
                                                    Chapter 5
Introduction:
Classification of PDEs is an important concept because the general theory and methods of solution usually
apply only to a given class of equations.
In addition to the distinction between linear and nonlinear PDEs, it is important for the computational scientist
to know that there are different classes of PDEs. Just as different solution techniques are called for in the linear
versus the nonlinear case, different numerical methods are required for the different classes of PDEs, whether
the PDE is linear or nonlinear. The need for this specialization in numerical approach is rooted in the physics
from which the different classes of PDEs arise.
By analogy with conic sections (ellipse, parabola and hyperbola) partial differential equations have been
classified as elliptic, parabolic and hyperbolic.
Just as an ellipse is a smooth, rounded object, solutions to elliptic equations tend to be quite smooth. Elliptic
equations generally arise from a physical problem that involves a diffusion process that has reached equilibrium,
a steady state temperature distribution, for example. The hyperbola is the disconnected conic section. By
analogy, hyperbolic equations are able to support solutions with discontinuities, for example a shock wave.
Hyperbolic PDEs usually arise in connection with mechanical oscillators, such as a vibrating string, or in
convection driven transport problems.
Mathematically, parabolic PDEs serve as a transition from the hyperbolic PDEs to the elliptic PDEs. Physically,
parabolic PDEs tend to arise in time dependent diffusion problems, such as the transient flow of heat in
accordance with Fourier's law of heat conduction.

5.1.1 CLASSIFICATIOC WITH TWO INDEPENDENT VARIABLES

Consider the following general second order linear PDE in two independent variables:
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where A, B, C, D, E F and G are functions of the independent variables x and y. The equation (1) may be written
in the form

               0),,,,(  uuuyxfCuBuAu yxyyxyxx (2)

where
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Assume that A,B and C are continuous functions of x and y possessiong continuous partial derivative of as high
order as necessary.

5.1.2 LINEAR PDE WITH CONSTANT COEFFICIENTS

Let us  first consider the following general linear second order PDE in two independent variables x and y with
constants coefficients:

                 0 GFuEuDuCuBuAu yxyyxyxx                                                (3)

where the coefficients A, B, C, D, E, F and G are constants. The nature of the equation (3) is determined by the
principal part containing highest partial derivatives i.e.,

               yyxyxx CuBuAuLu                                                                                  (4)



For classification, we attach a symbol to (5) as 22),( CyBxyAxyxP   (as if we have replaced x by x


and y  by y


). Now depending on the sign of the discriminant )4( 2 ACB  , the classifiacation of (4) is done

as follows:
                        Eq. (3) is hyperbolic                                                                         ...(5)

                        042 ACB Eq. (3) is parabolic                                                                            ...(6)

                         022 ACB Eq. (3) is elliptic                                                                 ...(7)

5.1.3 Linear PDE with variable coefficients : The above classification of (3) is still valid if the
coefficients A, B, C, D, E and F depend on x, y.  In this case, the conditions (5), (6) and (7) should be
satisfied at each point (x, y) in the region where we want to describe its nature e.d., for elliptic we
need to verify
                                0),(),(4),(2  yxCyxAyxB
for each (x, y) in the region of interest. Thus we classify linear PDE with variable coefficients as
follows:
             ),(at0),(),(4),(2 yxyxCyxAyxB  Eq. (3) is hyperbolic at ),( yx                        ...(8)

              ),(at0),(),(4),(2 yxyxCyxAyxB  Eq. (3) parabolic at ),( yx                             ...(9)

               ),(at0),(),(4),(2 yxyxCyxAyxB  Eq. (3) elliptic at ),( yx                               ...(10)
Note: Eq. (3) is hyperbolic, parabolic or elliptic depends only on the coeeficients of the second
derivatives. It has nothing to do with the first-derivative terms, the term in u, or the nonhomogeneous
term.
                                               Solved Problems
Problem 1: Classify the partial differential equation
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Solution :  This equation is in the form of of
                               0 yyxyxx CUBUAU
where A = 1, B = 2, C = 4
Now              )4)(1(4)2(4 22  ACB
                                       164
                                        012
So the given equation is an elliptic.
Problem 2 : Classify the partial differential equation
                 042643  yxyyxyxx UUUUU
Solution :  This equation is in the form of of
                               0 yyxyxx CUBUAU
where A = 3, B = 4, C = 6



Now             )6)(3(4)4(4 22  ACB
                                     7216
                                       056
So the given equation is an elliptic.
Problem 3: Classify 0324  yyxyxx UUU
Solution :  This equation is in the form of of
                               0 yyxyxx CUBUAU
where A = 2, B = -3, C = -1
Now             )1)(2(4)3(4 22  ACB
                                     89
                                     017 
So the given equation is Hyperbolic.
Problem 4: Classify 035  yyxyxx UUU
Solution :  This equation is in the form of of
                               0 yyxyxx CUBUAU
where A = 1, B = 5, C = 3
Now          )3)(1(4)5(4 22  ACB
                                  1225
                                  013
So the given equation is Hyperbolic.
Problem 5: Classify 02  yyxyxx fff
Solution :  This equation is in the form of of
                               0 yyxyxx CfBfAf
where A = 1, B = 2, C = 3
Now       )1)(1(4)2(4 22  ACB
                               044 
So the given equation is parabolic.
Problem 6: Classify 0 yyxy yUxU
Solution :  This equation is in the form of of
                               0),(),(),(  yyxyxx UyxCUyxBUyxA
where A = 0, B = x, C = y
Now        ))(0(44 22 yxACB 

                                 2x

Here 0042  xACB  so the the given equation is Hyperbolic at 0x .
and   042  ACB  at x = 0  so the given equation is parabolic at x = 0.

Problem 7:      Classify    0 yyxy UxU



Solution :  This equation is in the form of of
                               0),(),(),(  yyxyxx UyxCUyxBUyxA
where A = x, B = 0, C =1
Now        )1)((4042 xACB 
                                x4
If 040 2  ACBx so the equation is elliptic

If 040 2  ACBx  so the equation is parabolic

If 040 2  ACBx  so the equation is Hyperbolic.

Problem 8:      Classify  xyyxy U
x

xUU
2
1

    (x > 0)

Solution :  The given equation can be re-write as

                           0),(22 2  xxyxx UUyxxxU             (x > 0)
This in the form of
                 0),,,,(),(),(),(  uUUyxfUyxCUyxBUyxA yxyyxyxx

where A = 2x. B = 22x , c = 0

Now           )0)(2(4)2(4 222 xxACB 

                                   44x
Since x > 0 so 044 42  xACB
Hence given equation is hyperbolic.

Problem 9:      Classify  )sin()4(4 222 yxUyxxyUUx yyxyxx 

Solution :  The given equation can be written as

                           0)sin()4(4 222  yxUyxxyUUx yyxyxx

This in the form of
                 0),,,,(),(),(),(  UUUyxfUyxCUyxBUyxA yxyyxyxx

where A = 2x . B = 4x y, c = 22 4yx 

Now     )4(4)4(4 22222 yxxxyACB 

                            22422 16416 yxxyx 

                             44x

If 040 2  ACBx so the given equation is elliptic at 0x
If 040 2  ACBx  so the given equation is parabolic at x = 0.
Problem 10:      Classify  the PDE

                           02 22  yyxyxx UyxyUUx
Solution :  The  equation is in the form of
                          0 yyxyxx CUBUAU



where A = 2x . B = 2x y, c = 2y

Now    ))((4)2(4 2222 yxxyACB 

                           044 2222  yxyx
So the equation is parabolic.
Problem 11:      Classify  the partial differential equation

                0)(cos35  uUeUxUU y
y

xxyxx

Solution :  This equation is in the form of
                 0),,,,(  uUUyxfCUBUAU yxyyxyxx

where A = 5. B = 0, c = -3
Now       )3)(5(4042  ACB
                               060
So the given equation is Hyperbolic.

Problem 12:      Classify  xxUxyUxU yyxyxx  22 cos2sinsin
Solution :  The given equation can be re-write as

                           0cos2sinsin 22  xxUxyUxU yyxyxx

This in the form of
                 0),,,,(  uUUyxfCUBUAU yxyyxyxx

where A = x2sin ,  B = x2sin , c = x2cos
Now    ))(cos(sin4)2(sin4 2222 xxxACB 

                           22 )cossin2()2(sin xxx         ]cossin22sin[  

                             0)2(sin)2(sin 22  xx
So the given equation is parabolic.

Problem 13:      Classify  04  xy
y

xx
x UeUe

Solution :  This equation is in the form of

                           0cos2sinsin 22  xxUxyUxU yyxyxx

This in the form of
                 0),,,,(),(),(),(  UUUyxfUyxCUyxBUyxA yxyyxyxx

where A = xe ,  B = 0, c = ye
Now      yx eeACB .4042 
                              yxe  4
Since yxe   gives non-zero positive values of x and y in R

              0442   yxeACB



So the given equation is elliptic.
                                                        Exercise-1
1.  Classify the following partial differential equation
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      (v)  yxUUUUU yxxyxyxx 23432       (vi)  )sin()4(4 22 yxUyxUU yyxyxx 

2.  Show that the equation:

       0)1(2 3  yyxyxx zyxzz  is elliptic for all values of x, y in the region 122  yx , parabolic on

     the boundary and hyperbolic outside the region.
                                                       Answers
I.      (i)  Parabolic                 (ii)   Parabolic                         (iii) Hyperbolic
       (iv)  Elliptic                    (v)  Parabolic

       (vi)   Elliptic outside the region of the ellipse 1
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                Parabolic on  the region of the ellipse 1
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                Hyperbolic inside the region of the ellipse 1
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5.2  Method of Seperation of Variables partial differential solutions to many (but not  all).
Seperation of variables is one of the oldest technique for solving initial boundary value problems (IBVP) and
applies to problems, where,
 PDE is linear and homogeneous (not necessarily constant coefficients)

  and Boundary conditions are linear and homogeneous
it is based on the fact that, if f(x) and g(t) are functions of idenpendent variables x, t respectively and if
f(x) = g(t)
then there must be a constant l for which f(x)=and g(t)=

The proof  is straight forward, in that
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 In separation of variables, we first assume that  the solution is of the separated from
               )()(, tTxXtxu 

We then substitute the separated from into the equation, and it possible move the ‘x’-terms to one side and ‘t’-
terms to the otherside.
If not  possible hen this method will not  work and correspondingly, we say that the partial differential equation
is not possible.
Once separated, the two sides of the equation most be constant, thus requiring the solutions to PDE, the product
X(x), T(t) is the separated solution of the partial differential equation.

