer only a simplified view of the structure of HTML,
but the following examples should suggest both its structure and how a CFG
could be used both to describe the legal HTML documents and to guide the
processing (i.e., the display on a monitor or printer) of a document.

Example 5.22: Figure 5.12(a) shows a piece of text, comprising a list of items,
and Fig. 5.12(b) shows its expression in HTML. Notice from Fig. 5.12(b) that
HTML consists of ordinary text interspersed with tags. Matching tags are of
the form <z> and </z> for some string x.3 For instance, we see the matching
tags <EM> and </EM>, which indicate that the text between them should be
emphasized, that is, put in italics or another appropriate font. We also see the
matching tags <0L> and </0L>, indicating an ordered list, i.e., an crumeration
of list items.

The things I hate:
1. Moldy bread.
2. People who drive too slow in the fast lane.
(a) The text as vicwed

<P>The things I <EM>hate</EM>:
<0L>

<LT>Moldy bread.

<LI>People who drive too slow
in the fast lane.

</0L>

(b) The HTML source
Figurc 3.12: An HTML document and its printed version

We also see two examples of unmatched tags: <P> and <LI>, which introduce
paragraphs and list items, respectively. HTML allows, indeed encourages, that

YSometimes the Introducing tag <z> has more 1nforma¥ion 1n 1 Yhan Just Yht hame * for
the tag. However. we shall not consider that possibility in examples.
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these tags be matched by </P> and </LI> at the ends of paragraphs and list
items, but it does not require the matching. We have therefore left the matching
tags off, to provide some complexity to the sample HTML grammar we shall
develop. 0O

There are a number of classes of strings that are associated with an HTML
document. We shall not try to list them all, but here are the ones essential to
the understanding of text like that of Example 5.22. For each class, we shall
introduce a variable with a descriptive name.

1. Text is any string of characters that can be literally interpreted; i.e., it
has no tags. An example of a Text element in Fig §.12(a) is “Moldy
bread.”

2. Char is any string consisting of a single character that is legal in HTML
text. Note that blanks are included as characters.

3. Doc represents documents, which are sequences of “elements.” We define
clements next, and that definition is mutually recursive with the definition
of a Doc.

4. Element is either a Text string, or a pair of matching tags and the doc-
ument between them, or an unmatched tag followed by a document.

5. ListItem is the <LI> tag followed by a document, which is a single list
item.

6. List is a sequence of zero or more list items.

1. Char - al|d]---
2. Text —+ e | Char Text
3. Doe — €| Element Doc

4, Element — Text|
<EM> Doc </EM> |
<P> Doc |
<OL> List </OL> | ---
5. Listltem — <LI> Doc

6. List —+ e | Listitem Lust

Figure 5.13: Part of an HTML grammar
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Figure 3.13 is a CFG that describes as much of the structure of the HTML
language as we have covered. In line (1) it is suggested that a character can
be “a” or “A” or many other possible characters that are part of the HTML
character set. Line (2) says, using two productions, that T'ext can be either the
empty string, or any legal character followed by more text. Put another way,
Text is zero or more characters. Note that < and > are not legal characters,
althongh they can be represented by the sequences &1t ; and &gt ;, respectively.
Thus, we cannot accidentally get a tag into Text.

Line (3) says that a document is a sequence of zero or more “elements.” An
clement in turn, we learn at line {4), is either text; an emphasized document, a
paragraph-beginning followed by a document, or a list. We have also sugpgested
that there are other productions for Element, corresponding to the other kinds
of tags that appear in HTML. Then, in line (5) we find that a list item is the
<LI> tag followed by any document, and line (6) tells us that a list is a sequence
of zero ar more list elements.

Some aspects of HTML do not require the power of context-free grammars;
regular expressions are adequate. For example, lines (1) and (2} of Fig. 5.13
simply say that Text represents the same language as does the regular expres-
sion (a + A + ---)*. However, some aspects of HTML do require the power
of CFG's. For instance, each pair of tags that are a corresponding beginning
and ending pair, e.g., <EM> and </EM>, are like balanced parentheses, which we
already know are not regular.

5.3.4 XML and Document-Type Definitions

The fact that HTML is described by a grammar is not in itself remarkable.
Essentially all programming languages can be described by their own CFG's,
go it would be more surprising if we could not so deseribe HTML. Howover,
when we look at another important markup language, XML (eXtensible Markup
Language), we find that the CFG's play a more vital role, as part of the process
of using that language.

The purpose of XML is not to describe the formatting of the document;
that is the job for HTML. Rather, XML tries to describe the “semanties” of
the text. For example, text like 12 Maple St.” looks like an address, but is
it? In XML, tags would surround a phrase that represented an address; for
example:

<ADDR>12 Maple St.</ADDR>

However, it is not immediately obvious that <ADDR> means the address of a
building. For instance, if the document were about memory allocation, we might
expect that the <ADDR> tag would refer to a memory address. To make clear
what the different kinds of tags are, and what structures may appear between
matching pairs of these tags, people with a common interest are cxpected to
develop standards in the form of a DTD (Document-Type Definition).
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A DTD is essentially a context-free grammar, with its own notation for
describing the variables and productions. In the next example, we shall show
a simple DTD and introduce some of the language used for describing DTD’s,
The DTD language itself has a context-free grammiar, but it is not that grammar
we are interested in describing. Rather, the language for describing DTD’s is
essentially a CFG notation, and we want to see how CFG’s are expressed in
this language.

The form of a DTD is

<1DOCTYPE name-of-DTD [
list of element definitions

1>
An element definition, in turn, has the form
<!ELEMENT element-name {description of the element)>

Element descriptions are essentially regular expressions. The basis of these
expressions are:

1. Other element names, representing the fact that elements of one type can
appear within elements of another type, just as in HTML we might find
emphasized text within a list.

2. The special term #PCDATA, standing for any text that does not involve
XML tags. This term plays the role of variable Text in Example 5.22.

The allowed operators are:

1. | standing for union, as in the UNIX regular-cxpression notation discussed
in Section 3.3.1.

2. A comma, denoting concatenation.

3. Three variants of the closure operator, as in Section 3.3.1. These are x,
the usual operator meaning “zero or more occurrences of,” -+, meaning
“one or more occurrences of,” and 7, meaning “zero or ome cccurrence
Of.”

Parentheses may group operators to their arguments; otherwise, the usual prece-
dence of regular-expression operators applies.

Example 5.23: Let us imagine that computer vendors get together to create
a standard DTD that they can use to publish, on the Web, descriptions of the
various PC’s that they currently sell. Each description of a PC will have a
model number, and details about the features of the model, e.g., the amount of
RAM, number and size of disks, and so on. Figure 5.14 shows a hypothetical,
very simple, DTD for personal computers.
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<!DOCTYPE PcSpecs [
<IELEMENT PCS (PCx)>
<IELEMENT PC (MODEL, PRICE, PROCESSOR, RAM, DISK+)>
<1ELEMENT MODEL (\#PCDATA}>
<IELEMENT PRICE {\#PCDATA)>
<!'ELEMENT PROCESSOR (MANF, MODEL, SPEED)>
<!'ELEMENT MANF (\#PCDATA)>
<!ELEMENT MODEL (\#PCDATA)>
<!ELEMENT SPEED {(\#PCDATA)>
<VELEMENT RAM (\#PCDATA)>
<!ELEMENT DISK (HARDDISK | CD | DVD)>
<VELEMENT HARDDISK (MANF, MODEL, SIZE)
<VELEMENT SIZE (\#PCDATA)>
<!ELEMENT CD (SPEED)>
<!ELEMENT DVD (SPEED)>
1>

Figure 5.14: A DTD for personal computers

The name of the DTD is PcSpecs. The first element, which is like the start
symbol of a CFG, is PCS (list of PC specifications). Its definition, PC*, says
that a PCS is zero or mare PC entries.

We then see the definition of a PC element. It consists of the concatenation
of five things. The first four are other clements, corresponding to the model,
price, processor type, and RAM of the PC. Each of these must appear once,
in that order, since the comma represents concatenation. The last constituent,
DISK+, tells us that there will be one or more disk entries for a PC.

Many of the constituents are simply text; MODEL, PRICE, and RAM are of this
type. However, PROCESSOR has more structure. We see from its definition that
it consists of a mannfacturer, model, and speed, in that order; each of these
elements is simple text.

A DISK entry is the most complex. First, a disk is either a hard disk, CD, or
DVD, as indicated by the rule for element DISK, which is the OR of three other
elements. Hard disks, in turn, have a structure in which the manufacturer,
model, and size are specified, while CD’s and DVD’s are represented only by
their speed.

Figure 5.15 is an example of an XML document that conforms to the DTD
of Fig. 5.14. Notice that each element is represented in the document by a tag
with the name of that element and a matching tag at the end, with an extra
slash, just as in HTML. Thus, in Fig. 5.15 we see at the outermost level the tag
<PCS>...</PCS>. Inside these tags appears a list of entries, one for each PC
sold by this manufacturer; we have only shown one such entry explicitly.

Within the illustrated <PC> entry, we can easily see that the model number
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<PCS>
<PC>
<MODEL>4560</MODEL>
<PRICE>$2295</PRICE>
<PROCESSOR>
<MANF>Intel</MANF>
<MODEL>Pentium</MODEL>
<SPEED>800MHz</SPEED>
</PROCESSDR>
<RAM>256</RAM>
<DISK><HARDDISK>
<MANF>Maxtor</MANF>
<MODEL>Diamond</MODEL>
<SIZE>30.5Gb</SIZE>
</HARDDISK></DISK>
<DISK><CD>
<SPEED>32x</SPEED>
</CD></DISK>
</PC>
<PC>

</PC>
</PCS>

Figure 5.15: Part of a document obeying the structure of the DTD in Fig. 5.14

is 4560, the price is $2295, and it has an 800MHz Intel Pentium processor. It
has 256 Mb of RAM, a 30.5Gb Maxtor Diamond hard disk, and a 32x CD-ROM
reader. What is important is not that we can read thesc facts, but that a
program could read the document, and guided by the grammar in the DTD
of Fig. 3.14 that it has also read, could interpret the numbers and names in
Fig. 5.15 properly. O

You may have noticed that the rules for the elements in DTD's like Fig. 5.14
are not quite like productions of context-free grarnmars. Many of the rules are
of the correct form. For instance,

<1ELEMENT PROCESSOR (MANF, MODEL, SPEED)>

Is analogous to the production
Processor — Manf Model Speed

However, the rule
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<!ELEMENT DISK (HARDDISK | CB | DVD)>

does not have a definition for DISK that is like a production body. In this case,
the extension is simple: we may interpret this rule as three productions, with
the vertical bar playing the same role as it does in our shorthand for productions
having a common head. Thus, this rule is equivalent to the three productions

Disk - HardDisk | Cd | Dvd
The most difficult case is
<1ELEMENT PC (MODEL, PRICE, PROCESSOH, RAM, DISK+)>»

where the “body” has a closure operator within it. The solution is to replace
DISK+ by a new variable, say Disks, that generates, via a pair of productions,
one or more instances of the variable Disk. The equivalent productions are
thus:

Pe - Model Price Proeessor Ram Disks
Disks -5 Disk | Disk Disks

There is a general technique for converting a CFG with regular expressions
as production bodies to an ordinary CFG. We shall give the idea informally;
you may wish to formalize both the meaning of CFG’s with regular-expression
productions and a proof that the extension yields no new languages beyond
the CFL’s. We show, inductively, how to convert a production with a regular-
expression body to a collection of equivalent ordinary productions. The induc-
tion is on the size of the expression in the body.