                                                    SOLVED PROBLEMS

Problem 1. By the method of seperation of variables.
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(OU Dec 2011) (June 2012)

Solution.  Given equation u
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x
u 34 








                                                                                          ...(1)

Here, U is a function of x and y.
Let us assume its solution as U = X Y                                                                                                  ...(2)
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Substitute these values in (1)
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                                                                                                         ...(3)

Since x and y are independent variables

    equation (3) will hold if each side of (3) is constant say ‘K’.
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             04  KXX                                                             033  KYYYKYY

              0)4(  XKD                                                           0)3(  YKY
        A.E. is 4m - k  = 0                                                            [D - (3 - k)]Y = 0
             4 m = k                                                                   A.E. is m - (3 - k) =0

            4
km                                                                         m = 3 - k

          xk

ecX 4
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Substitute X and Y values in (2)
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and given yey 5),0(4 

Put x = 0 in (4)
yky Aee )3(5  

Comparing on both sides
A = 1 and -5 = 3 - k.

     k = 3 + 5

     k = 8

Substitute A and k values in (4)

                             yxAeyxU 52),( 

Problem 2.  Solve by seperation variables method for yx UU                                         ( OU Dec 2011)

Solution.  Given equation yx UU                                                                                                      ...(1)

Here u is a function of x and y
Let us assume its solution as U = X Y                                                                                                 ...(2)

                       YXU x   and YXU y 

divide with X Y

                    Y
Y

X
X 




                                                                                                                        ...(3)

Since x and y are independent variables.
   equation (3) will hold if each side of (3) is constant say ‘K’.
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(i)               K
X
X




                                                   (ii)            K
Y
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                   X KX                                                                   YKY  
                  0  XKX                                                            0  YKY
                    0)(  XKD                                                          0)(  YKD
             A.E. is m - k = 0                                                            A.E. is m - k = 0
                     m = k                                                                              m = k
                kxecX  1                                                                            kyecY  2
Substitute X and Y in equation (2)
which gives required solution
                                1 2.Kx KyU c e c e?

                              1 2( , ) Kx KyU x y c c e ??

                              ( )( , ) K x yU x y Ae ??                      where 1 2A c c?

Problem 3.  Solve  3 2u u u
t x

? ?? ?
? ?  with  ( , 0) 6 tu t e??    (OU  July 2014)

Solution.     Given equation  is 3 2u u u
t x

? ?? ?
? ?                                                                      ...(1)

                              with   ( , 0) 6 tu t e??
i.e.,  U is a function  of (t, x)
Let u = T X is a solution                                                                                                       ...(2)
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u T X
u TX

? ? ?
?? ??

                                                                              ...(3)

Substitute in equation (1)
                                        3 2T X TX XT? ?? ?

                                         
3 2 1T X
T X

? ?? ?

                                         
3 2 3 21T X T X X
T X T X

?? ? ? ?? ? ? ?                                                 ...(4)

Since T and X are independent variables
?    (4) will hold if each side of (4) is equal to  constant say ‘K’

                                    
3 2T X X K
T X

?? ?? ?

(i)      
3 3T K T K T
T
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                             3 0T K T? ??
                             (3 ) 0D K T? ?



                   A.E. is 3m - k = 0
                                3m = K

                                    m = 3
K

?              3
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K t
T c e?                                                                                                               ...(5)

(ii)     
2X X K

X
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           2X X K X? ??
            2 0X X KX? ? ? ??
          2 0 (2 ( 1) 0X KX X D K X? ? ? ? ? ? ??
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Substitute equation (5) and (6) in (2)
which gives the required solution
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?                               ...(7)     where A = 1 2c c

and given ( , 0) 6 tu t e?? ;
Put x = 0 in (7)

          36
K tte Ae? ?

Comparing on both sides

A = 6,  1 3
3
K K? ? ? ? ?

Substitute A & K values in (7)

           
3 1 3
3 2( , ) 6

t t x
u t x e

? ?? ?? ? ?? ??

            2( , ) 6 t xu t x e? ??
which is the required solution.



Problem 4. Solve 023 
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 where xexu  4)0,(                                                      (OU Dec 2014)

Solution.  Given equation 023 
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                                                                                      ...(1)

                         with  xexu  4)0,(
i.e., u is a function of (x, y)
Let u = (x, y) = X Y  is a solution                                                                                                    ...(2)
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Substitute in equation (1)

                                            023  YXYX
divide bothsides with  X Y
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YXYX 023
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                                                      ...(4)

Since x and y are indepent variables

   (4) will hold if each side of (4) is equal to constant  say ‘K’
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       A.E. is 3m - k = 0                                                                A.E. is 2m + k = 0
                    3m = k                                                                          2m = -K

                      m = 3
k

                                                                       2
Km 



                 3
1

kx

ecX                    ...(5)                                      2
2

ky

ecY


     ...(6)

Substitute  X and Y values in (2)
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and given u(x, 0) = xe4 ;

Put   y = 0   in (7)
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Substitute A and K values in (7)
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            which is required solution.

Problem 5. Solve y
u

x
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 4  where yeyu 38),0(                                                       (OU Dec 2013)

Solution.  Given equation y
u

x
u






 4                                                                                       ...(1)

                         with  yeyu 38),0( 

i.e., u is a function of (x, y)
Let u = (x, y) = X Y  is a solution                                                                                                    ...(2)
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Substitute in equation (1)
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divide  with  X Y on both sides
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                                                      ...(4)

Since x and y are indepent variables

   (4) will hold if each side of (4) is equal to constant  say ‘K’
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       A.E. is m - k = 0                                                                A.E. is 4m - k = 0
                    m = k                                                                          4m = K
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Substitute  X and Y values in (2)
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and  also given    u (0, y) = ye 38  ;

Put   x = 0   in (7)
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Comparing on both sides

                                 A = 8,    12
4

3  kk

Substitute A and K values in (7)
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Problem 6. Solve   043  yx yUxU .                                                                           (OU  Dec-2017)

Solution.    Given equation is  043  yx yUxU                                                                              ...(1)

Here U is a function x and y.
Let us assume its solution as U = X Y                                                                                              ...(2)

                             YXU x   and YXU y 

Substitute these values in (1)
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Since x and y are independent variables.
    (3) will hold if each side of (3) is equal to constant  say ‘K’
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Substitute (4) and (5) in (1)
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                                                         Exercise
1.Solve the following equations by the method of separation of variables

(i) 3 2 0u u
x y
 

 
 

, where u (x, 0) = 4e–x (ii) 3 2 0z zy x
x y
 

 
 

(iii) 
2

2 0u u
yx

 
 


(iv) 0u u
x y
 

 
 

, where u(x, 0) = 2e3x

(v) 0u u
x y
 

 
  , where u(x, 0) = ex + 3e2x

2. Find the solution of the wave equation 
2 2

2
2 2
u uc

t x
 


 

, corresponding to the triangular initial deflection

f (x) = 

2 , when 0
2

2 ( ) , when 0
2

k x lx
l

k l x l x l
l

  


  

 and initial velocity zero.

3. A tightly stretch string with fixed and points x = 0 and x = l is initially in a position given by

              y = y0 sin3 
x
l
 

 
 

. If it is released from rest from this position, find the displacement y(x, t).

4. Solve 
2

2
2

u uc
t x

 


 
 with conditions given : (0, ) 0, (20, ) 0u ut t

x x
 

 
 

 for all t and u(x, 0) =

3cos 3cos
20 20
x x       

   
 for 0  x  20.

5. A bar 40 cm long, with insulated sides, has its ends kept at 40° and 0° until steady state conditions prevail.
The two ends are then suddenly insulated and kept so. Find the temperature distribution.

                                                                 Answers

          1. (i)    u(x, y) = 
1 (2 3 )
24

x y
e
 

(ii) 
3 4

3 4( , )
x y

z x y ce
 

   
  (iii) u(x, y) = 2

1 2( )ky kx kxe c e c e

           (iv)   u(x, y) = 2 e3(x + y) (v)  u(x, y) = ex + y + 3e2 (x + y)

2. u(x, t) = 2 2
1

8 1 cos sin
n

k n ct n x
l ln





    
   
    

3. y(x, t) = 0 3 33sin cos sin cos
4
y x ct x ct

l l l l
                           

4. u(x, t) = 
2 2 2 29

400 4003cos 3 cos
20 20

c t c t
x xe e

         
   



5. u(x, t) = 
2 2 2(2 1)

1600
2 2

1

160 1 (2 1)20 cos
40(2 1)

n c t

n

n x e
n

  



  
  

  

5.3 SOLUTION OF ONE DIMENSIONAL WAVE EQUATION 
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Consider a uniform elastic string of length l stretched tightly between two points O and A, and dis-
placed slightly from its equilibrium position OA. Taking the end O as the origin, OA as the x-axis and
a perpendicular line through O as the y-axis, we shall find the displacement y as a function of the
distance x and the time t.

We shall obtain the equation of motion for the string under the following assumptions:
(i) The motion takes place entirely in the xy-plane and each particle of the string moves perpen-

dicular to the equilibrium position OA of the string.
(ii) The string is perfectly flexible and does not offer resistance to bending.

(iii) The tension in the string is so large that the forces due  to weight of the string can be neglected.

(iv) The displacement y and the slope ?
?
y
x

 are small, so that their higher powers can be neglected.
Let m be the mass per unit length of the string. Consider the motion of an element PQ of length

s. Since the string does not offer resistance to bending (by assumption), the tensions T1 and T2 at P
and Q respectively are tangential to the curve.

Since there is no motion in the horizontal direction, we have
T1 cos  = T2 cos  = T (constant) ...(1)

Mass of element PQ is ms. By Newton’s second law of motion, the equation of motion in the
vertical direction is

  ms ?
?

2

2
y

t
 = TT2 sin  – T1 sin 

or m s y
t

? ?
?

?
?T

T
T

T
T

2

2

1

1

?
?

? ?
2

2
sin
cos

sin
cos [By using (1)]

or  ?
?

?
2

2
y

t m s
T
?

 (tan  – tan )

or  
?
?

? ?
?

F
HG

I
KJ ? ?

?
F
HG

I
KJ

L
N
MM

O
Q
PP?

2

2
y

t m x
y
x

y
xx x x

T
? ?

[Since s = x to a first approximation, and tan  and tan  are the slopes of the curve of the
string at x and x + x]

or  ?
?

?

?
?

F
HG

I
KJ ? ?

?
F
HG

I
KJ

L

N

MMMMM

O

Q

PPPPP
? ?

?
?

2

2

2

2
y

t m

y
x

y
x

x m
y

x
x x xT T?

?
, as x  0

or  ?
?

?
?
?

2

2
2

2

2
y

t
c y

x
, where c2 = T

m
This is the partial differential equation giving the transverse vibrations of the string. It is also

called the one dimensional wave equation.



The boundary conditions, which the equation ?
?

?
?
?

2

2
2

2

2
y

t
c y

x
 has to satisfy are

( ) ,
( ) ,

i y x
ii y x l

? ?
? ?

O
QP

0 0
0

 when 
 when . These should be satisfied for every value of t.

If the string is made to vibrate by pulling it into a curve  y = f(x) and then releasing it, the initial
conditions are:

(i) y = f(x), when t = 0 (ii) ?
?
y
t

 = 0, when t = 0.

Now, Consider the wave equation

 ?
?

?
?
?

2

2
2

2

2
y

t
c y

x
...(1)

Let y = XT, be a solution of (1) ...(2)
where X is a function of x only and T is a function of t only.

Then, ?
?

2

2
y

t
 = XT and ?

?

2

2
y

x
 = XT

Substituting in (1), we have XT = c2XT

Separating the variables, we get X
X

T
T

? ? ?1
2c

. ...(3)
Now, the LHS of (3) is a function of x only and the RHS is a function of t only. Since x and t are

independent variables, this equation can hold only when both sides reduce to a constant, say k. Then
equation (3) leads to the ordinary linear differential equations

  X – kX = 0 and T – kc2T = 0 ...(4)
Solving equations (4), we get

(i) When k is positive and = p2, say
  X = c1e

px +c2e
–px, T = c3e

cpt + c4e
–cpt

(ii) When k is negative and = – p2, say
X = c1 cos px + c2 sin px
T = c3 cos cpt + c4 sin cpt

(iii) When k = 0
X = c1x + c2 T = c3t + c4

Thus, the various possible solutions of the wave equation (1) are :
y = (c1e

px +c2e
–px)(c3e

cpt +c4e
– cpt)

y = (c1 cos px + c2 sin px)(c3 cos cpt + c4 sin cpt)
y = (c1x + c2)(c3t + c4)

Of these three solutions, we have to choose that solution which is consistent with the physical
nature of the problem. Since we are dealing with a problem on vibrations, y must be a periodic func-
tion of x and t. Therefore, the solution must involve trigonometric terms.

Accordingly y = (c1 cos px + c2 sin px)(c3 cos cpt + c4 sin cpt) ...(5)
is the only suitable solution of the wave equation and it corresponds to k = – p2.

Now, applying boundary conditions that
y = 0, when  x = 0

and y = 0, when  x = l, we get
0 = c1(c3 cos cpt + c4 sin cpt) ...(6)

and 0 = (c1 cos pl + c2 sin pl)(c3 cos cpt + c4 sin cpt) ...(7)
From (6), we have c1 = 0 and equation (7) reduces to

c2 sin pl(c3 cos cpt + c4 sin cpt) = 0



which is satisfied when sin pl = 0  or pl = n or p = n
l
? , where n = 1, 2, 3, ......

 A solution of the wave equation satisfying the boundary conditions is

y = c c n ct
l

c n ct
l

n x
l2 3 4cos sin sin? ? ??F

HG
I
KJ

 = a n ct
l

b n ct
l

n x
ln ncos sin sin? ? ??F

HG
I
KJ

on replacing c2 c3 by an and c2 c4 by bn.
Adding up the solutions for different values of n, we get

y = 
n

n na n ct
l

b n ct
l

n x
l?

?

? ?F
H

I
K

1
cos sin sin? ? ? ...(8)

is also a solution.
Now, applying the initial conditions

y = f(x) and ?
?
y
t

 = 0, when t = 0, we have

f(x) = 
n

na n x
l?

?

?
1

sin ?
...(9)

and 0 = 
n

n
n c

l
b n x

l?

?

?
1

? ?sin ...(10)

Since equation (9) represents Fourier series for f(x), we have

an = 2
0l

f x n x
l

dx
lz ( ) sin ? ...(11)

From (10), bn = 0, for all n

Hence (8) reduces to  y = 
n

na n ct
l

n x
l?

?

?
1

cos sin? ? ...(12)

where an is given by (11) when f(x) i.e., y (x, 0) is known.

SOLVED PROBLEMS
Example 1. A string is stretched and fastened to two points l apart. Motion is started by dis-

placing the string in the form y = A sin ?x
l  from which it is released at time t = 0. Show that the

displacement of any point at a distance x from one end at time t is given by

y(x, t) = A sin ? ?x
l

cos ct
l

. (U.K.T.U., 2011, 2012; M.D.U., 2012)

Sol. The equation of the string is

   ?
?

?
?
?

2

2
2

2

2
y

t
c y

x
...(1)

Since,  the  string  is  stretched  between  two  fixed  points  (0, 0)  and  (l, 0)  hence the
displacement of the string at these points will be zero

 y(0, t) = 0 ...(2)
and y(l, t) = 0 ...(3)

Since, the string is released from rest hence its initial velocity will be zero


?
?
y
t  = 0 at t = 0 ...(4)

Since, the string is displaced from its initial position at time t = 0 hence the initial displacement is

y(x, 0) = A sin ? x
l ...(5)



Conditions (2), (3), (4) and (5) are the boundary conditions.
Let us now proceed to solve equation (1),
Let y = XT. ...(6)

where X is a function of x only and T is a function of t only.

  ?
?

? ?
?

?y
t t

d
dt

(XT) X T

  ?
?

? ?
?

F
HG

I
KJ ?

2

2

2

2
y

t t
d
dt

d
dt

X T X T .

Similarly,  ?
?

?
2

2

2

2
y

x
d
dx

T X .

Substituting the above in equation (1), we get

 X d
dt

c d
dx

2

2
2

2

2
T T X

?  XT = c2TX

Case I.  1
2c

T
T

X
X

? ? ?  = – p2 (say)

(i)   
1
2c

T
T
?

 = – p2

 d
dt

2T
2  + c2p2T = 0.

Auxiliary equation is m2 + c2p2 = 0
m2 = c2p2i2

 m = ± cpi
 C.F. = c1 cos cpt + c2 sin cpt

P.I. = 0
 T = C.F. + P.I. = c1 cos cpt + c2 sin cpt ...(7)

(ii)  X
X
? ? ? p2 

d
dx

2

2
X  + p2X = 0.

Auxiliary equation is m2 + p2 = 0
m = ± pi

C.F. = c3 cos px + c4 sin px
P.I. = 0

 X = c3 cos px + c4 sin px ...(8)
Hence,  y(x, t) = (c1 cos cpt + c2 sin cpt)(c3 cos px + c4 sin px) ...(9)

Case II.   1
2c

T
T

X
X

?
?

?  = p2 (say)

(i)   1
2c

T
T
?  = p2 

d
dt

2

2
T  – p2c2T = 0

Auxiliary equation is  m2 – p2c2 = 0  m = ± pc
 C.F. = c5 e

pct + c6 e
–pct

P.I. = 0
 T = c5 e

pct + c6 e
–pct.



(ii)  X
X
? ? p2  d

dx

2

2
X  – p2X = 0

Auxiliary equation is
 m2

 – p2 = 0  m = ± p
 C.F. = c7 e

px + c8 e
–px

P.I. = 0
 X = c7 e

px + c8 e
–px

Hence, y(x, t) = (c5 e
pct + c6 e

–pct)(c7 e
px + c8 e

–px) ...(10)

Case III.  1 T
T

X
X2c

? ? ?  = 0 (say)

(i)  1 02c
T
T
? ?  T = 0 or d

dt

2

2
T  = 0

Auxiliary equation is
m2 = 0  m = 0, 0

 C.F. = c9 + c10 t
P.I. = 0

 T = c9 + c10 t

(ii)  X
X

0? ?  X = 0 or d
dx

2

2 0X
?

Auxiliary equation is
m2 = 0  m = 0, 0

 C.F. = c11 + c12x
P.I. = 0

 X = c11 + c12x
Hence, y(x, t) = (c9 + c10 t) (c11 + c12x) ...(11)
Out of these three above solutions (9), (10) and (11), we have to choose the solution which is

consistent with the physical nature of the problem. Since, we are dealing with a problem on
vibrations, the solution must contain periodic functions. Hence the solution which contains
trigonometric terms must be the required solution.

Hence solution (9) is the general solution of one dimensional wave equation given by equation
(1).

Now, y(x, t) = (c1 cos cpt + c2 sin cpt) (c3 cos px + c4 sin px)
Applying the boundary condition,

y(0, t) = 0 = (c1 cos cpt + c2 sin cpt) c3
 c3 = 0.
 From (9), y(x, t) = (c1 cos cpt + c2 sin cpt) c4 sin px ...(12)
Again, y(l, t) = 0 = (c1 cos cpt + c2 sin cpt) c4 sin pl
 sin pl = 0 = sin n (n  I)

 p = n
l
? .

Hence from (12), y(x, t) = c n ct
l

c n ct
l

c n x
l1 2 4cos sin sin? ? ??F

HG
I
KJ ...(13)

?
?

? ? ?L
NM

O
QP

y
t

n c
l

c n ct
l

c n ct
l

c n x
l

? ? ? ?
1 2 4sin cos sin

At t = 0,



?
?

F
HG

I
KJ ? ? L

NM
O
QP?

y
t

n c
l

c c n x
lt 0

2 40 ? ?sin

 c2 = 0,

 From (13), y(x, t) = c1c4 cos n ct
l

n x
l

? ?sin ...(14)

y(x, 0) = A sin ? ?x
l

c c n x
l

? 1 4 sin

 c1c4 = A, n = 1. | Comparing

Hence from (14), y(x, t) = A cos ? ?ct
l

x
l

sin

which is the required solution.

Example 2. Show how the wave equation  c2 ?
?

?
?
?

2

2

2

2
y

x
y

t
 can be solved by the method of separa-

tion of variables. If the initial displacement and velocity of a string stretched between

x = 0 and x = l are given by  y = f(x) and ?
?
y
t

 = g(x), determine the constants in the series solution.

[JNTUK, (Set 1) 2014, (Set 2) 2015]

Sol. The wave equation is ?
?

?
?
?

2

2
2

2

2
y

t
c y

x
...(1)

Let  y = XT ...(2)
where X is a function of x only and T is a function of t only.

?
?

? ?
?

?y
t t

d
dt

( )XT X T

?
?

?
2

2

2

2
y

t
d
dt

X T

Similarly, ?
?

?
2

2 2
y

x
d
dx

T X2
.

Substituting in (1), we get

X d
dt

c d
dx

2

2
2T T X2

2?  XT = c2TX

 1
2c

T
T

X
X

? ? ? ...(3)

Case I. When 1
2c

T
T
?

?
?X

X
 = p2 (say)

(i)  1
2

2

c
pT

T
? ? 

d
dt

2T
2  – p2c2T = 0.

Auxiliary equation is
m2 – p2c2 = 0

m = ± pc
C.F. = c1 e

pct + c2 e
–pct

P.I. = 0
 T = C.F. + P.I. = c1 e

pct + c2 e
–pct



(ii)  X
X
? ? p2 

d
dx

2

2
X  – p2X = 0.

Auxiliary equation is
m2 – p2 = 0

m = ± p
C.F. = c3 e

px + c4 e
–px

P.I. = 0.
 X = C.F. + P.I. = c3 e

px + c4 e
–px.