BASIS: If the body is the concatenation of elements, then the production is
already in the legal form for CFG’s, so we do nothing.

INDUCTION: Otherwise, there are five cases, depending on the final operator
used.

1. The production is of the form A — E;, E;, where Ey and E» are expres-
sions permitted in the DTD language. This is the concatenation case.
Introduce two new variables, B and (', that appear nowhere else in the
grammar. Replace A = F;, B> by the productions

A= BC
B—>E1
C—}Eg

The first production, 4 — BC, is legal for CFG’s. The last two may or
may not be legal. However, their bodies are shorter than the body of the
original production, so we may inductively convert them to CFG form.
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2. The production is of the form A — E; | Fs. For this union operator,
replace this production by the pair of productions:

A—)El
A—?E:g

Again, these productions may or may not be legal CFG productions, but
their bodies are shorter than the body of the original. We may therefore
apply the rules recursively and eventually convert these new productions
to CFG form.

3. The production is of the form A — (E;)*. Introduce a new variable B
that appears nowhere else, and replace this production by:

A BA
A-oe
B—}E]

4. The production is of the form A — (E;)T. Introduce a new variable B
that appears nowhere else, and replace this production by:

A-—- BA
A= B
B—)El

5. The production is of the form A — (E;)?. Replace this production hy:

Ao e
A—?El

Example 5.24: Let us consider how to convert the DTD rule
<!ELEMENT PC (MODEL, PRICE, PROCESSOR, RAM, DISE+)>

to legal CFG productions. First, we can view the body of this rule as the con-
catenation of two expressions, the first of which is MODEL, PRICE, PROCESSOR,
RAM and the second of which is DISK+. If we creaie variables for these two
subexpressions, say 4 and B, respectively, then we can use the productions:

Pc— AB
A = Model Price Processor Ram
B — Disk™t

Only the last of these is not in legal form. We introduce another variable
and the productions:
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B-CB|C
C — Disk

In this special case, because the expression that A derives is just a concate-
nation of variables, and [Hsk is a single variable. we actually have no need for
the variables 4 or . We could use the following productions instead:

Pe = Model Price Processor Rum B
B = Disk B | Disk

a

5.3.5 Exercises for Section 5.3

Exercise 5.3.1: Prove that if a string of parentheses is balanced, in the sense
given in Example 5.19, then it is generated by the grammar B — BB | (B) | e.
Hint: Performn an induction on the length of the string.

Exercise 5.3.2: Consider the set of all strings of balanced parentheses of two
types, round and square. An example of where these strings come from is as
follows. If we take expressions in C, which use round parentheses for grouping
ad for arguments of function calls, and use square brackets for array indexes,
and drop out cverything but the parentheses, we get all strings of balanced
parentheses of these two types. For example,

flalil* (il [j1,clg(x21),d[i])

becomes the balanced-parenthesis string ([1 (0 O LO1Y1). Design a gram-
mar for all and only the strings of round and square parentheses that are bal-
anced.

Exercise 5.3.3: In Scction 5.3.1, we considered the grammar
S—e€|S5|iS|iSeS

and claimed that we could test for membership in its language L by repeatedly
doing the following, starting with a string w. The string w changes during
repetitions.

1. If the current string begins with e, fail; w is not in L.
2. If the string currently has no e’s (it may have ¢'s), succeed; w is in L.

3. Otherwise, delete the first ¢ and the i immediately to its left. Then repeat
these three steps on the new string.

Prove that this process correctly identifies the strings in L.

Exercise 5.3.4: Add the following forms to the HTML grammar of Fig. 5.13:
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* a) A list item must be ended by a closing tag </LI>.

b) An element can be an unordered list, as well as an ordered list. Unordered
lists are surrounded by the tag <UL> and its closing </UL>.

! ¢) An element can be a table. Tables arc surrounded by <TABLE> and its
closer </TABLE>. Inside these tags are once or more rows, each of which
is surrounded by <TR> and </TR>. The first row is the header, with one
or more fields, each introduced by the <TH> tag (we'll assume these are
not closed, although they should be). Subsequent rows have their felds
introduced by the <TD> tag.

<1DOCTYPE CourseSpecs [
<{ELEMENT COURSES (CUURSE+)>
<!ELEMENT COURSE (CNAME, PROF, STUDENT*, TA?)>
<VELEMENT CNAME (#PCDATA)>
<{ELEMENT PROF (#PCDATA}>
<!ELEMENT STUDENT (#PCDATA)>
<VELEMENT TA (#PCDATA)> 1>

Figure 5.16: A DTD for courses
Exercise 5.3.5: Convert the DTD of Fig. 5.16 to a context-free gramar.

5.4 Ambiguity in Grammars and Languages

As we have seen, applications of CFG's often rely on the grammnar to provide
the structure of files. For instance, we saw in Section 5.3 how grammars can be
used to put structure on programs and documents. The tacit assumption was
that a grammar uniquely determines a structure for each string in its language.
However, we shall see that not every grammar does provide unique structures.

When a grammar fails to provide unique structures, it is sometimes possible
to redesign the grammar to make the structure unique for each string in the
language. Unfortunately, sometimes we cannot do so. That is, there are some
CFL’s that are “inherently ambiguous™; every grammar for the language puts
more than one structure on some strings in the language.

5.4.1 Ambiguous Grammars

Let us return to our running example: the expression grammar of Fig. 5.2. This
grammar lets us generate expressions with any sequence of * and + operators,
and the productions £ —+ E + E | E+ E allow us to generate these expressions
in any order we choose.
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Example 5.25: For instance, consider the sentential form F 4- E = E. It has
two derivations from E:

lL. E=2FE+E=>FE+ExE
2 E=sExEasF4+ExE

Notice that in derivation (1), the second E is replaced by E % E, while in
derivation (2), the first E is replaced by F + E. Figure 5.17 shows the two
parse trees, which we should note are distinct trees.

N N
AN

E * E

(a) (b)
Figure 5.17: Two parse trees with the same yield

The difference between these two derivations is significant. As far as the
structure of the expressions is concerned, derivation (1) says that the second and
third expressions are multiplied, and the result is added to the first expression,
while derivation (2) adds the first two expressions and multiplies the result by
the third. In more concrete terms, the first derivation suggests that 1 + 2+ 3
should be grouped 1 + (2 * 3) = 7, while the second derivation suggests the
same expression should be grouped (1 + 2) * 3 = 9. Obviously, the first of
these, and not the second, matches our notion of correct grouping of arithmetic
expressions.

Since the grammar of Fig. 5.2 gives two different structures to any string
of terminals that is derived by replacing the three expressions in E + E * E by
identifiers, we see that this grammar is not a good one for providing unique
structure. In particular, while it can give strings the correct grouping as arith-
metic expressions, it also gives them incorrect groupings. To use this expression
grammar in a compiler, we would have to modify it to provide only the correct
groupings. O

On the other hand, the mere existence of different derivations for a string
{as opposed to different parse trees) does not imply a defect in the grammar.
The following is an example.

Example 5.26 : Using the same expression grammar, we find that the string
@ + b has many different derivations. Two examples are:
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1. E=>E+E=>I+E=>a+E=a+i=>a+b
9 Es>E+E=>E+IsI+I=sI+b=ath

However, there is no real difference between the structures provided by these
derivations; they each say that ¢ and b are identifiers, and that their values are
to be added. In fact, both of these derivations produce the same parse tree if
the construction of Theorems 5.18 and 5.12 are applied. O

The two examples above suggest that it is not a multiplicity of derivations
that cause ambiguity, but rather the existence of two or more parse trees. Thus,
we say a CFG G = (V,T, P, S) is embiguous if there ig at least one string w
in T* for which we can find two different parse trees, each with root labeled S
and yield w. If each string has at most one parse tree in the grammar, then the
grammar is unambiguous.

For instance, Example 5.25 almost demonstrated the ambiguity of the gram-
mar of Fig. 5.2. We have only to show that the trees of Fig. 5.17 can be com-
pleted to have terminal yields. Figure 5.18 is an example of thai completion.

E

. N

[N G
) | | \

| | | |

a ¢! a a

(a) (b)

Figure 5.18: Trees with yield ¢ +a * a, demonstrating the ambignity of our
expression gramumar

5.4.2 Removing Ambiguity From Grammars

Tn an ideal world, we would be able to give you an algorithm to remove ambi-
guity from CFG’s, much as we were able to show an algorithm in Section 4.4 to
remove unnecessary states of a finite antomaton. However, the surprising fact
is, as we shall show in Section 9.5.2, that there is no algorithm whatsoever that
can cven tell us whether a CFG is ambiguous in the first place. Moreover, we
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Ambiguity Resolution in YACC

If the expression graminar we have been using is ambignons, we might
wonder whether the sample YACC program of Fig. 5.11 is realistic. True,
the underlying grammar is ambiguous, but much of the power of the YACC
parser-generator comes from providing the user with simple mechanisms
for resolving most of the common causes of ambignity. For the expression
grammat, it is sufficient to insist that:

a) = takes precedence over +. That is, *'s must be grouped before
adjacent +’s on either side. This rule tells us to use derivation (1)
in Example 5.23, rather than derivation {2).

b) Both % and + are left-associative. That is, group sequences of ex-
pressions, all of which are connected by %, from the left, and do the
same for sequences connected by +.

YACC allows us to state the precedence of operators by listing them
in order, from lowest to highest precedence. Technically, the precedence
of an operator applies to the use of any production of which that operator
is the rightmost terminal in the body. We can also declare operators to
be left- or right-associative with the keywords %left and %right. For
instance, to declare that + and * were both left associative, with = taking
precedence over +, we would put ahcad of the grammar of Fig. 5.11 the
statements:

Yleft +°
Yleft %’

shall see in Section 5.4.4 that there are context-free languages that have nothing
but ambiguous CFG’s; for these langnages, removal of ambiguity is impossible.

Fortunately, the situation in practice is not so grim. For the sorts of con-
structs that appear in common programming languages, there are well-known
techniques for eliminating ambiguity. The problem with the expression gram-
mar of Fig. 5.2 is typical, and we shall explore the elimination of its ambiguity
as an important illustration.

First, let us note that there are two causes of ambiguity in the grammar of
Fig. 5.2:

1. The precedence of operators is not respected. While Fig. 5.17(a) properly
groups the % before the + operator, Fig 5.17(b} is also a valid parse tree
and groups the + ahead of the x. We need to force only the structure of
Fig. 5.17(a} to be legal in an unambiguous grammar.
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2. A sequence of identical operators can group either from the left or from the
right. For example, if the ’s in Fig. 5.17 were replaced by +’s, we would
see two different parse trees for the string E + £ + E. Since addition
and multiplication are associative, it doesn’t matter whether we group
from the left or the right, but to eliminate ambiguity, we must pick one.
The conventional approach is to insist on grouping from the left, so the
structure of Fig. 5.17(b) is the only correct grouping of two +-signs.

The solution to the problem of enforcing precedence is to introduce several
different variables, each of which represents those expressions that share a level
of “binding strength.” Specifically:

1. A factor is an expression that cannot be broken apart by any adjacent
operator, either a # or a +. The only factors in our expression language
are:

(a) Identifiers. It is not possible to separate the letters of an identifier
by attaching an operator.

(b} Any parenthesized expression, no matter what appears inside the
parentheses. It is the purpose of parentheses to prevent what is inside
from becoming the operand of any operator outside the parentheses.

2. A term is an expression that cannot be broken by the + operator. In our
example, where + and * are the only operators, a term is a product of
one or more factors. For instance, the term @ % b can be “broken” if we
use left associativity and place alx to its left. That is, al xa*b is grouped
(al * @) * b, which breaks apart the a * b. However, placing an additive
term, such as al+, to its left or +al to its right cannot break a % b. The
proper grouping of al + a * b is al + (a * b), and the proper grouping of
axb+alis (a*b)+al.

3. An ezpression will henceforth refer to any possible expression, including
those that can be broken by either an adjacent * or an adjacent +. Thus,
an expression for our example is a sum of one or more terms.

I = alb|le|Ib|I0} 11
F - I|(E)

T — F|T«F

E = T|E4+T

Figure 5.19: An unambiguous expression gramimar

Example 5.27: Figure 5.19 shows an unambiguous grammar that generates
the same language as the grammar of Fig. 5.2. Think of F, 7', and E as the
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variables whose languages are the factors, terms, and expressions, as defined
above. For instance, this grammar allows only one parse tree for the string
a + a * ¢; it is shown in Fig. 5.20.

A ~

AN

F F Il
b
o

Figurc 5.20: The sole parse tree fora +a*a

The fact that this grammar is unambigucus may be far from cobvious. Here

are the key observations that explain why no string in the language can have
two different parse trees.

s Any string derived from T, a term, must be a sequence of one or more

factors, connected by #’s. A factor, as we have defined it, and as follows
from the productions for F in Fig. 5.19, is either a single identifier or any
parenthesized expression.

Because of the form of the two productions for T, the only parse tree for
a sequence of factors is the one that breaks fy # fo#---% f,, for n > 1 into
aterm f; x fox---% fp_y and a factor f,. The reason is that F' cannot
derive expressions like f,_1 * f,, without introducing parentheses around
them. Thus, it is not possible that when using the production 7' — T* F,
the F derives anything but the last of the factors. That is, the parse tree
for a term can only look like Fig. 5.21.

Likewise, an expression is a sequence of terms connected by +. When
we use the production £ - E+ T to derive ty +ta+--- + 5, the T
must derive only t,, and the FE in the body derives #; + 42 + --- + 1.
The reason, again, is that T cannot derive the sum of two or more terms
without putting parentheses around them.
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/I\
/\\

N

T * F
|
F

Figure 5.21: The form of all parse trees for a term

5.4.3 Leftmost Derivations as a Way to Express
Ambiguity

While derivations are not necessarily unique, even if the grammar is unambigu-
ous, it turns out that, in an unambiguous grammar, leftmost derivations will
be unique, and rightmost derivations will be unique. We shall consider leftmost
derivations only, and state the result for rightmost derivations.

Example 5.28: As an example, notice the two parse trees of Fig. 5.18 that
each yield E + E # E. If we construct leftmost derivations from them we get
the following leftmost. derivations from trees (a) and (b), respectively:

a) E= E+E=> I+E=> a+E=> a+E+«E > a+I*E=> at+axF =

tm tin im
a+a*II=> a+a*a
m

b} E=> E*E=> E+E*E=> I+E¢E=:> a+E*E=> a+I*E=>
a+aa=E=> a+a*I=> a+a*a

Note that these two leftmost derivations differ. This example does not prove
the theorem, but demonstrates how the differences in the trees force different
steps to be taken in the leftmost derivation. D

Theorem §.29: For each grammar G = (V, T, P, S) and string w in T, w has
two distinct parse trees if and only if w has two distinct leftmost derivations
from S.
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PROOF: (Only-if) If we examine the construction of a leftmost derivation from
a parse tree in the proof of Theorem 5.14, we see that wherever the two parse
trees first have a node at which different productions are used, the leftmost
derivations constructed will also use different productions and thus be different
derivations.

(If) While we have not previously given a direct construction of a parse tree
from a leftmost, derivation, the idea is not hard. Start constructing a tree with
cnly the root, labeled S. Examine the derivation one step at a timme. At each
step, a variable will be replaced, and this variable will correspond to the leftmaost
node in the tree being constructed that has no children but that has a variable
as its label. From the production used at this step of the leftmost derivation,
determine what the children of this node should be. If there are two distinet
derivations, then at the first step where the derivations differ, the nodes being
constructed will get different lists of children, and this difference guarantees
that the parse trees are distinct. O

5.4.4 Inherent Ambiguity

A context-free language L is said to be inherently embiguous if all its gram-
mars are ambiguous. If even one grammar for L is unambiguous, then L is an
unambiguous language. We saw, for example, that the language of expressions
generated by the grammar of Fig. 5.2 is actually unambiguous. Ewven though
that grammar is ambiguous, there is another grammar for the same language
that is unambiguous — the grammar of Fig. 5.19.

We shall not prove that there are inherently ambiguous languages. Rather
we shall discuss one example of a language that can be proved inherently am-
biguous, and we shall explain intuitively why every grammar for the language
must be ambiguous. The language L in question is:

L= {a"0"¢™d™ |n > 1,m > 1} U {a™™c™d" |n 2 1,m > 1)
That is, L consists of strings in a*b¥e*td™ such that either:

1. There are as many «¢’s as ¥’s and as many ¢’s as d’s, or
2. There are as many a's as d’s and as many b’s as ¢'s.

L is a context-free language. The obvious grammar for L is shown in
Fig. 5.22. It uses separate sets of productions to generate the two kinds of
strings in L.

This grammar is ambigucus. For example, the string aabbecdd has the two
leftmost derivations:

1. §= ADB = adbB = aabbB = aabbcBd = aabbecdd

fin fn im tn tm

2.85=> C= aCd= auDdd = aachddl:*r aahbeedd
m

fm tm tm {m
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5§ —» AB|C
A — aAb|ab
B — cBd|cdd
C = ald|abd
D =5 bDe|bc

Figure 5.22: A grammar for an inherently ambiguous language
S
/ \
a
/ \ / \ /
a b a
/

(a) (b}

Figure 5.23: Two parse trees for aabbeedd

and the two parse trees shown in Fig. 5.23.

The proof that all grammars for L must be ambiguous is complex. However,
the essence is as follows. We need to argue that all but a finite number of the
strings whose counts of the four symbols a, b, ¢, and 4, are all equal must be
generated in two different ways: one in which the a’s and b are generated to be
equal and the ¢’s and d’s are generated to be equal, and a second way, where
the a's and d’s are generated to be equal and likewise the b’s and ¢’s.

For instance, the only way to generate strings where the ¢'s and b's have
the same number is with a variable like A in the grammar of Fig. 5.22. There
are variations, of course, but these variations do not change the basic picture.
For instance:

» Some small strings can be avoided, say by changing the basis production
A = abto A = qaabbb, for instance.
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* We could arrange that 4 shares its job with some other variables, e.g., by
using variables 4, and A;, with A, generating the odd numbers of a’s and
Ao generating the even numbers, as; 4; — adad | ab; Ay — ad b | ab.

* We could also arrange that the numbers of a¢’s and b's generated by A
are not exactly equal, but off by some finite number. For instance, we
could start with a production like § — AbB and then use 4 —+ adb | a
to generate one more ¢ than b's.

However, we cannot avoid some mechanism for generating a’s in a way that
matches the count of &’s.

Likewise, we can argue that there must be a variable like B that generates
matching ¢’s and d’s. Also, variables that play the roles of C (generate match-
ing a's and d’s) and D (generate matching b’'s and ¢’s) must be available in
the grammar. The argument, when formalized, proves that no matter what
modifications we make to the basic grammar, it will generate at least some of
the strings of the form a®b"c”d"” in the two ways that the grammar of Fig. 3.22
does.

5.4.5 Exercises for Section 5.4

Exercise 5.4.1: Consider the grammar
S —=aS|aShs | ¢
This grammar is ambiguous. Show in particular that the string eab has two:
a) Parse trees.
b} Leftmost derivations.
¢) Rightmost derivations.

Exercise 5.4.2: Prove that the grammar of Exercise 5.4.1 generates all and
only the strings of a’s and b’s such that every prefix has at least as many a’s as
by

Exercise 5.4.3: Find an unambiguous grammar for the language of Exer-
cise 5.4.1.

Exercise 5.4.4: Some strings of «’'s and 4’s have a unique parse tree in the
grammar of Exercise 5.4.1. Give an efficient test to tell whether a given string
is one of these. The test “try all parse trees to see how many yield the given
string” is not adequately efficient.

Exercise 5.4.5: This question concerns the grammar from Exercise 5.1.2,
which we reproduce here:
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a)
b)

S — AlB
A — 04]e
B — OB|1B|e

Show that this grammar is unambiguous.

Find a grammar for the same language that is ambiguous, and demon-
strate its ambiguity.

*1 Exercise 5.4.6: Is your grammar from Exercise 3.1.5 unambiguous? If not,
redesign it to be unambiguous.

Exercise 5.4.7: The following grammar generates prefic expressions with
operands z and y and binary operators 4+, —, and *:

2)

1b)

5.9

+

E+EE| xEE| —EE |z |y

Find leftmost and rightmost derivations, and a derivation tree for the
string +*-xyxy.

Prove that this grammar is unambiguous.