Hence, the solution is
y = XT = (c1 e

pct + c2 e
–pct)(c3 e

px + c4 e
–px). ...(4)

Case II. When

 1
2c

T
T

X
X

?
?

?  = – p2 (say)

(i)  
1
2c

T
T
?

 = – p2  d
dt

2T
2  + p2c2T = 0.

Auxiliary equation is
m2 + p2c2 = 0  m = ± pci

 C.F. = (c5 cos pct + c6 sin cpt)
P.I. = 0.

 T = C.F. + P.I. = c5 cos cpt + c6 sin cpt

(ii)  X
X
? ? ? p2  d

dx

2X
2  + p2X = 0.

Auxiliary equation is
m2 + p2 = 0  m = ± pi

 C.F. = c7 cos px + c8 sin px
P.I. = 0

 X = c7 cos px + c8 sin px.
Hence, the solution is

y = XT = (c5 cos cpt + c6 sin cpt)(c7 cos px + c8 sin px) ...(5)

Case III. When,  1
2c

T
T

X
X

0?
?

?
?

(i)  1
2c

T
T
?  = 0  d

dt

2

2
T  = 0

 T = c9 + c10t

(ii) X
X
? ? 0  d

dx

2

2
X  = 0

 X = c11 + c12 x.
Hence, the solution is

y(x, t) = (c9 + c10t)(c11 + c12x) ...(6)
Of the above three solutions given by (4), (5) and (6), we have to choose the solution which is

consistent with the physical nature of the problem. Since, we are dealing with a problem on
vibrations, y must be a periodic function of x and t therefore the solution must involve trigonometric
terms hence solution (5) is the required solution.



Boundary conditions are
y (0, t) = 0,   y(l, t) = 0

y = f (x) when t = 0

?
?

?y
t

g x( ) when t = 0

From equation (5), y(0, t) = (c5 cos cpt + c6 sin cpt) c7

   0 = (c5 cos cpt + c6 sin  cpt) c7

    c7 = 0.
Hence from (5), y(x, t) = (c5 cos cpt + c6 sin cpt) c8 sin px ...(7)

y(l, t) = 0 = (c5 cos cpt + c6 sin cpt) c8 sin pl

 sin pl = 0 = sin n (n  I)  p = n
l
? .

 From (7), y(x, t) = c n ct
l

c n ct
l

c n x
l5 6 8cos sin sin? ? ??F

HG
I
KJ ...(8)

= a n ct
l

b n ct
l

n x
ln ncos sin sin? ? ??F

HG
I
KJ

where c5c8 = an and c6c8 = bn

The general solution is

y(x, t) = a n ct
l

b n ct
l

n x
ln n

n
cos sin sin? ? ??F

HG
I
KJ

?

?

?
1

...(9)

y(x, 0) = f(x) = a n x
ln sin ?

1

?

?

where an =
2

0l
f x n x

l
lz ( ) . sin ?  dx ...(10)

From (9), ?
?

? ? ?F
HG

I
KJ

?

?y
t

c
l

n a n ct
l

n b n ct
l

n x
ln n

? ? ? ?sin cos sin
1

At t = 0,  
?
?

F
HG

I
KJ ?

y
t t 0

 = g(x) = 
? ?c
l

nb n x
ln sin

1

?

?

where  n c
l

b
l

g x n x
l

dxn
l? ?

? z2
0

( ) . sin

 b
n c

g x n x
l

dxn
l

? z2
0?

?( ) . sin . ...(11)
Hence, the required solution is

y(x, t) = a n ct
l

b n ct
l

n x
ln n

n
cos sin sin? ? ??F

HG
I
KJ

?

?

?
1

where an =
2

0l
f x n x

l
lz ( ) . sin ?  dx



and bn =
2

0n c
g x n x

l
l

?
?z ( ) sin  dx.

Example 3. A tightly stretched string with fixed end points x = 0 and x = l is initially in a

position given by y = y0 sin3 ?x
l . If it is released from rest from this position, find the displacement

y(x, t). [G.B.T.U., (C.O.) 2011; JNTUK, (Set 2) 2015]
Sol. The equation of the string is

 ?
?

?
?
?

2

2
2

2

2
y

t
c y

x
...(1)

The solution of eqn. (1) is
y(x, t) = (c1 cos cpt + c2 sin cpt)(c3 cos px + c4 sin px) ...(2)

| Refer sol. of Ex. 1
Boundary conditions are

y(0, t) = 0 ...(3)
y(l, t) = 0 ...(4)

?
?

F
HG

I
KJ ?

y
t t 0

 = 0 ...(5)

y(x, 0) = y0 sin3 ?x
l ...(6)

Applying boundary condition in (2),
y(0, t) = 0 = (c1 cos cpt + c2 sin cpt) c3

 c3 = 0
 From (2), y(x, t) = (c1 cos cpt + c2 sin cpt) c4 sin px ...(7)
Again, y(l, t) = 0 = (c1 cos cpt + c2 sin cpt) c4 sin pl
 sin pl = 0 = sin n (n  I)

 p = n
l
?

Hence, from (7),

y(x, t) = c n ct
l

c n ct
l

c n x
l1 2 4cos sin sin? ? ??F

HG
I
KJ ...(8)

 ?
?

? ? ?L
NM

O
QP

y
t

n c
l

c n ct
l

c n ct
l

c n x
l

? ? ? ?
1 2 4sin cos sin

At t = 0,
?
?

F
HG

I
KJ ?

y
t t 0

 = 0 = n c
l

c c n x
l

? ?
2 4 sin

 c2 = 0.
 From (8),

y(x, t) = c1c4 sin n x
l

n ct
l

? ?cos  = bn sin n x
l

n ct
l

? ?cos

Most general solution is

y(x, t) = b n x
l

n ct
ln

n
sin cos? ?

?

?

?
1

...(9)

y(x, 0) = y0 sin3 
? ?x
l

b n x
ln

n
?

?

?

? sin
1



 y0 
3 3

4

sin sin? ?x
l

x
l

?F

H
GGG

I

K
JJJ

 = b1 sin ? ? ?x
l

b x
l

b x
l

? ?2 3
2 3sin sin  + ...

Comparing, we get

b1 =
3

4
0y , b2 = 0, b3 = ? y0

4 , b4 = b5 = ... = 0
Hence, from (9),

y(x, t) =
3
4 4

3 30 0y x
l

ct
l

y x
l

ct
l

sin cos sin cos? ? ? ?
? .

Example 4. A tightly stretched flexible string has its ends fixed at x = 0 and x = l. At time t = 0,
the string is given a shape defined by F(x) = x(l – x),  is a constant and then released. Find the
displacement y(x, t) of any point x of the string at any time t > 0.

(JNTUK, 2015)

Sol. The wave equation is ?
?

?
?2

2
2

2

2
y

t
c y

dx
...(1)

The solution of equation (1) is
y(x, t) = (c1 cos cpt + c2 sin cpt) (c3 cos px + c4 sin px) ...(2) (Refer sol. of Ex. 1)

Boundary conditions are y(0, t) = 0 ...(3)
y(l, t) = 0 ...(4)

?
?
y
t  = 0 at t = 0 ...(5)

and y(x, 0) = x(l – x) ...(6)
From (2), y(0, t) = 0 = (c1 cos cpt + c2 sin cpt)c3

 c3 = 0.
 From (2), y(x, t) = (c1 cos cpt + c2 sin cpt) c4 sin px ...(7)

y(l, t) = 0 = (c1 cos cpt + c2 sin cpt) c4 sin pl
 sin pl = 0 = sin n (n  I)

p = n
l
? .

From (7), y(x, t) =   c n ct
l

c n ct
l

c n x
l1 2 4cos sin sin? ? ??F

HG
I
KJ

...(8)

Now from (7),   
?
?

? ? ?L
NM

O
QP

y
t

n c
l

c n ct
l

c n ct
l

c n x
l

? ? ? ?
1 2 4sin cos . sin

At t = 0,  
?
?

F
HG

I
KJ ?

y
t t 0

 = 0 = n c
l

c c n x
l

? ?
2 4 sin

 c2 = 0.

 From (8),  y(x, t) = c1c4 cos n ct
l

n x
l

? ?sin

   y(x, t) = bn cos n ct
l

n x
l

? ?sin  where c1c4 = bn.
The most general solution is

 y(x, t) = b n ct
l

n x
ln cos sin? ?

1

?

? ...(9)



y(x, 0) = (lx – x2) = b n x
ln sin ?

1

?

?

where bn = 2
0

2
l

lx x n x
l

dx
lz ??

?( ) sin

= 2 22

0

0

?
?

?

?

?l
lx x

n x
l

n
l

l x

n x
l

n
l

dx

l

l
( )

cos
( )

cos
?

?F

H
GGG

I

K
JJJ

R
S||

T||

U
V||

W||
? ?

?F

H
GGG

I

K
JJJ

L

N

MMMM

O

Q

PPPP
z

= 2 2
0

?
?

?
l

l
n

l x n x
l

dx
lz ?L

NM
O
QP( ) cos

= 2 2 2

0

0

?
?

?

?

?

?n
l x

n x
l

n
l

n x
l

n
l

dx

l

l
( )

sin
( )

sin
?

R
S|

T|

U
V|

W|
? ?

L

N

MMMM

O

Q

PPPP
z  = 2 2

0

?
? ?

?
n

l
n

n x
l

dx
l

. sinz

= 4 4
2 2

0

2

3 3
?
?

?

?
?
?

l
n

n x
l

n
l

l
n

l
?F

H
GGG

I

K
JJJ

?
cos

 (– cos n + 1) = 4 1 1
2

3 3


l

n
n[ ( ) ]  .

 From (9),  y(x, t) = 4 1 12

3 3
1

?
?

? ?l
n

n ct
l

n x
l

n[ ( ) ] cos sin? ??

?

= 
8 1

2 1
2 1 2 12

3 3
1

?
?

? ?l
n

n x
l

n ct
ln ( )

sin ( ) cos ( )
?

? ?

?

?

? .

Solve 

2 2
2

2 2 , 0 , 0
u uc x l t

x x
? ?

? ? ? ?
? ?