Summary of Chapter 5

Context-Free Grammars: A CFG is a way of describing langnages by
recursive rules called productions. A CFG consists of a set of variables, a
set of terminal symbaols, and a start variable, as well as the productions.
Each production consists of a head variable and a body consisting of a
string of zero or more variables and/or terminals.

Derivations and Lunguages: Beginning with the start symbol, we derive
terminal strings by repeatedly replacing a variable by the body of some
production with that variable in the head. The language of the CFG is
the set of terminal strings we can so derive; it is called a context-free
language.

Leftmost and Rightmost Derivations: If we always replace the leftmost
(resp. rightmost) variable in a string, then the resulting derivation is a
lefémost. (resp. rightmost) derivation. Every string in the language of a
CFG has at least one leftmost and at least one rightmost derivation.

Sentential Forms: Any step in a derivation is a string of variables and/or
terminals. Wo call such a string a sentential form. If the derivation is
loftmost (resp. rightmost), then the string is a left- (resp. right-) sentential
form.
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4+ Parse Trees: A parse tree is a tree that shows the essentials of a derivation.

Interion nodes are labeled by variables, and leaves are labeled by terminals
or €. For each internal node, there must be a production such that the
head of the production is the lahel of the node, and the labels of its
children, read from left to right, form the body of that production,

Eguivalence of Parse Trees and Dertvations: A terminal string is in the
language of a grammar if and only if it is the yield of at least one parse
tree. Thus, the existence of leftinost derivations, rightmost derivations,
and parse trees are equivalent conditions that each define exactly the
strings in the language of a CFG.

Ambiguous Grarmmars: For some CFG’s, it is possible to find a terminal
string with more than one parse tree, or equivalently, more than one left-
most derivation or more than one rightmost derivation. Such a grammar
is called ambiguous.

Fliminating Ambiguity: For many useful grammars, such as those that
describe the structure of programs in a typical programming language,
it is possible to find an unambiguous grammar that generates the same
language. Unfortunately, the unambiguous grammar is frequently more
complex than the simplest ambiguous grammar for the language. There
are also some context-free languages, usually quite contrived, that are
inherently ambiguous, meaning that every grammar for that language is
ambiguous.

Parsers: The context-free grammar is an essential concept for the im-
plementation of compilers and cother programming-language processors.
Tools such as YACC take a CFG as input and produce a parser, the com-
ponent of a compiler that deduces the structure of the program being
compiled.

Document Type Definitions: The emerging XML standard for sharing
information through Web documents has a notation, called the DTD,
for describing the structure of such documents, through the nesting of
semantic tags within the document. The DTD is in essence a context-free
grammar whose language is a class of related documents.

5.6 References for Chapter 5

The context-free grammar was first proposed as a description method for nat-
ural languages by Chomsky [4]. A similar idea was used shortly thereafter to
describe computer languages — Fortran by Backus [2] and Algel by Naur [7].
As a result, CFG’s are sometimes referred to as “Backus-Naur form grammars.”

Ambiguity in grammars was identified as a problem by Cantor [3] and Floyd

[5] at about the same time. Inherent ambiguity was first addressed by Gross

[6]-



5.6. REFERENCES FOR CHAPTER 5 217
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Chapter 6

Pushdown Automata

The context-free languages have a type of antomaton that defines them. This
automaton, called a “pushdown automaton,” is an extension of the nondeter-
ministic finite automaton with e-transitions, which is one of the ways to define
the regular langnages. The pushdown antomaton is essentially an e-NFA with
the addition of a stack. The stack can be read, pushed, and popped only at the
top, just like the “stack™ data structure.

In this chapter, we define two different versions of the pushdown automaton:
one that accepts by entering an accepting state, like finite automata do, and
another version that accepts by emptying its stack, regardless of the state it is in.
We show that these two variations accept exactly the context-free languages;
that is, grammars can be converted to equivalent pushdown automata, and
vice-versa. We also consider briefly the subclass of pushdown automata that is
deterministic. These accept all the regular languages, but only a proper subset
of the CFL’s. Since they resemble closely the mechanics of the parser in a
typical compiler, it is important to observe what language constructs can and
cannot be recognized by deterministic pushdown automata.

6.1 Definition of the Pushdown Automaton

In this section we introduce the pushdown automaton, first informally, then as
a formal construct.

6.1.1 Informal Introduction

The pushdown automaton is in essence a nondeterministic finite automaton
with e-transitions permitted and one additional capability: a stack on which it
can store a string of “stack symbols.” The presence of a stack means that, unlike
the finite automaton, the pushdown automaton can “remember” an infinite
amount of information. However, unlike a general-purpose computer, which
also has the ability to remember arbitrarily large amounts of information, the

219
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pushdown automaton can only access the information on its stack in a last-in-
first-out way.

As a result, there are languages that could he recognized by some computer
prograni, but are not recognizable by any pushdown automaton. In fact, push-
down automata recognize all and only the context-free languages. While there
arc many languages that are context-free, including some we have scen that are
not regular languages, there are also some simple-to-describe languages that are
not context-free, as we shall see in Section 7.2, An example of a non-context-
free language is {0"172" | n > 1}, the set of strings consisting of egnal groups
of 0's, I's, and 2's.

Finite
—| State [ i
Input control Accept/reject

|
Y

Stack

Figure 6.1: A pushdown automaton is essentially a finite automaton with a
stack data structure

We can view the pushdown automaton informally as the device suggested
in Fig. 6.1. A “finite-state control” reads inputs, one symbol at a time. The
pushdown automaton is allowed to observe the symbol at the top of the stack
and to base its transition on its current state, the input symbol, and the symbol
at the top of stack. Alternatively, it may make a “spontaneous” transition, using
¢ as iits input instead of an inpnt symbol. In one transition, the pushdown
automaton:

1. Consumes from the input the symbol that it uses in the transition. If e is
used for the input, then no input symbol is consumed.

2. Goes to a new state, which may or may not be the same as the previous
state.

3. Replaces the symbol at the top of the stack by any string. The string
could be ¢, which corresponds to a pop of the stack. It could be the same
symbol that appeared at the top of the stack previously; i.e., no change
to the stack is made. Tt could also replace the top stack symbol by one
other symbol, which in effect chanpes the top of the stack but does not
push or pop it. Finally, the top stack symbol could be replaced by two or
more symbols, which has the effect of {possibly) changing the top stack
symbol, and then pushing one or more new symbols onto the stack.
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Example 6.1: Let us consider the langnage
Liywr = {ww® | wisin (0+1)*}

This language, often referred to as “w-w-reversed,” is the even-length palin-
dromes over alphabet {0, 1}. It is a CFL, generated by the grammar of Fig. 5.1,
with the productions P — 0 and P — 1 omitted.

We can design an informal pushdown automaton accepting Ly, as fol-
lows.?

1. Start in a state go that represents a “guess” that we have not yet seen the
middle; i.e., we have not seen the end of the string w that is to be followed
hy its own reverse. While in state gg, we read symbols and store them on
the stack, by pushing a copy of each input symbol onto the stack, in turn.

2. At any time, we may guess that we have seen the middle, i.e., the end of
w. At this time, w will be on the stack, with the right end of w at the top
and the left end at the bottom. We signify this choice by spontaneously
going to state g. Since the automaton is nondeterministic, we actually
make both guesscs: we guess we have seen the end of w, but we also stay
in state go and continue to read inputs and store them on the stack.

3. Once in state q;, we compare input symbols with the symbol at the top
of the stack. If they match, we consume the input symbol, pop the stack,
and proceed. If they do not match, we have guessed wrong; our guessed
w was not followed by w®. This branch dies, although other branches
of the nondeterministic automaton may survive and eventually lead to
acceptance.

4. If we empty the stack, then we have indeed seen some input w followed
by w®. We accept the input that was read up to this point.

o

6.1.2 The Formal Definition of Pushdown Automata

Our formal notation for a pushdown automaton (PDA) involves seven compo-
nents. We write the specification of a PDA P as follows:

P= (Q,E,F,tS, quZO:F)
The components have the following meanings:

(: A finite set of states, like the states of a finite automaton.

Iwe could also design a pushdown automaton for L., which is the language whose
grammar appeared in Fig. 5.1. However, Ly is slightly simpler and will allow us to focus
on the important ideas regarding pushdown automata.
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No “Mixing and Matching”

There may be several pairs that are options for a PDA in some situation.
For instance, suppose §(q, 2, X) = {(p,Y' Z), (r,€)}. When making a move
of the PDA, we have to chose one pair in its entirety; we cannot pick a
state from one and a stack-replacement string from another. Thus, in state
¢, with X on the top of the stack, reading input @, we could go to state p
and replace X by Y Z, or we could go to state » and pop X. However, we
cannot go to state p and pop X, and we cannot go to state r and replace
X byYZ.

%

: A finite set of input symbols, also analogous to the corresponding compo-
nent of a finite automaton.

I: A finite stack alphabet. This component, which has no finite-automaton
analog, is the set of symbols that we are allowed to push onto the stack.

d: The transition function. As for a finite automaton, & governs the behavior
of the automaton. Formally, § takes as argument a triple (g, a, X ), where:

1. ¢ is a state in Q.

2. a is either an input symbol in £ or ¢ = ¢, the empty string, which is
assumed not to be an input symbol.

3. X is a stack symbol, that is, 4 member of T

The output of § is a finite set of pairs (p, v}, where p is the new state, and
7 is the string of stack symbols that rcplaces X at the top of the stack.
For instance, if v = ¢, then the stack is popped, if v = X, then the stack
is unchanged, and if v = Y Z, then X is replaced by Z, and Y is pushed
onto the stack.

20: The start state. The PDA is in this state before making any transitions.

Zy: The start symbol. Initially, the PDA’s stack consists of one instance of
this symbol, and nothing else.

. The set of accepting states, or final states.

Example 6.2: Let us design a PDA P to accept the language Ly, of Exam-
ple 6.1. First, there are a few details not present in that example that we need
to understand in order to manage the stack properly. We shall use a stack sym-
hol Zy to mark the hottom of the stack. We need to have this symbol present
so that, after we pop w off the stack and realize that we have seen ww® on the
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input, we still have something on the stack to permit us to make a transition
to the accepting state, g2. Thus, our PDA for L., can be described as

P = ({‘?U;fhan}; {Ga 1} {0- 1. 20}361 QO-:ZU- {QZ})

where & is defined by the following rules:

1. 6{qy.0.Z5) = {(90.02Zp)} and 6(qu.1.2Zp) = {(go.1Zy)}. One of these
rules applies initially, when we are in state gg and we see the start symbol
Zy at the top of the stack. We read the first input, and push it onto the
stack, leaving Z;y below to mark the bottom.