. Subject to (0, ) ( , ) 0, ( ,0) ( ), ( ,0) 0uu t u l t u x x l x x
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                                                                                                                                                                                                                                            (OU 2017)

Solution: In the above problem  (4) if we take u = 1, we get
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Example 5. A string is stretched between two fixed points (0, 0) and (l, 0) and  released at rest
from the initial deflection given by

and  f(x) = 

2k
l

x 0 x l
2
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l x l
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x l
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Find the deflection of the string at any time.
Sol. The equation for the vibrations of the string is
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2
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t
c y

dx
...(1)

The solution of eqn. (1) is
 y (x, t) = (c1 cos cpt + c2 sin cpt)(c3 cos px + c4 sin px) ...(2) [Refer sol. of Ex. 1]

Boundary conditions are,  y(0, t) = 0, y(l, t) = 0
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?
y
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From (2), y(0, t) = (c1 cos cpt + c2 sin cpt) c3

0 = (c1 cos cpt + c2 sin cpt) c3
 c3 = 0.
 From (2), y(x, t) = (c1 cos cpt + c2 sin cpt) c4 sin px ...(3)

y(l, t) = 0 = (c1 cos cpt + c2 sin cpt) c4 sin pl
 sin pl = 0 = sin n; n  I
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l
? .

 From (3), y(x, t) = c n ct
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The most general solution is
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 From (6), y(x, t) = 8 1
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Problem.  Solve the wave equation 
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2
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if
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Solution.  In the above problem (5) If we take 2k = l we get

                       2 2
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4 1( , ) sin cos sin
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Example 6. A tightly stretched violin string of length l and fixed at both ends is plucked at x =

l
3  and assumes initially the shape of a triangle of height a. Find the displacement y at any distance x
and any time t after the string is released from rest.

Sol. One Dimensional wave equation is
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t
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x
...(1)

The solution of eqn. (1) is
y (x, t) = (c1 cos cpt + c2 sin cpt)(c3 cos px + c4 sin px) ...(2) (Refer sol. of Ex. 1)

Eqn. of line OC is y – 0 = a
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Eqn. of line CA is y – a = 
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Hence the boundary conditions are
y(0, t) = 0 ...(5)
 y(l, t) = 0 ...(6)
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From (2),  y(0, t) = 0 = (c1 cos cpt + c2 sin cpt) c3
  c3 = 0.
 From (2), y(x, t) = (c1 cos cpt + c2 sin cpt) c4 sin px ...(9)

y(l, t) = 0 = (c1 cos cpt + c2 sin cpt) c4 sin pl
 sin pl = 0 = sin n(n  I).

 p = n
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? .
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The most general solution is
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Example 7. The points of trisection of a string are pulled aside through the same distance on
opposite sides of the position of equilibrium and the string is released from rest. Derive an
expression for the displacement of the string at subsequent time and show that the mid-point of the
string always remains at rest.

Sol. The equation for the vibration of the string is
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t
c y

x
...(1)

The solution of eqn. (1) is
y(x, t) = (c1 cos cpt + c2 sin cpt)(c3 cos px + c4 sin px) ...(2)

Let l be the length of string (Refer sol. of Ex. 1)
Equation of OB is,

y – 0 = h
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3
0
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Equation of BC is,
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0
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Hence, Boundary conditions are
y(0, t) = 0,  y(l, t) = 0

        ?
?

?y
t

0 when t = 0

and y(x, 0) =

3 0 3
3 2

3
2
3

3 2
3

h
l

x x l
h
l

l x l x l

h
l

x l l x l

, /

( ),

( ),

 

  

  

R

S
|||

T
|||

U

V
|||

W
|||

From (2), y(0, t) = 0 = (c1 cos cpt + c2 sin cpt) c3
 c3 = 0.
 From (2),

y (x, t) = (c1 cos cpt + c2 sin cpt) c4 sin px ...(6)
y(l, t) = 0 = (c1 cos cpt + c2 sin cpt) c4 sin pl

 sin pl = 0 = sin n (n  I)

 p = n
l
? .

 From (6), y(x, t) = c n ct
l
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c n x
l1 2 4cos sin sin? ? ??F
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The most general solution is
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 From (8), y(x, t) = 
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Hence, mid-point of the string is always at rest.
Example 8. If a string of length l is initially at rest in equilibrium position and each of its

points is given the velocity ?
?

F
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KJ ?
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y
t

b sin x
lt 0

3 ? , find the displacement y (x, t).

Sol. The equation for the vibrations of the string is
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The solution of equation (1) is
y(x, t) = (c1 cos cpt + c2 sin cpt)(c3 cos px + c4 sin px) ...(2) [Refer sol. of Ex. 1]

Boundary conditions are, y(0, t) = 0 ...(3)
y(l, t) = 0 ...(4)



y(x, 0) = 0 ...(5)
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From eqn. (2), y(0, t) = 0 = (c1 cos cpt + c2 sin cpt) c3
 c3 = 0.
 From (2),  y(x, t) = (c1 cos cpt + c2 sin cpt) c4 sin px ...(7)

y(l, t) = 0 = (c1 cos cpt + c2 sin cpt) c4 sin pl
 sin pl = 0 = sin n (n  I)
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Example 9. A tightly stretched string with fixed end points x = 0 and x = l is initially at rest in
its equilibrium position. If it is set vibrating by giving to each of its points an initial velocity x(l –
x),  find  the  displacement  of  the  string at any distance x from one end at any time t.[M.T.U.,
(SUM) 2011; JNTUK, (Set 1) 2015]

Sol. Here the boundary conditions are y(0, t) = y(l, t) = 0
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l

b n ct
l

n x
ln n

n
cos sin sin? ? ??F

HG
I
KJ

?

?

?
1

...(1) | Refer sol. of Ex. 2

Since the string was at rest initially, y(x, 0) = 0

 From (1), 0 = a n x
ln

n
sin ?

?

?

?
1

 an = 0

  y(x, t) = b n ct
l

n x
ln

n
sin sin? ?

?

?

?
1

...(2)

and  
?
?

? ?
?

?

?

?

??y
t

n c
l

b n ct
l

n x
l

c
ln

nn

? ? ? ?cos sin
11

nbn cos n ct
l

n x
l

? ?sin

But ?
?
y
t  = x(l – x) when t = 0

 x(l – x) = ? ?c
l

nb n x
ln

n
sin

?

?

?
1

   ?
?

?c
l

nb
l

x l x n x
ln

l
? ?z2

0
( ) sin  dx

 = 2 2 2
2

2 2

3

3 3
0

?
?

?
?

?
?

?
l

x l x l
n

n x
l

l x l
n

n x
l

l
n

n x
l

l

( ) cos ( ) sin ( ) cos? ?FHG
I
KJ ? ? ?

F
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I
KJ ? ?

F
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I
KJ
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 = 4 2

3 3
?
?
l

n
 (1 – cos n) = 4 2

3 3
?
?
l

n
 [1 – (–1)n]

 = 
0
8 2

3 3

,

,

when is even

when is odd

n
l

n
n



R
S|
T|

 i.e., 8
2 1

2

3 3
?

?
l

m( )?
, taking n = 2m – 1

 bn = 8
2 1

3

4 4
?

?
l

c m( )?
 From (2), the required solution is

 y(x, t) = 
8 1

2 1
2 1 2 13

4 4
1

?
?

? ?l
c m

m ct
l

m x
lm ( )

sin ( ) sin ( )
?

? ?

?

?

? .

Example 10. Transform the equation ?
?

?
?
?

2

2
2

2

2
y

t
c y

x
 to its normal form using the transformation

u = x + ct, v = x – ct and hence solve it. Show that the solution may be put in the form y = 1
2 [f(x +

ct) + f(x – ct)]. (M.T.U., 2013)
Assume initial conditions y = f(x) and ( y/t) = 0 at t = 0.
Sol. One dimensional wave equation is

  ?
?

?
?
?

2 2y
t

c y
x2

2
2 ...(1)

Let us introduce two new independent variables
u = x + ct ...(2)

and v = x – ct ...(3)
so that y becomes a function of u and v.

Then,   ?
?

? ?
?

?
?

? ?
?

?
?

y
x

y
u

u
x

y
v

v
x

. .  = ?
?

? ?
?

y
u

y
v ...(4) [Using (2) and (3)]



Also,   ?
?

? ?
?

? ?
?x u v

...(5)

   ?
?

? ?
?
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?
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KJ ? ?
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? ?
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?

? ?
?
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2

2
y

x x
y
x u v

y
u

y
v

= ?
?

?
?
? ?

?
?
?

2

2

2 2

22y
u

y
u v

y
v

...(6)

Also,  ?
?

? ?
?

?
?

? ?
?

?
?

y
t

y
u

u
t

y
v

v
t

. .  = c ?
?

? ?
?

y
u

y
v  (– c) = c ?

?
? ?

?
F
HG

I
KJ

y
u

y
v

...(7)

  ?
?

? ?
?

? ?
?

F
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KJt

c
u v ...(8)


?
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?

?
?
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2

2
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t t
y
t  = c ?

?
? ?

?
F
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I
KJ

?
?

? ?
?

F
HG

I
KJu v

c y
u

y
v

  = c2 ?
?

? ?
? ?

? ?
?

F
HG

I
KJ

2

2

2 2

22y
u

y
u v

y
v

...(9)

From (1), (6) and (9), we have

c2 ?
?

? ?
? ?

? ?
?

F
HG

I
KJ ? ?

?
? ?

? ?
? ?

?
F
HG

I
KJ

2

2

2 2

2
2

2

2

2 2

22 2y
u

y
u v

y
v

c y
u

y
u v

y
v

  – 4c2 ?
? ?

2 y
u v

 = 0

   ?
? ?

2 y
u v

 = 0 ...(10) ( c2  0)
Integrating eqn. (10) partially, w.r.t. u, we get

  ?
?
y
v  = f1(v).

Integrating again w.r.t. v partially, we get
y = f1(v) v + (u) = (v) + (u)

  y(x, t) = (x – ct) + (x + ct) ...(11)
which is d’ Alembert’s solution of wave equation.

Applying initial conditions y = f(x) and ?
?
y
t  = 0 at t = 0 in (11), we get

  f(x) = (x) + (x) and 0 = – (x) + (x)

Hence, (x) = (x) = 1
2

f x( )

  y = 1
2 [f (x + ct) + f (x – ct)].

Example 11. A tightly stretched string with fixed end points x = 0 and x =  is initially at rest
in its equilibrium position. If it is set vibrating by giving to each of its points an initial velocity

?
?

F
HG

I
KJ ?

y
t t 0

 = 0.03 sin x – 0.04 sin 3x,

then find the displacement y(x, t) at any point of string at any time t.
Sol. The equation for the vibrations of a string is

   ?
?

?
?
?

2

2
2

2

2
y

t
c y

x
...(1)

Its solution is
y(x, t) = (c1 cos pct + c2 sin pct)(c3 cos px + c4 sin px) ...(2)

Boundary conditions are
y(0, t) = 0 = y(, t)



y(x, 0) = 0

and
?
?

F
HG

I
KJ ?

y
t t 0

 = 0.03 sin x – 0.04 sin 3x.

From (2), y(0, t) = 0 = (c1 cos pct + c2 sin pct) c3

 c3 = 0
From (2), y(x, t) = (c1 cos pct + c2 sin pct) c4 sin px ...(3)

y(, t) = 0 = (c1 cos pct + c2 sin pct) c4 sin p
 sin p = 0 = sin n (n  I)
 p = n
From (3), y(x, t) = (c1 cos nct + c2 sin nct) c4 sin nx ...(4)

y(x, 0) = 0 = c1c4 sin nx
 c1 = 0.
 From (4), y(x, t) = c2c4 sin nct sin nx = bn sin nct sin nx ...(5)

where c2c4 = bn
The most general solution is

y(x, t) = b nct nxn
n

sin sin
?

?

?
1

?
?

?
?

?

?y
t

nc b nct nxn
n

cos sin
1

At t = 0,

 
?
?

F
HG

I
KJ ?

? ?

?

?y
t

nc b nx
t

n
n0 1

sin

 0.03 sin x – 0.04 sin 3x = cb1 sin x + 2cb2 sin 2x + 3cb3 sin 3x + ....

 cb1 = 0.03  b1 = 0 03.
c

b2 = 0

and 3cb3 = – 0.04  b3 =  0 0133.
c .

 From (6), y(x, t) = 0 03.
c  sin ct sin x – 0 0133.

c  sin 3ct sin 3x

= 1
c  [0.03 sin x sin ct – 0.0133 sin 3x sin 3ct].

EXERCISE

1. Find the deflection y(x, t) of the vibrating string of length  and ends fixed, corresponding to zero initial
velocity and initial deflection f (x) = k (sin x – sin 2x) given c2 = 1.

2. Solve: ytt = 4yxx ; y(0, t) = 0 = y(5, t), y(x, 0) = 0 
?
?

F
HG

I
KJ ?

y
t t 0

 = f(x)

if (i) f (x) = 5 sin x (ii) f (x) = 3 sin 2x – 2 sin 5x.
3. Find the deflection of the vibrating string which is fixed at the ends x = 0 and x = 2 and the motion is started

by displacing the string into the form sin3 x
2

F
HG

I
KJ  and releasing it with zero initial velocity at t = 0.

(M.T.U., 2012)
4. Find the solution of the equation of a vibrating string of length l satisfying the initial conditions:



   y = F(x) when t = 0

and
?
?
y
t  = (x) when t = 0

It is assumed that the equation of a vibrating string is ytt = a2 yxx.
5. The vibrations of an elastic string is governed by the partial differential equation

?
?

?
?
?

2

2

2

2
u

t
u

x
The length of the string is  and ends are fixed. The initial velocity is zero and the initial deflection is u(x, 0)
= 2(sin x + sin 3x). Find the deflection u(x, t) of the vibrating string at any time t.

6. A tight string of length 20 cms fastened at both ends is displaced from its position of equilibrium by imparting
to each of its points an initial velocity given by

v = 
; 0 10

20 ; 10 20
x x
x x

  
   

;

x being the distance from one end. Determine the displacement at any subsequent time.
7. Using d’ Alembert’s method, find the deflection of a vibrating string of unit length having fixed ends, with

initial velocity zero and initial deflection f(x) = a(x – x3).
8. Reduce  the  equation  uxx – 2uxy + uyy = 0  to  its  normal  form  using  the  transformation  v = x, z = x + y and

solve it.

9. Solve the equation ?
?

?
? ?

?
?

2

2

2 2

22 0u
x

u
x y

u
y

? ? ?  using the transformation v = x + y, z = 2x – y.

10. The ends of a tightly stretched string of length l are fixed at x = 0 and x = l . The string is at rest with the
point x = b drawn aside through a small distance d and released at time t = 0. Show that

y(x, t) = 2 12

2 2
1

dl
b l b n

n b
l

n x
l

n ct
l

n?
? ? ?

( )
sin sin cos

? ?

?

? .

11. Find the deflection of the vibrating string of unit length whose end points are fixed if the initial velocity is

zero and the initial deflection is given by u(x, 0) = 
1 0 1

2
1 1

2
1

,

,

 

  

R
S|

T|

U
V|

W|
x

x
(G.B.T.U., 2012)

12. (i) Find the deflection u(x, t) of a tightly stretched vibrating string of unit length that is initially at rest and
whose initial position is given by

sin x + 
1
3  sin 3x + 1

5
 sin 5x, 0  x  1 (G.B.T.U., 2013)

(ii) A string is stretched and fastened to two points distance l apart. Find the displacement y(x, t) at any
point at a distance x from one end at time t given that:

y(x, 0) = A sin  
 
 

2 x
l

(M.T.U., 2013)

Answers
1. y(x, t) = k(cos t sin x – cos 2t sin 2x)

2. (i) y(x, t) = 
5

2?  sin x sin 2t (ii) y(x, t) = 
3

4?  sin 2x sin 4t – 
1

5?  sin 5x sin 10t

3. y(x, t) = 
3
4 2 2

1
4

3
2

3
2

sin cos sin cos   x ct x ct


4. y(x, t) = sin cos sinn x
l

a n at
l

b n at
ln n

n

? ? ??F
HG

I
KJ

?

?

?
1

where an = 2
0l

x n x
l

dx
lz F( ) sin ? and bn = 2

0na
x n x

l
dx

l

?
?

?z ( ) sin

5. y(x, t) = 2[cos t sin x + cos 3t sin 3x]

6. y(x, t) = 1600
20 20

1
3

3
20

3
203 3a

x at x at
?

? ? ? ?sin sin sin sin ......? ?L
NM

O
QP



7. y(x, t) = ax(1 – x2 – 3c2t2) 8.
?
?

2

2 0u
v

? ;u = xf1 (x + y) + f2(x + y).

9.
?
? ?

2
0u

v z
? ;u = f1(x + y) + f2(2x – y)

11. y(x, t) = 2 1 1 2
2

1





 
n

n
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KJcos cos sin cos

12.  (i) u(x, t) = sin x cos ct + 
1
3  sin 3x cos 3ct + 

1
5  sin 5x cos 5ct

(ii) y(x, t) = A sin     
   
   

2 2cosx ct
l l

5.4 SOLUTION OF ONE-DIMENSIONAL HEAT FLOW  EQUATION 
?
?
u
t

 =  c
u

x
2

2

2

?
?

Consider the flow of heat by conduction in a uniform bar. It is assumed that the sides of the bar are
insulated and the loss of heat from the sides by conduction or radiation is negligible. Take one end of
the bar as origin and the direction of flow as the positive x-axis. The temperature u at any point of the
bar depends on the distance x of the point from one end and the time t. Also, the temperature of all
points of any cross-section is the same.

The amount of heat crossing any section of the bar per second depends on the area A of the

cross-section, the conductivity K of the material of the bar and the temperature gradient ?
?
u
x

 i.e., rate
of change of temperature w.r.t. distance normal to the area.

 Q1, the quantity of heat flowing into the section at a distance x

= – KA ?
?

F
HG

I
KJ

u
x x

 per sec.

(the negative sign on the right is attached because as x increases, u decreases).
Q2, the quantity of heat flowing out of the section at a distance x + x

= – KA ?
?

F
HG

I
KJ ?

u
x x x?

 per sec.

Hence the amount of heat retained by the slab with thickness x is

 Q1 – Q2 = KA ?
?

F
HG

I
KJ ? ?

?
F
HG

I
KJ

L
N
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O
Q
PP?

u
x

u
xx x x?

 per sec ...(1)

But the rate of increase of heat in the slab = sA x ?
?
u
x

...(2)



where s is the specific heat and , the density of the material.

 From (1) and (2), s x u
x

u
x

u
xx x x

? ?
?

A KA?
?

? ?
?

F
HG

I
KJ ? ?

?
F
HG

I
KJ
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or  s
u
t

u
x

u
x

x
x x x?

?
??

?
?

?
?

F
HG

I
KJ ? ?

?
F
HG

I
KJ
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MMMMM

O

Q

PPPPP

?K

Taking the limit as x  0, we have

s u
t

u
x

?
?
?

?
?
?

K
2

2 or ?
?

? ?
?

u
t s

u
x

K
?

2

2

or  ?
?

?
?
?

u
t

c u
x

2
2

2
, where c2 = K

s?

is known as diffusivity of the material of the bar.

Consider the heat equation  ?
?

?
?
?

u
t

c u
x

2
2

2 ...(1)

Let u = XT ...(2)

be a solution of (1), where X is a function of x only and T is a function of t only.

Then  ?
?

? ?u
t

XT and ?
?

2

2
u

x
 = XT

Substituting in (1), we have XT = c2XT

Separating the variables, we get  X
X

T
T

?
?

?1
2c

...(3)

Now, the LHS of (3) is a function of x only and the RHS is a function of t only. Since x and t are
independent variables, this equation can hold only when both sides reduce to a constant, say k. Then
equation (3) leads to the ordinary differential equations

  d
dx

2

2
X  – kX = 0 and d

dt
T  – kc2T = 0 ...(4)

Solving equations (4), we get
(i) When k is positive and = p2, say

X = c1e
px + c2e

–px, T = c ec p t
3

2 2

(ii) When k is negative and = – p2, say

X = c1 cos px + c2 sin px, T = c e c p t
3

2 2?

(iii) When k = 0
X = c1x + c2, T = c3.

Thus the various possible solutions of the heat equation (1) are:

u = (c1e
px + c2e

–px).c ec p t
3

2 2

u = (c1 cos px + c2 sin px) . c e c p t
3

2 2?



u = (c1x + c2)c3.
Of these three solutions, we have to choose that solution which is consistent with the physical

nature of the problem. Since u decreases as time t increases, the only suitable solution of the heat
equation is

u = (c1 cos px + c2 sin px) e c p t? 2 2 .

SOLVED PROBLEMS

Example 1. A rod of length l with insulated sides is initially at a uniform temperature u0. Its
ends are suddenly cooled to 0°C and are kept at that temperature. Find the temperature function u(x,
t). (G.B.T.U., 2011)

Sol. The temperature function u(x, t) satisfies the differential equation

 ?
?

?
?

u
t

c u
x

? 2
2

2

As proved in section (5.3), we have

u(x, t) = (c1 cos px + c2 sin px)e c p t– 2 2 ...(1)
Since, the ends x = 0 and x = l are cooled to 0°C and kept at that temperature throughout, the

boundary conditions are u(0, t) = u(l, t) = 0 for all t
Also, u(x, 0) = u0 is the initial condition.

Since u(0, t) = 0, we have from (1),  0 = c1 e c p t– 2 2  c1 = 0

 From (1), u(x, t) = c2 sin px. e c p t– 2 2 ...(2)

Since u(l, t) = 0, we have from (2),   0 = c2 sin pl . e c p t– 2 2

  sin pl = 0  pl = n

 p = n
l

n? ,  being an integer

Solution (2) reduces to  u(x, t) = bn sin n x
l

e
c n t

l?
?