2. (qo.0.0) = {(g0.00}}, 8(go, &, 1) = {{g0,01)}, 8(g0,1,0) = {(gn, 10)}, and
&(q0,1. 1) = {{gu,11)}. These four, similar rules allow us to stay in state
qo and read inputs, pushing each onto the top of the stack and leaving
the previous top stack symbol alone.

3' 6(‘1’0:5!2“) = {(ql!ZO)}‘ 6(q0$£s 0) = {(ql'}o)}! a.l'ld 6(q0$611) = {((1131}}‘
These three rules allow P to go from state ¢, to state gy spontaneously
(on e input). leaving intact whatever symbol is at the top of the stack.

4. 8(g1.0.0) = {{g1.€)}, and 8(¢1.1.1) = {{(g1.€)}. Now, in state ¢, we can
match input symbols against the top symbols on the stack, and pop when
the symbols match.

5. 3(qi.€. Zp) = {(g2, Zv)}. Finally, if we expose the bottom-of-stack marker
Zy and we are in state ¢,. then we have found an input of the form wwh.

We go to state q» and accepi.

O

6.1.3 A Graphical Notation for PDA’s

The list of & facts, as in Example 6.2, is not too easy to follow. Sometimes. a
diagram, generalizing the transition diagram of a finite automaton, will make
aspects of the hehavior of a given PDA clearer. We shall therefore infroduce
and subsequently use a transttion diagram for PDA’s in which:

a) The nodes correspond to the states of the PDA.

b) An arrow labeled Start indicates the start state. and doubly circled states
are accepting, as for finite automata.

¢) The arcs correspond to transitions of the PDA in the following sense. An
arc labeled a, X/n from state g to state p means that §{g.a. X') contains
the pair (p, ), perhaps among other pairs. That is, the arc label tclls
what input is used, and also gives the old and new tops of the stack.
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0,2,/02,
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Figure 6.2: Representing a PDA as a generalized transition diagram

The only thing that the diagram does not tell us is which stack symbol is the
start symbol. Conventionally, it is Zj, unless we indicate otherwise.

Example 6.3: The PDA of Example 6.2 is represented by the diagram shown
in Fig. 6.2. O

6.1.4 Instantaneous Descriptions of a PDA

To this point, we have only an informal notion of how a PDA “computes.” Intu-
itively, the PDA poes from configuration to configuration, in response to input
symbols {or sometimes €), but unlike the finite automaton, where the state is
the only thing that we need t¢ know about the automaton, the PDA’s config-
uration involves both the state and the contents of the stack. Being arbitrarily
large, the stack is often the more important part of the total configuration of
the PDA at any time. It is also useful to represent as part of the configuration
the portion of the input that remains.

Thus, we shall represent the configuration of a PDA by a triple (g,w, ),
where

1. g is the state,
2. w is the remaining input, and
3. #y is the stack contents.

Conventionally, we show the top of the stack at the left end of y and the bottom
at the right end. Such a triple is called an instantaneous description, or 1D, of
the pushdown automaton.

For finite automata, the 4 notation was sufficient to represent sequences
of instantaneous descriptions through which a finite automaton moved, since
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the ID for a finite automaton is just its state, However, for PDA’s we need a
notation that describes changes in the state, the input, and stack. Thus, we
adopt the “turnstile” notation for connecting pairs of ID’s that represent one
or many moves of a PDA.

Let P = (Q,%Z.T,9,40, Zo, F) be a PDA. Define jl:, or just - when P is

understood, as follows. Suppose 8(g, a, X) contains (p,a). Then for all strings
win £* and A in I'*:
(qv aw, X-jl) l_ (.p" w, aﬁ)

This move reflects the idea that, by consuming & (which may be €) from the
input and replacing X on top of the stack by a, we can go from state g to stafc
p. Note that what remains on the input, w, and what is below the top of the
stack, 3, do not influcuce the action of the PDA; they are merely carried along,
perhaps to influence events later.

We also use the symbol F , Or F when the PDA P is understood, to represent

zero or more woves of the PDA. That is:
BASIs: [ F I for any ID T.
INDUCTION: I F J if there exists some ID K such that T+ K and K (S

That is, I £ J if there is a sequence of ID's K, Ko, ..., K, such that I = K,
J=Ky,and foralli=1,2,...,n — 1, we have K; - K;1.

Example 6.4: Let us consider the action of the PDA of Example 6.2 on the
input 1111. Since gp is the start state and Zy is the start symbol, the initial ID
is (qgo, 1111, Zo). On this input, the PDA has an opportunity to guess wrongly
several times. The entire sequence of ID’s that the PDA can reach from the
initial ID {(go,1111, Zo) is shown in Fig. 6.3. Arrows represent the b relation.

From the initial ID, there are two choices of move. The first guesses that
the middle has not been seen and leads to ID {go, 111, 1Z,). In effect, a 1 has
been removed from the input and pushed onto the stack.

The second choice from the initial ID guesses that the middle has been
reached. Withont consuming input, the PDA gocs to state ¢i, leading to the
ID {q, 1111, Zp). Since the PDA may accept if it is in state and sees Zg on
top of its stack, the PDA goes from there to ID (g2,1111, Zo). That ID is not
exactly an accepting ID, since the input has not been completely consumed.
Had the input been ¢ rather than 1111, the same sequence of moves would have
led to ID (g2, €. Zo), which would show that ¢ is accepted.

The PDA may also guess that it has seen the middle after reading one 1. that
is, when it is in the ID (gy, 111,1Zp). That guess also leads to failure, since
the entire input cannot be consumed. The correct guess, that the middle is
reached after reading two 1°s, gives us the sequence of ID's (go, 1111, Zg) F
(q,111,1Z0) + (g0,11,112Z0) + (q1,11,11Z) F (@.1.1Z0) F (m,c,20) F
(t2,€,Z0). O

There are three important principles about TD’s and their transitions that
wo shall need in order to reason about PDA’s:
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(g, 111L,Z,)

P

(g, 111,12 ) (g . IILZy) =™ (4, 1111,Z)

P

(g 1L11Zg) (g, ULIZy) = (q ,11,Z)

b l

(g, 1,111Z ) (g . 11,11Z,) (%.11,Z,)

PN T

(qy.e.1111Zy) (g, L, 1NZy) (q.11Z4)

i | l

l

(%.e,2Zy)

Figure 6.3: ID’s of the PDA of Example 6.2 on input 1111

1. If a sequence of ID’s {computation) is legal for a PDA P, then the com-
putation formed by adding the same additional input string to the end of
the input (second component) in each ID is also legal.

2. If a computation is legal for a PDA P, then the computation formed by
adding the same additional stack symbols below the stack in each ID is
also legal.

3. If a computation is legal for a PDA P, and some tail of the input is not
consumed, then we can remove this tail from the input in each ID, and
the resulting computation will still be legal.

Intuitively, data that P never looks at cannot affect its computation. We for-
malize points (1) and (2) in a single theorem.
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Notational Conventions for PDA’s

We shall continue using conventions regarding the use of symbols that
we introduced for finite automata and grammars. In carrying over the
notation, it is useful to realize that the stack symbols play a role analogous
to the union of the terminals and variables in a CFG. Thus:

1. Symbols of the input alphabet will be represented by lower-case let-
ters near the beginning of the alphabet, e.g., a, b.

2. States will be represented by q and p, typically, or other letters that
are nearby in alphabetical order.

3. Strings of input symbols will be represented by lower-case lettess
near the end of the alphabet, e.g., w or z.

4. Stack symbols will be represented by capital letters near the end of
the alphabet, e.g., X or Y.

5. Strings of stack symbols will be represented by Greek letters, e.g., «
or .

Theorem 6.5: If P = (Q, %,T, 6, g0, Zo, F) is 2 PDA, and (g, 2, @) ﬁ (p,1.5),
then for any strings w in £* and - in T'", it is also true that

(g, 2w, ) |; (p, yw, 87)

Note that if v = €, then we have a formal statement of principle (1) above, and
if w = €, then we have the second principle.

PROOF: The proof is actually a very simple induction on the mumber of steps

in the sequence of ID’s that take (g, zw, ay) to (p,yw. 57). Each of the moves

in the sequence (g, , &) F (p,u, ) is justified by the transitions of P without
P

using w and/or 4 in any way. Therefore, each move is still justified when these
strings are sitting on the input and stack. D

Incidentally, note that the converse of this theorem is false. There are things
that a PDA might be able to do by popping its stack, using some symbols of ~,
and then replacing them on the stack, that it couldn’t do if it never looked at
~. However, as principle (3) states, we can remove unused input, since it is not
possible for a PDA to consume input symbols and then restore those symbols
to the input. We state principle (3) formally as:
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ID’s for Finite Automata?

One might wonder why we did not introduce for finite automata a notation
like the ID’s we use for PDA’s. Although a FA has no stack, we could use
a pair (g, w), where ¢ is the state and w the remaining input, as the ID of
a finite automaton.

While we could have done so, we would not glean any more informa-
tion from reachability among ID’s than we obtain from the § notation.
That is, for any finite automaten, we could show that 5((1, w) = p if and
only if (¢, wz) F (p, ) for all strings . The fact that 2 can be anything
we wish without influencing the behavior of the FA is a theorem analogous
to Theorems 6.5 aund 6.6.

Theorem 6.6: If P = (Q,Z,T1",4,40, Zo. F) is a PDA, and
(QI £, Q’) i (pa yuw, 3)

then it is also true that {q,z,a) E ny,8). O

6.1.5 Exercises for Section 6.1

Exercise 6.1.1: Suppose the PDA P = ({q,p}.{0,1},{Zo, X},4, 4, Zo, {p})
has the following transition function:

1. 8(q,0, Zo) = {{q, X Z0) }.
2. §(¢.0, X) = {{g, X X)}.
3. 8(¢,1, X) = {{g, \)}-
4. 6(q,e, X) = {(p.€}}.

5. 8(p,e, X) = {(p,e)}-

6. 6(p.1,X) = {(p. XX)}.
7

: é(p,l,Z(]) = {(pa f)}

Starting from the initial ID {g,w, Zp), show all the reachable ID’s when the
input w is:

*a) 01.
b) 0011.
¢} 010.
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6.2 The Languages of a PDA

We have assumed that a PDA accepts its input by consuming it and entering
an accepting state. We call this approach “acceptance by final state.” There
is a second approach to defining the language of a PDA that has important
applications. We may also define for any PDA the language “accepted by
empty stack,” that is, the set of strings that cause the PDA to empty its stack,
starting from the initial ID.

These two methods are equivalent, in the sense that a language L has a
PDA that accepts it by final state if and only if I has a PDA that accepts it
by empty stack. However, for a given PDA P, the languages that P accepts
by final state and by empty stack are usually different. We shall show in this
section how to convert a PDA accepting L by final state inte another PDA that
accepts L by empty stack, and vice-versa.