.
– 2 2 2

2  on replacing c2 by bn.

The most general solution is obtained by adding all such solutions for n = 1, 2, 3,......

  u(x, t) = 
n

n

c n t
lb n x

l
e

?

?

?
1

2 2 2

2sin .
–

?
?

...(3)

Since u(x, 0) = u0, we have  u0 = 
n

nb n x
l?

?

?
1

sin ?

which is half-range sine series for u0.

 bn = 2 0
4

0 0 0l
u n x

l
dx

n
u

n
n

lz ?
R
S|
T|

sin
,

,
?

?

when is even
when is odd

Hence the temperature function

 u(x, t) = 4 10

1 3 5

2 2 2

2u
n

n x
l

e
n

c n t
l

?
?

?

?
?
, , , ......

–
sin



 = 4 1
2 1

2 10

1

2 12 2 2

2u
n

n x
l

e
n

c n t
l

?
?

?

?

?

? –
sin ( – ) – ( – )

.

Example 2. Find the temperature in a bar of length 2 whose ends are kept at zero and lateral

surface insulated if the initial temperature is sin  x
2

3 sin 5 x
2

 . (M.T.U., 2011)

Sol. Let u(x, t) be the temperature in the bar. The boundary conditions are
u(0, t) = 0 = u(2, t) for any t. ...(1)

The initial condition is

u(x, 0) = sin x
2  + 3 sin 5

2
x ...(2)

One-dimensional heat flow equation is








u
t

c u
x

 2
2

2 ...(3)

Its solution is

u(x, t) = (c1 cos px + c2 sin px) c3 e c p t 2 2 ...(4)

u(0, t) = 0 = c1c3 e c p t 2 2 | Using (1)
  c1 = 0

 From (4),

u(x, t) = c2c3 sin px e c p t 2 2 ...(5)

u(2, t) = 0 = c2c3 sin 2p e c p t 2 2 | Using (1)
  sin 2p = 0 = sin n

 p = n
2 , n  I

Hence from (5),

 u(x, t) = bn sin n x
2  e

n c t


2 2 2

4


| c2c3 = bn

The most general solution is

 u(x, t) = 
n




1

bn sin n x
2  e

n c t


2 2 2

4


...(6)

 u(x, 0) = sin 
x
2

F
HG

I
KJ  + 3 sin 

5
2
xF

HG
I
KJ  = 

n
nb n x






1 2

sin 

= b1 sin 
x
2

F
HG

I
KJ  + b2 sin 

2
2
xF

HG
I
KJ  + ... + b5 sin 

5
2
xF

HG
I
KJ  + ...

Comparing, we get
 b1 = 1 and b5 = 3

Hence from (6),



  u(x, t) = sin x
2

F
HG

I
KJ  e c t2 2 4/  + 3 sin 5

2
xF

HG
I
KJ  e c t25 42 2 / .

Example 3. An insulated rod of length l has its ends A and B maintained at 0°C and 100°C
respectively until steady state conditions prevail. If B is suddenly reduced to 0°C and maintained at
0°C, find the temperature at a distance x from A at time t.

Find also the temperature if the change consists of raising the temperature of A to 20°C and
reducing that of B to 80°C.

Sol. Initial temperature distribution in the rod is

 u l
x

l
x1 0 100 0 100? ? ?F

HG
I
KJ ?

Final temperature distribution (i.e., in steady state) is

u
l

x2 0 0 0 0? ? ?F
HG

I
KJ ?

To get u in the intermediate period,
 u = u2(x) + u1(x, t)

where u2(x) is the steady state temperature distribution in the rod. u1(x, t) is the transient temperature
distribution which tends to zero as t increases.

u1(x, t) satisfies one dimensional heat flow equation

 u(x, t) = 
n

n n
c p ta px b px e

?

?

? ?
1

2 2
( cos sin ) – ...(1)

In steady state,   u(0, t) = 0 = u(l, t) ...(2)

 From (1),    u(0, t) = 0 = 
n

n
c p ta e

?

?

?
1

2 2–  an = 0 ...(3)

Also,  u(l, t) = 0 = 
n

n
c p tb pl e

?

?

?
1

2 2
sin – | Using (3)

  sin pl = 0 = sin n, n  I

or  p = n
l
? ...(4)

 From (1), (3) and (4), u(x, t) = 
n

n

n
l

c t
b n x

l
e

?

? F
HG

I
KJ?

1

2
2

sin
–?

?

...(5)

Using initial condition,

u(x, 0) = 100
1l

x b n x
ln

n?
?

?

? sin ?

which is half-range sine series for 100
l

x.

 bn =
2 100

0l l
x n x

l
dx

lz sin ?



Hence the temperature function

u(x, t) = – ( ) sin200 1

1

2 2 2

2

?
?

?

n

n n c t
l

n
n x

l
e

?

? ?

? ?

In the second part, the initial condition remains the same as in first part i.e.,

u(x, 0) = 100
l

x.

Boundary conditions are u(0, t) = 20 and u(l, t) = 80 for all values of t then, final temperature
distribution is

u2 = 20 + 80 20?F
HG

I
KJl

x  = 20 + 60
l

x

Then, u = u2(x) + u1(x, t)

u = 20 + 60

1

2 2

l
x a px b px e

n
n n

c p t? ?
?

?

? ( cos sin ) – ...(6)

u(0, t) = 20 = 20 + 
n

n
c p ta e

?

?

?
1

2 2– | From (6)

 an = 0

 From (6), u = 20 + 60

1

2 2

l
x b px e

n
n

c p t?
?

?

? sin – ...(7)

u(l, t) = 80 = 20 + 60
1

2 2

l
l b pl e

n
n

c p t?
?

?
?? sin | From (7)

 0 =
n

n
c p tb pl e

?

?

?
1

2 2
sin –

sin pl = 0 = sin n, n  I

 p = n
l
? ...(8)

From (7) and (8), u = 20 + 60

1

2

l
x b n x

l
e

n
n

n c
l

t
?

?

? F
HG

I
KJ? sin

–?
?

...(9)

Using initial condition,

u(x, 0) = 100 20 60
1l

x
l

x b n x
ln

n? ? ?
?

?

? sin ?

  40 20
1l

x b n x
ln

n? ?
?

?

? sin ?

where bn =
2 40 20

0l l
x n x

l
dx

lz ?F
HG

I
KJ sin ?



= 2 40 20 40

0

0l l
x

n x
l

n
l

l

n x
l

n
l

dx

l

l
?F

HG
I
KJ

?F

H
GGG

I

K
JJJ

R
S||

T||

U
V||

W||
?

?F

H
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I

K
JJJ

L

N

MMMM

O
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PPPP
zcos

.
cos?

?

?

?

= 2 20 20 40

0

l
l

n
n l

n n

n x
l

n
l

l

? ? ?

F

H
GGG

I

K
JJJ
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N

MMMM
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PPPP?
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? ?

?

?cos
sin

=    
R
S|
T|

40 1
0
80

n
n

n

n
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( cos )
,

,
when is odd
when is even

Hence equation (9) becomes,

u(x, t) = 20 + 60 80 1

2, 4

2

l
x

n
n x

l
e

n
n

n c
l

t
?

?

? F
HG

I
KJ??

?
?

, ...
( )

–
sin

is even

= 20 + 60 40 1 2

1

4 2 2 2

2

l
x

m
m x
l

e
m

c m t
l?

?

?

??
?

?

sin
–

. (taking n = 2m)

Example 4. The ends A and B of a rod of length 20 cm are at temperatures 30°C and 80°C until
steady state prevails. Then the temperature of the rod ends are changed to 40°C and 60°C respec-
tively. Find the temperature distribution function u(x, t). The specific heat, density and the thermal

conductivity of the material of the rod are such that the combination k c2
??

?  = 1.

Sol. Initial temperature distribution in the rod is

u1 = 30 + 80 30
20

30 5
2

?F
HG

I
KJ ? ?x  x

Final temperature distribution (i.e., in steady state) is

u2 = 40 + 60 40
20
?F

HG
I
KJ  x = 40 + x

To get u in the intermediate period,
u = u1(x, t) + u2(x)

where u2(x) is the steady state temperature distribution in the rod u1(x, t) is the transient temperature
distribution which tends to zero as t increases.

 u1(x, t) satisfies one dimensional heat flow equation.

 u = 40 + x + ( cos sin )a px b px en n
p t

n
? ?

?

?

? 2

1
...(1)

In steady state,
u(0, t) = 40 ...(2)

u(20, t) = 60 ...(3)



From (1), and (2), u(0, t) = 40 = 40 + a en
p t?

?

? 2

1
| From (2)

0 = a en
p t?

?

? 2

1
 an = 0 ...(4)

 From (1),

u = 40 + x + b px en
p t

n
sin ?

?

?

? 2

1

Again, u(20, t) = 60 = 60 + b p en
p t

n
sin 20

2

1

?

?

?

?

 0 = b p en
p tsin 20

2

1

?
?

?
sin 20p = 0 = sin n, n  I

 p = n?
20

 u = 40 + x + b n x en

n t

n
sin ?

?

20
20

1

2
? F
HG

I
KJ

?

?

? ...(5)

Using initial condition,

u(x, 0) = 30 + 5
2

x in eqn. (5), we get

 30 + 5
2

x  = 40 + x + b n x
n

n
sin ?

201?

?

?

 3
2

x  – 10 = b n x
n

n
sin ?

201?

?

?
where bn =

2
20

3
2

10
200

20z ?F
HG

I
KJx n xsin ?  dx = – 20

n?
 [2(– 1)n + 1]

From (5), u(x, t) = 40 + x – 20 2 1 1
20

20

1

2

?
?

?
( ) sin? ?RST

UVW
? F
HG

I
KJ

?

?

?
n n t

n n
n x e .

Example 5. The temperature distribution in a bar of length  which is perfectly insulated at
ends x = 0 and x =  is governed by partial differential equation

?
?

?
?
?

u
t

u
x

2

2

Assuming the initial temperature distribution as u(x, 0) = f(x) = cos 2x, find the temperature
distribution at any instant of time. (M.T.U., 2011)

Sol. ?
?

?
?
?

u
t

u
x

2

2 ...(1)

Its solution is u(x, t) = c1e p t? 2  (c2 cos px + c3 sin px) ...(2)
Since  ends  of  bar  are  insulated,  no  heat  can  pass  from  either  sides  and  boundary

conditions are
?
?
u
x  = 0 at x = 0 ...(3)



and ?
?
u
x  = 0 at x =  ...(4)

From (2), ?
?

? ?u
x

c e p t
1

2  (– pc2 sin px + pc3 cos px)

At x = 0,

0 = c e pcp t
1 3

2?  c3 = 0

 From (2), u(x, t) = c1c2 e p t? 2  cos px ...(5)

Again ?
?
u
x  = – pc1c2 e p t? 2  sin px

At x = ,

0 = – pc1c2e p t? 2  sin p
 sin p = 0 = sin n (n  I)

p = n  p = n

 From (5), u(x, t) = bn e n t? 2
 cos nx, where c1c2 = bn

Most general solution is

u(x, t) = b en
n t

n

?