6.2.1 Acceptance by Final State

Let P = (Q,Z,T,9,q0, Zo, F') be a PDA. Then L{P), the language accepted by
P by findl state, is
{?U | (Q’an;zo] t; (qs E,Of)}

for some state ¢ in F and any stack string . That is, starting in the initial
ID with w waiting on the input, P consumes w from the input and enters an
accepting state. The contents of the stack at that time is irrelevant.

Example 6.7: We have claimed that the PDA of Example 6.2 accepts the
language Ly,yr, the langnage of strings in {0, 1}* that have the form ww®. Let
us see why that statement is true. The proof is an if-and-only-if statement: the
PDA P of Example 6.2 accepts string « by final state if and only if z is of the

form wwt.

(If) This part is easy; we have only to show the accepting computation of . If
z = ww’, then ohserve that

(g0, ww™, Zo) F (qo, w™, w?Z) - (qu, w® wRZ0) F (q1,6, Zo) & (2, €, Fo)

That is, one option the PDA has is to read w from its input and store it on its
stack, in reverse. Next, it goes spontaneously to statc ¢; and matches w® on
the input with the same string on its stack, and finally goes spontancously to
state qa.

(Only-if} This part is harder. First, observe that the only way to enter accepting
state gy is to be in state g and have Zy at the top of the stack. Also, any
accepting computation of P will start in state go, make one transition to 4,
and never return to gg. Thus, it is sufficient to find the conditions on z such
that (go. x, Zo) F (g€ Zy); these will be exactly the strings = that P accepts
by final state. We shall show by induction on |z the slightly more general
statement:
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s If (g9, 2. @) P (g1,€, ), then z is of the form ww?.

BASIS: If ¢ = ¢, then z is of the form ww® (with w = ¢). Thus, the conclusion is
true, so the statement is true. Note we do not have to argue that the hypothesis
*

(qo.€, 0} F (q1,€ @) is true, although it is.

INDUCTION: Suppose £ = a,ds - -+ 2, for some n > 0. There are two moves
that I’ can make from ID (gs, 2, a):

1. {go,x,&x) F {q1,z,2). Now P can only pop the stack when it is in state
g1. I’ must pop the stack with every input symbol it reads, and |z| > 0.
Thus, if (g, z,a) F (g1.¢,3), then 3 will be shorter than a and cannot
be equal to o

2. {go, 0102 - Gn, ) F (g0, @2 - - Gn,@10x). Now the only way a sequence of
moves can end in (g, €, «) 18 if the last move is a pop:

(1, an,a10) F (g1, ¢, )
In that case, it must be that @, = a,. We also know that
(90,02 an,10) F {q1,00,a10)

By Theorem 6.6, we can remove the symbol ¢, from the end of the input,
since it i1s not used. Thus,

(qﬂaaQ “'aﬂ.—laala) r_k (qlifya]a)

Since the input for this sequence is shorter than n, we may apply the
inductive hypothesis and conclude that ay - - an_1 is of the form yy® for
some y. Since x = a;yy’ta,, and we know a, = a,,, we conclude that z is
of the form ww®; specifically w = a;y.

The above is the heart of the proof that the only way to accepts « is for z
to be equal to ww? for some w. Thus, we have the “only-if” part of the proof,
which, with the “if” part proved earlier, tells us that P accepts exactly those
strings in Ly, O

6.2.2 Acceptance by Empty Stack
For cach PDA P = (Q, 2,1, 6, 40, Zo, F), we also definc

N(P) = {w [ (QO:TU:ZO) |1( (Qaﬁae)}

for any state g¢. That is, N{P) is the set of inputs w that P can consume and
at the same time empty its stack.?

2The N in N{F) stands for “null stack,” a synonym for “empty stack.”
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Example 6.8: The PDA P of Example 6.2 never empties its stack, so N(P) =
§. However, a small modification will allow P to accept Ly, by empty stack
as well as by final state. Instead of the transition (g, ¢, Zo) = {(q2, Z0o)}, use
0(q1,¢,2Zg) = {(g2,€)}. Now, P pops the last symbol off its stack as it accepts,
and L(P) = N(P) = Ly, 0O

Since the set of accepting states is irrelevant, we shall sometimes leave off
the last (seventh) component from the specification of a PDA P, if all we care
about is the language that P accepts by empty stack. Thus, we would write P
as a six-tuple (@, £,T, 4, g0, Zo)-

6.2.3 From Empty Stack to Final State

We shall show that the classes of languages that are L(P) for some PDA P is
the same as the class of languages that are N(P) for some PDA P. This class
is also exactly the context-free languages, as we shall see in Section 6.3. Our
first construction shows how to take a PDA Py that accepts a language L by
empty stack and construct a PDA Pr that accepts L by final state.

Theorem 6.9: If L. = N{Px) for some PDA Py = (. Z,T,dx, g0, Zo). then
there is a PDA Pr such that L = L(Pr).

PROOF: The idea hehind the proof is in Fig. 6.4. We use a new symbol X,
which must not be a symbol of T'; Xy is both the start symbol of Pr and a
marker on the botiom of the stack that lets us know when Px has reached an
empty stack. That is, if Pg sees Xp on top of its stack, then it knows that Py
would empty its stack on the same input.

£, Xo/e

g, Xo/e

Figure 6.4: Pg simulates Py and accepts if Py empties its stack

We also need a new start state, pg, whose sole function is to push Zy, the
start symbol of Py, onte the top of the stack and enter state g, the start
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state of Py. Then, Pr simulates Py, until the stack of Py is empty, which Pg
detects because it sees Xp on the top of the stack. Finally, we need another
new state, py, which is the accepting state of Pr; this PDA transfers to state
py whenever it discovers that Py would have emptied its stack.

The specification of Pp is as follows:

PF = (Q U {p(]}pf}: 2! ru {Xﬂ}: 6F}p01 4\’09 {pf})

where §p is defined by:

1. §r(po, €, Xo) = {{go, Z0X0)}. In its start state, Pr makes a spontaneous
transition to the start state of Py, pushing its start symbol Zp onto the
stack.

2. For all states g in (), inputs a in £ or ¢ = ¢, and stack symbols Y in T,
31:(¢,a,Y) contains all the pairs in dy(g,0,Y).

3. In addition to rule (2), ér{g, €, Xg) contains (py, ¢} for every siate ¢ in Q.

We must show that w is in L(Pr) if and only if w is in N{Py).

(If) We are given that (g, w, Zy} Pf (q,e €) for some state g. Theorem 6.5 lets

1% insert Xy at the bottomn of the stack and conclude {go,w, ZoXp) I— (g, €, Xo)-

Since by rule (2) above, P has all the moves of Py, we may also conclude that
(go,w, Zg Xg) {q,€,X0}. If we put this sequence of moves together with the

initial and ﬁna.l moves from rules (1) and (3) above, we get:

@0 ur, AU) |_ ('-?0 w, ZOA-O) (Q‘JE XU) |_;.- (pf,E,E) (61)

Thus, Pr accepts w by final state.

{(Only-if) The converse requires only that we observe the additional transitions
of rules (1) and (3) give us very limited ways to accept w by final state. We must
use rule (3) at the last step, and we can only use that rule if the stack of Pr
contains only Xyo. No Xg's ever appear on the stack except at the bottommost
position. Further, rule (1) is only used at the first step, and it must be used at
the first step.

Thus, any computation of Pr that accepts w must look like sequence (6.1).
Moreover, the middle of the computation — all but the first and last steps —
must. also be & computation of Py with X below the stack. The reason is that,
except for the first and last steps, Pr cannot use any transition that is not also
a transition of Py, and X3 cannot be exposed or the computation would end at
the next step. We conclude that (g, w, Zo) |; (g,€,€). That is, w is in N{Py).
D N
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Example 6.10: Let us design a PDA that processes sequences of if’s and
else’s in a C program, where 7 stands for if and e stands for else. Recall
from Section 5.3.1 that there is a problem whenever the number of else’s in
any prefix exceeds the mumber of if’s, because then we cannot match each
else against its previons if. Thus, we shall use & stack symbol Z o count the
differcuce between the mmmber of é's seen so far and the number of e's. This
simple, one-state PDA, is suggested by the transition diagram of Fig. 6.5.

e, /e

i, Z/IZ7Z

o ()
— -

Figure 6.5: A PDA that accepts the if/else crrors by empty stack

We shall push another Z whenever we see an ¢ and pop a Z whenever we sce
an e. Since we start with one Z on the stack, we actually follow the rule that if
the stack is Z", then there have been n — 1 more #'s than ¢’s. In particular, if
the stack is empty, than we have seen one more e than 4, and the input read so
far has just become illegal for the first time. It is these strings that our PDA
accepts by empty stack. The formal specification of Py 1s:

Py = ({¢}.{i,e}, {2}, 0N 0, 2)
where dy is defined by:
1. 6x{(g.i,2) = {{g, ZZ)}. This rule pushes a Z when we see an ¢.
2. dn{q, ¢, Z) = {(g,€)}. This rule pops a Z when we see an e.
e, Z/E
I, ZIZZ

an- P

g -

Start & X yZX O g X, /¢
—o———=0——©

Figure 6.6: Construction of a PDA accepting by final state from the PDA of
Fig. 6.5

Now, let us construct from Py a2 PDA Pp that accepts the same language
by final state; the transition diagram for Py is shown in Fig. 6.6.7 We introduce

3Do not be concerned that we arc using new states p and r here, while the construction
in Theorem 6.9 used pg and py. Names of states are arbitrary, of course.
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a new start state p and an accepting state . We shall use Xp as the bottom-of
stack marker. Pp is formally defined:

Pr = ({.ps Q‘,’."‘}, {i’?e}a {Zs XU}: 6Fap: Xo, {7'})
where 8z consists of:

1. dr(p,€, Xo) = {(g, ZXo)}. This rule starts Pr simulating Py, with X as
a bottom-of-stack-marker.

2. 6r{q,i, 2) = {(g. ZZ)}. This rule pushes a Z when we see an {; it simu-
lates Pp.

3. 8r(g.e,Z) = {(g,€)}. This rule pops a Z when we see an &; it also
simulates Pp.

4. (g, 6, Xo) = {(r6,€)}. That is, Pr accepts when the simulated Py
would have emptied its stack.

O

6.2.4 From Final State to Empty Stack

Now, let us go in the opposite direction: take a PDA Pp that accepts a language
L by final state and construct another PDA Py that accepts L by empty stack.
The construction is simple and is suggested in Fig. 6.7. From each accepting
state of Py, add a transition on € to a new state p. When in state p, Px pops its
stack and does not consume any input. Thus, whenever Pr enters an accepting
state after consuming input w, Py will empty its stack after consuming w.

To avoid simulating a situation where Pp accidentally empties its stack
without accepting, Py must also use a marker X on the bottom of its stack.
The marker is Px's start symbol, and like the construction of Theorem 6.9, Py
must start in a new state py, whose sole function is to push the start symbol of
Pr on the stack and go to the start state of Pp. The construction is sketched
in Fig. 6.7, and we give it formally in the next theorem.

Figure 6.7: Py simulates Prp and empties its stack when and only when Py
enters an accepting state

Theorem 6.11: Let L be L({Pr) for some PDA Pr = (Q, %, T, 65,90, Zo, F)-
Then there is a PDA Py such that L = N(Py).
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PROOF: The construction is as suggested in Fig. 6.7. Let

PN = (Q U {pﬂjp}lzyr u {XD}:JNSPO)‘YD)
where d is defined by:

1. dn{po, €, Xo) = {{g0, ZoXo)}- We start by pushing the start symbol of Pp
onto the stack and going to the start state of Pp.

9. For all states g in Q, input symbolsain Tora=¢,and ¥ in T, dn{g, a.Y)
contains every pair that is in 8p(q,a,Y). That is, Py simulates Py.

3. For all accepting states ¢ in F' and stack symbols ¥ in T or ¥ = X,
én(g,6,Y) contains (p,€). By this rule, whenever Pp accepts, Py can
start emptying its stack without consuming any more input.

4. For all stack symbols ¥ in T or Y = Xy, dn(p,6,Y) = {{p,€)}. Once in
state p, which only occurs when Pr has accepted, Py pops every symbal
on its stack, until the stack is empty. No further input is consumed.

Now, we must prove that w is in N(Py) if and only if w is in L(Pr).
The ideas are similar to the proof for Theorem 6.9. The ‘if” part is a direct
simulation, and the ‘only-if” part requires that we examine the limited number
of things that the constructed PDA Py can do.

(If) Suppose (go,w, Zo) - (g,¢,a) for some accepting state g and stack string

Pr
a. Using the fact that every transition of Pp is a move of Py, and invoking

Theorem 6.5 to allow us to keep X below the symbols of ' on the stack, we
know that (go, w, ZoXo) |; (g.€,@Xo). Then Py can do the following;
N

(pOawsXO) F (q{): w, ZDXD) F ((LE: CLY()) ': (Pnﬁaf)
Py Py Py

The first move is by rule (1) of the construction of Py, while the last scquence
of moves is by rules (3) and (4). Thus, w is accepted by Px, by empty stack.

(Only-if) The only way Py can empty its stack is by entering state p, since
X, is sitting at the bottom of stack and Xj is not a symbol on which Pr has
any moves. The only way Py can enter state p is if the simulated Pp enters
an accepting state. The first move of Py is surely the move given in rule (1).
Thus, every accepting computation of Py looks like

(PO:W: X()) F ((}OsW, ZOXO) lf (Q‘JE; QXU) |: (ps E,E)
P P Py

where ¢ is an accepting state of Pp.

Moreover, between ID’s (go,w, ZoXo) and {g,¢, «Xo), all the moves are
moves of Pp. In particular, Xp was never the top stack symbol prior to reaching
ID (g,€,aXp).* Thus, we conclude that the same computation can occur in Pg,
without the X, on the stack; that is, (go,w, Zo) ;E- (g,¢,a). Now we see that

F

Pr accepts w by final state, so w is in L(Pp). O

1Although & could be ¢, in which case Pr has emptied its stack at the same time it accepts.
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6.2.5 Exercises for Section 6.2

Exercise 6.2.1: Design a PDA to accept each of the following languages. You
may accept cither by final state or by empty stack, whichever is more convenient.

*a) {0717 | n > 1)

b} The set of all strings of 0’s and 1’s such that no prefix has more 1% than
0’s.

c) The set of all strings of 0°s and 1’s with an equal number of 0’s and 1's.
Exercise 6.2.2: Design a PDA to accept each of the following languages.

*a) {«’We* | §=jorj=k}. Note that this language is different from that
of Exercise 5.1.1(b).

b} The set of all strings with twice as many 0’s as 1’s.

1! Exercise 6.2.3: Design a PDA to accept cach of the following languages.

a) {a*bick |i# jorj#k}.

b) The set of all strings of a’s and b's that are not of the form wuw, that is,
not equal to any string repeated.

Exercise 6.2.4: Let P be a PDA with empty-stack language L = N(P), and
suppose that € is not in L. Describe how you would modify P so that it accepts
L U {e} by empty stack.

Exercise 6.2.5: PDA P = ({q0,q1. 2. 03, f}, {e, b}, {Z0, A, B}, 6, 90, Zo, {f})
has the following rules defining é:

5((1(]: a, ZO) = (Qh A:lZo) J(QCH bs Zﬁ) = ((2’21 BZU) 5(';'0: €, ZU) = (f‘! E)

om,a. A) = (g1, AA4) 5{q1,5,4) = (q1,€) a1, €, Zo) = (g, Zo)
5(@23“:‘8) = (QSaﬁ) 5((?2,5:}3) = (quB) 5(q2$63 ZU) = (QU:ZU)
3(gz,€, B) = (g2, ¢€) 0{as.€, Zg) = (g1, AZo)

Note that, since each of the sets above has only one choice of move, we have
omitted the set brackeis from each of the rules.

* a) Give an execution trace (sequence of ID’s) showing that string beb is in
L(P).

b) Give an execution trace showing that abb is in L{P).
¢} Give the contents of the stack after P has read & a? from its input.
!d) Informally describe L{P).

Exercise 6.2.6: Consider the PDA P from Exercise 6.1.1.
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a) Convert P to another PDA P that accepts by empty stack rhe same
language that P accepts by final state; i.e.. N(P1) = L(F).

b) Find a PDA % such that L{P) = N(P); i.e.,, P, accepts by final state
what /> accepts by empty stack.

Exercise 6.2.7: Show that if P is a PDA, then there is a PDA % with only
two stack symbols, such that L{P) = L(P). Hint: Binary-code the stack
alphabet of P.

Exercise 6.2.8: A PDA is called restricted if on any transition it can increase
the height of the stack by at most one symbol. That is, for any rule é(g.e. Z)
contains (p,y), it must be that || < 2. Show that if P is 2« PDA. then there is
a restricted PDA Fs such that L{P} = L{I%).

6.3 Equivalence of PDA’s and CFG’s

Now, we shall demonstrate that the languages defined by PDA’s are exactly the
context-free languages. The plan of attack is suggested by Fig. 6.8. The goal
is to prove that the following three classes of languages:

1. The context-free languages, 1.e., the languages defined by CFG's.
2. The languages that are accepted by final state by some PDA.
3. The languages that are accepted by empty stack by some PDA.

are all the same class. We have already shown that (2) and (3} are the same.
It turng out to be easiest next to show that (1) and (3) are the same, thus
implying the equivalence of all three.

PDA by
empty siack

PDA by
final state

Figure 6.8: Organization of constructions showing equivalence of three ways of
defining the CFL's

6.3.1 From Grammars to Pushdown Automata

Given a CFG G, we construct a PDA that simulates the leftmost derivations
of G. Any left-sentential form that is not a terminal string can be written as
zAa, where 4 is the leftmost variable, 2 is whatever terminals appear fo its
left, and @ is the string of terminals and variables that appear to the right of A.
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We call Ao the tail of this left-sentential form. If a left-sentential form consists
of terminals only, then its tail is e.

The idea behind the construction of a PDA from a grammar is to have
the PDA simulate the sequence of left-sentential forms that the grammar uses
to generate a given terminal string w. The tail of each sentential form zAa
appears on the stack, with A at the top. At that time, z will be “represented”
by our having consumed z from the input, leaving whatever of w follows its
prefix z. That is, if w = zy, then y will remain on the input.

Suppose the PDA is in an ID (g,y, Aa), representing lefi-sentential form
zAa. Tt guesses the production to use to expand A, say 4 — 3. The move of
the PDA is to replace A on the top of the stack by 3, entering ID (q,y, Sa).
Ncte that there is only one state, g, for this PDA.

Now (g.y, 8a) may not be a representation of the next left-sentential form,
because # may have a prefix of terminals. In fact, 8 may have no variables at
all, and o may have a prefix of terminals. Whatever terminals appear at the
beginning of Ja need to be removed, to expose the next variable at the top of
the stack. These terminals are compared against the next input symbols, to
make sure our guesses at the leftmost derivation of input string w are correct;
if not, this branch of the PDA dics.

If we suceeed in this way to guess a leftmost derivation of w, then we shall
eventually reach the left-sentential form w. At that point, all the symbols on
the stack have cither been expanded (if they are variables) or matched against
the input (if they are terminals). The stack is empty, and we accept by empty
stack.

The above informal construction can be made precise as follows. Let G =
(V.T,Q,8) be a CFG. Construct the PDA P that accepts L(G) by empty stack
as follows:

P = ({Q}aTa VuT.é,q, S)

where transition function & is defined by:

1. For each variable A,
d(g, e, 4) = {(g,8) | A = 3 is a production of G}

2. For each terminal a, é(g,a,a) = {{g,€)}.

Example 6.12: Let us convert the expression grammar of Fig. 5.2 to a PDA.
Recall this grammar is:

I - alb|lla|lb|I0]|]l
E - I|ExE|E+E|(E)

The set of terminals for the PDA is {a,5,0,1,(,), +,*}. These eight symbols
and the symbols I and E form the stack alphabet. The transition function for
the PDA is:



6.3. EQUIVALENCE OF PDA’S AND CFG’S 239

a) 8(g,e,7) = {(g,0), (¢,), (¢,1a), (g,10}, (¢. 10}, (g, 11)}.

b} d(g.¢, E) = {(g, I) (¢, E+E), (g,E*E}, (g,(EN}.

¢) d(g,a,a) = {(g,€)}; 8(g,b,0) = {(g,€)}; 8(¢,0,0) = {(g,6)}; (¢, 1, 1)
E

{(Q!e)}i ( (: = {(Q} )}a ( :)!)) = {(gsf)}; 5(Q1+=+ =
5(‘1:*?*) = {(Q=E)}'

Note that (a) and (b) come from rule (1), while the eight transitions of (c) come
from rule {2). Also, ¢ is empty except as defined by {a} through {c¢). O

Theorem 6.13: If PDA P is constructed from CFG G by the construction
above, then N(P} = L(G).

PROOF: We shall prove that w is in N(P) if and only if w is in L{G.

)k

(If) Suppose w is in L(G). Then w has a leftmost derivation
S=mn=>m=> > m=w
im tm im

We show by induction on i that {g,w,5) l}-z (g, yi, ), where y; and a; are a
representation of the left-sentential form ;. That is, let a; be the tail of
and let 7; = z;04- Then y; is that siring such that ;3 = w; i.e., it is what
remains when z; is removed from the input.

BASIS: Fori =1, = 5. Thus, , = ¢, and y; = w. Since (g, w, S) F (g,w,S)
by O moves, the basis is proved.

INDUCTION: Now we consider the case of the second and subsequent left-
sentential forms. We assume

(0, w,8) F (q,yi, )

and prove (g, w, ) l— (@, ¥i+1, @ix1). Since a; is a tail, it begins with a variable
A. Morcover, the step of the derivation v; = ;41 involves replacing A by one of
its production bodies, say 8. Rule (1) of the construction of P lets us replace A
at the top of the stack by 3, and rule (2) then allows us to match any terminals
on top of the stack with the next input symbols. As a result, we reach the 1D
(¢, ¥i+1, ¢iv1), which represents the next left-sentential form ;4.

To complete the proof, we note that a, = €, since the tail of v, (which is w)
is empty. Thus, {g,w,S) |f (¢, €, €), which proves that P accepts w by empty
stack.

{Only-if) We need to prove something more general: that if P executes a se-
quence of moves that has the net effect of popping a varigble A from the top of

its stack, without ever going below A on the stack, then A derives, in &, what-
ever input string was consumed from the input during this process. Precisely:

o If (q,2,A) g (g.€,€), then A C:t> T.

The proof is an induction on the number of moves taken by P.
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BASIS: One move. The only possibility is that A — e is a production of 2, and
this production is used in a rule of type (1) by the PDA P. In this case, x = ¢,
and we know that 4 = ¢.

INDUCTION: Suppose PP takes n moves, where n > 1. The first move must be
of type (1), where A is replaced by one of its production bodies on the top of
the stack. The reason is that a rule of type (2) can only be used when there is a
terminal on top of the stack. Suppose the production used is 4 -+ V1 V5 --- Yy,
where each ¥; is either a terminal or variable.

The next n — 1 moves of P must consume z from the input and have the
net effect of popping each of Vi, Y3, and so on from the stack, one at a time.
We can break z into z;2z - - - £, whete 24 is the portion of the input consumed
until ¥ is popped off the stack (i.e., the stack first is as short as k — 1 symbols).
Then z3 is the next portion of the input that is consumed while popping ¥ off
the stack, and so on.

Figure 6.9 suggests how the input z is broken up, and the corresponding
effects on the stack.. There, we suggest that 3 was Ba(C, so z is divided into
three parts &) zax3, where zo = a. Note that in general, if ¥; is a terminal, then
z; must be that terminal.

B
a
C
x X x
1 2 3

Figure 6.9: The PDA P consumes x and pops BaC from its stack

Formally, we can conclude that (g, z;%iy1 - - - g, ¥3) u (g, Zig1 + T, €) for
all ¢ = 1,2,...,k. Moreover, none of these sequences can be more than n — 1
moves, so the inductive hypothesis applies if Y; is a variable. That is, we may
conclude V; > ;. '

1fY; is a terminal, then there must be only one move involved, and it matches
the one symbol of z; against ¥;, which are the same. Again, we can conclude
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Y; = =;; this time, zero steps are used. Now we have the derivation
Az}YlY2-'-Yk 5 I1Y2"'Yk ;:' e ;:* rikg - ITg

That is, A 5z

To complete the proof, we let A =¥S and x = w. Since we are given that
w is in N(P), we know that (g,w,5) F (g,¢,¢). By what we have just proved
inductively, we have § = w; ie., wisin L(G). O

6.3.2 From PDA’s to Grammars

Now, we complete the proofs of equivalence by showing that for every PDA P,
we can find a CFG G whose language is the same language that P accepts by
empty stack. The idea behind the proof is to recognize that the fundamental
event in the history of a PDA’s processing of a given input is the net popping
of one symbol off the stack, while consuming some input. A PDA may change
state as it pops stack symbols, so we should also note the state that it enters
when it finally pops a level off its stack.

P
Y
P

b
Py

Y

Py
-l ———— =~

X Xy X

Figure 6.10: A PDA makes a sequence of moves that have the net effect of
popping a symbol off the stack

Figure 6.10 suggests how we pop a sequence of symbols ¥1,Y3,... Vi off the
stack. Some input z; is read while Y] is popped. We should emphasize that
this “pop” is the net effect of (possibly) many moves. For example, the first
move may change ¥ to some other symbol Z. The next move may replace Z
by UV, later moves have the effect of popping U, and then other moves pop V.
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The net effect is that ¥; has been replaced by nothing; i.e., it has been popped,
and all the input symbols consumed so far constitute z;.

We also show in Fig. 6.10 the net change of state. We suppose that the PDA
starts out in state pp, with Y; at the top of the stack. After all the moves whose
net effect is to pop Y7, the PDA is in state p;. It then proceeds to {net) pop
Y2, while reading input string z, and winding up, perhaps after many moves,
in state p» with Y5 off the stack. The computation proceeds until each of the
symbols on the stack is removed.

Our construction of an equivalent grammar uses variables each of which
represents an “event” consisting of:

1. The net popping of some symbol X from the stack, and

2. A change in state from some p at the beginning to ¢ when X has finally
been replaced by € on the stack.

We represent such a variable by the composite symbol [pXg]. Remember that
this sequence of characters is our way of describing one variable; it is not five
grammar symbols. The formal construction is given by the next theorem.

Theorem 6.14: Let P = (Q),X,T", 4, qo, Zo) be a PDA. Then there is a context-
free grammar G such that L{G) = N(P).

PROOF: We shall construct G = (V,X, R, S), where the set of variables V
consists of:

1. The special symbol S, which is the start symbol, and

2. All symbols of the form [pXg], where p and q are states in @, and X is a
stack symbol, in I".

The productions of G are as follows:

a) For all states p, G has the production S — [goZop]. Recall our intuition
that a symbol like [goZop] is intended to generate all those strings w that
cause P to pop Zy from its stack while going from state go to state p.
That is, (g0, w, Zo) F (p, €,¢€). If so, then these productions say that start
symbol S will generate all strings w that cause P to empty its stack, after
starting in its initial ID.

b) Let 8(¢,a, X} contain the pair (r,Y1 Yz --- ¥}), where:

1. a is either a symbol in X or g = .

2. k can be any number, including 0, in which case the pair is (r, €).

Then for all lists of states r,72,...,7%, G has the production

[¢X 7] = a[rYir][riYory] - - [re—1Ykrs)
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This production says that one way to pop X and go from state g to state
ri is to read o (which may be ¢), then use some input to pop Y1 off the
stack while going from state r to state 1, then read some more input that
pops Ya off the stack and goes from state r; to 72, and so on.

We shall now prove that the informal interpretation of the variables [¢Xp] is
correct:

o [¢Xp| = 1w if and only if (¢, w, X) F (p, € €).

(If) Suppose (g,w, X) F (p,¢ €). We shall show [¢Xp] = w by induction on
the number of moves made by the PDA.

BASIS: One step. Then (p,e) must be in d{g,w, X}, and w is either a sin-
gle symbol or €. By the construction of G, [¢Xp] = w is & production, so
[¢Xp] = w.

INDUCTION: Suppose the sequence (g, w,X) F (p,¢,¢€) takes n steps, and
n > 1. The first move must look like

(Q=wsX) - (r0:$=Y1Y2"'Yk) If (p,E,E)

where w = az for some a that is either ¢ or a symbeol in . It follows that the
pair (rg,Y1Ya -+ Yx) must be in 6(g,a, X). Further, by the construction of G,
there is a production [¢Xr¢] = e[roY1r1][r1Yare] -+ [Fe—1Ykri], where:

1. e = n, and
2. r1,72,...,Tk—1 are any states in Q.

In particular, we may observe, as was suggested in Fig. 6.10, that each of
the symbols Y7,Y2, ..., Yk gets popped off the stack in turn, and we may choose
p; to be the state of the PDA when Y; is popped, for ¢ = 1,2,. — 1. Let
T = wyws Wy, where w; is the input consumed while ¥; is popped off the
gtack. Then we know that (r;—1,ws, ;) F (rs,€,€).

As none of these sequences of moves can take as many as n moves, the
inductive hypothesis applies to them. We conclude that [r;—1Yiri] 5 w;. We
may put these derivations together with the first production used to conclude:

[quk] = G[T()Yl‘a"'l][?'lylf‘g [’-‘"k 1Yk1’1] =>
aw: [ Yara][r2Yars] -« - [re-— 1Yk?‘k]
awywalraYars) -~ [re—1Yare] =

Ul We - --We = W

where v, = p.

(Only-if) The proof is an induction on the number of steps in the derivation.
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BASIS: One step. Then [gXp] — w must be a production. The only way for
this production to exist is if there is a transition of P in which X is popped
and state ¢ becomes state p. That is, (p,€) must be in §{(q, a, X}, and ¢ = w.
But then (g, w, X} F (p, €, €).

INDUCTION: Suppose [¢Xp] % w by n steps, where n > 1. Consider the first
sentential form explicitly, which must look like

[gX 7] = a[roYir1][r1 Yora] - - - [Th—1 Yars] 5w

where rr = p. This production must come from the fact that (ry,¥1¥s---¥3)
is in 8{(g,a, X ).

We can break w into w = awywy - wy, such that {r;, ¥ir;] =, for all
i=1,2,...,k By the inductive hypothesis, we know that for all <,

(‘r"‘-—lswia}z) 'z (?'5,6,6)

If we use Theorem 6.5 to put the correct strings beyond w; on the input and
below ¥; on the stack, we also know that

x
(ric1,witiv1 - W, YiYigr - Vi) B (ro,win - wp, Yig - -+ Vi)
If we put all these sequences together, we see that

(q,awle---wk,X)I—(f‘g,wlwg---w,—,,YlYg‘nYk)}f
(r1,waws - - wy, Ya¥q - i) F (roywy - wi, YY) F oo F (r,6,€)

Since i = p, we have shown that (g,w, X) F (p,€,¢).

We complete the proof as follows. § 2 wif and only if [goZop) = w for some
p, because of the way the rules for start symbol S are constructed. We just
proved that {goZop] = w if and only if (gw, Zo) I (p,€,€), L.e., if and only if
P accepts « by empty stack. Thus, L(G) = N(P). O

Example 6.15: Let us convert the PDA Py = ({¢},{¢,¢},{Z},0n,¢, Z) from
Example 6.10 to a grammar. Recall that Py accepts all strings that violate, for
the first time, the rule that every e (else) must correspond to some preceding
i (if). Since Py has only one state and one stack symbol, the construction is
particularly simple. There are only two variables in the grammar G-

a) S, the start symbol, which is in every grammar constructed by the method
of Theorem 6.14, and

b) [¢Zg], the only triple that can be assembled from the states and stack
symbols of Py.

The productions of grammar G are as follows:
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1. The only production for S is § — 