?

?

? 2

1
 cos nx ...(6)

u(x, 0) = cos 2x = b nxn
n

cos
?

?

?
1

Comparing, we get b2 = 1 and n = 2. All other bi’s are zero.
 From (6), u(x, t) = e–4t cos 2x.

Example 6. Solve the equation ?
?

?
?
?

u
t

u
x

2

2  with boundary condition u(x, 0) = 3 sin nx, u(0, t) =

0, u (l, t) = 0, where 0 < x < l, t > 0. [JNTUK, (Set 3) 2014]
Sol. The solution to the equation

?
?

?
?
?

u
t

u
x

2

2 ...(1)

is given by u(x, t) = c1e p t? 2  (c2 cos px + c3 sin px) ...(2)

From (2), u(0, t) = c1c2e p t? 2

 0 = c1c2e p t? 2

 c2 = 0.

 From (2), u(x, t) = c1c3e p t? 2  sin px ...(3)

u(l, t) = 0 = c1c3e p t? 2  sin pl
 sin pl = 0 = sin n(n  I)

 p = n
l
? .



From (3), u(x, t) = c1c3
e n x

l

n
l

t?
2 2

2
?

?sin  = bn
e n x

l

n t
l

?
2 2

2
?

?sin

The most general solution is

u(x, t) = b e n x
ln

n t l

n

?

?

?

? ( / ) sin
2 2 2

1

? ?
...(4)

 From (4), u(x, 0) = b n x
ln sin ?

1

?

?

 3 sin nx = b n x
ln sin ?

1

?

? .

Comparison gives, bn = 3, l = 1.
Hence from (4), the required solution is

u(x, t) = 3 e n t

n

?

?

?

? 2 2

1

?  sin nx.

Example 7. A bar with insulated sides is initially at a temperature 0°C throughout. The end x =

0 is kept at 0°C, and heat is suddenly applied at the end x = l so that ?
?
u
x

 = A for x = l, where A is a

constant. Find the temperature function u(x, t).
Sol. One dimensional heat flow equation is

?
?

?
?
?

u
t

c u
x

2
2

2 ...(1)

Its solution is
u(x, t) = c1e p c t? 2 2  (c2 cos px + c3 sin px)

or u(x, t) = (A1 cos px + B sin px) e p c t? 2 2 ...(2)
Applying the zero end conditions as,

u(0, t) = 0 = A1e p c t? 2 2

 A1 = 0.

 From (2),   u(x, t) = B sin pxe p c t? 2 2 ...(3)

From (3),  ?
?
u
x  = pB cos pxe p c t? 2 2 .

At x = l,   
?
?

F
HG

I
KJ ?

u
x x l

 = 0 = pB cos ple p c t? 2 2

   cos pl = 0 = cos n? ??F
HG

I
KJ2 ; n  I or pl = (2n – 1) ?

2

   p = (2n – 1) ?
2l .

 From (3), u(x, t) = B sin pxe p c t? 2 2 ...(4) where p = (2n – 1) ?
2l

The most general solution is

u(x, t) = Bn
p c t

n
px esin ?

?

?

? 2 2

1
...(5) where p = (2n – 1) ?

2l
.

The end conditions given for this problem are

(i) u = 0 at x = 0 (ii) ?
?
u
x  = A at x = l ...(6)

These conditions are different from the zero end conditions. So we add to (5) the solution



u = A1x + B
Choosing A1 and B so that (6) is satisfied.
This gives, 0 = B and  A1 = A

 u(x, t) = Ax + 
n

n
p c tpx e

?

?
??

1

2 2
B sin ...(7) where p = (2n – 1) ?

2l
.

Applying the condition that u = 0 at t = 0, we have

0 = Ax + Bn
n

pxsin
?

?

?
1

or – Ax = Bn
n

pxsin
?

?

?
1

where Bn =
2

0l
x px dx

lz ?( ) sinA , where p = (2n – 1) ?
2l

=
? ?F
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I
KJ
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UVW

? ?F
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KJ

L
N
MM

O
Q
PPz2 1
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l

lcos . cos

= – 2 1
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l

l pl
p p

px
p

l
? ?
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I
KJ
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N
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PP

cos sin

= ? ? ?
L
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O
QP

2 1
2

A
l

l pl
p p

plcos sin  = – 2 2
2 1

2 1
2

2

2 2
A ( )

( )
sin ( )l

l n
n

?
?

?
?

( cos pl = 0)

= ?
?

?F
HG

I
KJ

8
2 1 22 2

Al
n

n
?

? ?
( )

sin  = 8
2 12 2

Al
n? ( )?

 (– 1)n ...(8)

 From (7), u(x, t) = Ax + 
8 1

2 12
1

2
Al

nn

n

? ?

?

? ?
?

L
NM

O
QP

( )
( )  sin (2n – 1) 


x
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e
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l

2

2 1
4

2 2 2

2
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NMM
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QPP
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Example 8. Solve: ?
?

?
?
?

u
t

k u
x

2

2  under the conditions

(i) u  if t  (ii) ?
?
u
x  = 0 for x = 0 and x = l

(iii) u = lx – x2 for t = 0 between x = 0 and x = l.

Sol. Solution to ?
?

?
?
?

u
t

k u
x

2

2  is

u(x, t) = c1e c kt? 2  (c2 cos cx + c3 sin cx) ...(1)
Eqn. (1) satisfies the condition u  if t 

Applying ?
?
u
x  = 0 for x = 0 and x = l to (1), we get

c3 = 0

and c = n
l
? , n I

 u = c1c2 e
n x

l

n kt
l

?
F
HG

I
KJ

2 2

2
?

?cos  = an cos n x
l

e
n kt

l?
??

F
HG

I
KJ

2 2

2
...(2)

Again, the second possible solution is
u = c1 (c2x + c3) ...(3) | if c2 = 0

Applying ?
?
u
x  = 0 for x = 0 and x = l to (3), we get c2 = 0



 u = c1c3 = a0
2  (say) ...(4) | From (3)

 The general solution is the sum of solutions (2) and (4) for various n.

 u(x, t) =
a a n x

l
en

n kt
l

n

0

12

2 2

2
?

?
F
HG

I
KJ

?

?

? cos ?
?

...(5)

Now applying u = lx – x2 for t = 0 to eqn. (5), we get

lx – x2 =
a a n x

ln
n

0

12
?

?

?

? cos ?

Here, a0 =
2

30
2

2

l
lx x dx llz ? ?( )

an =
2

0
2

l
lx x n x

l
dx

lz ?( ) cos ?

= 
R
S|
T|

4

0

2

2 2
l

n
n

n


;
;

when is even
when is odd

 | On simplification

 u =
l l

n
n x

l
e

n

n kt
l

2 2

2
2,4

26
4 1

2 2

2
?
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? ?
F
HG

I
KJ??

?
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,...
cos

Put n = 2m, we get

u(x, t) = l l
m

m x
l

e
m kt

l

m

2 2

2 2

4
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2 2
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?
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Show that sinate bx?  is a solution of one dimensional heat equation.
                                                                                                                (OU July 2014, Dec 2011)
Solution.  Given ( , ) sinatu x t e bx??                                                                                         ...(1)
Now we have to prove equation (1) is solution of one dimensional heat equation.

                                 sinatu ae bx
t

?? ? ?
?                                                                                  ...(2)

                                  cosatu be bx
x

?? ?
?

                                
2

2
2 sinatu b e bx

x
??

? ?
?

                                         from (2) & (3)

                              
2

2
2

1u ub
x a t

? ? ?? ?? ? ? ?? ?? ?

                            
2 2

2

u b u
x a t

? ?
?

? ?

(or)                      
2

2 2

u a u
t b x

? ?
?

? ?
This represent one dimensional heat equation of the form

                           
2

2
2

u uc
t x

? ?
?

? ?
                    here 2

2

ac
b

?

Hence equation (1) is a solution of one dimensional heat equation.
                                     Slip Q.3
A homogeneous rod of conducting material of length 100cm has its ends kept at zero temperature and
the temperature initially is

                               
, 0 50

( ,0)
100 , 50 100

x x
u x

x x
? ??

? ? ? ? ??
Find the temperature u(t,x) at any time.                                                                     (OU 2012)
Solution.  Consider one dimensional heat equation

                                   
2

2
2

u uc
t x

? ?
?

? ?
We know that the solution of (1) is given by                                                                        ...(1)

                              2 2

1 2( , ) ( cos sin ) c p tu x t c px c px e?? ?                                                        ...(2)
Now given,

                  
(0, ) 0
(100, ) 0

u t
u t

? ?
?? ?

  Boundary conditions                                                                   ...(3)

and     
, 0 50

( ,0)
100 , 50 100

x x
u x

x x
? ??

? ? ? ? ??
                                                                                  ...(4)



Using (2) and (3),

      2 2 0
1(0, ) c p tu t c e? ??    1 0c? ?

Also 2 2 0
2(100, ) sin100 c p tu t c p e? ??

sin100 0p? ?                                                                                           

2 0,otherwise,
from(2), we have

( , ) 0, which
is meaningless

c

u x t

?

?

,
100
np n Z?? ? ?                                                                        

sin 0
,n n Z

?
? ?

?
? ?

Therefore (2) reduces to

                                
2 2 2

2(100)
2( , ) sin

100

c tnu x t c xe
? ?? ?

?

                                          
2 2 2

2(100)sin
100

c t

n
na x e

? ?? ?
?                (Replacing 2c  by na )                  ...(5)

Giving n the values 1, 2, 3, ... in (5) and adding all the solutions, we have

                                        
2 2 2

2(100)

1

( , ) sin
100

c t

n
n

nu x t a x e
? ??? ?

?

? ?                                                      ...(6)

Using (4),  
1

( ,0) sin
100n

n

nu x a x??

?

? ?

                  
, 0 50

( ,0)
100 , 50 100

x x
u x

x x
? ??

? ? ? ? ??

which is a Fourier half-range sine series in (0, 100) and hence na  is given by

                       
100

0

2 ( ,0)sin
100 100n

na u x x dx?? ?

                           
50 100

0 50

1 sin (100 )sin
50 100 100

n nx x dx x dx? ?? ?
? ? ?? ?

? ?
? ?   Integrating by parts

                              

50

2

0

cos sin1 100 100(1)
50

100 100

n nx x x

n n

? ?

? ?

? ?? ?? ??? ??? ? ? ?? ?? ?? ?? ?? ?? ?? ?? ?? ?? ?? ?? ?? ?



                                

100

2 2

50

cos sin(100 ) 1100 100
50 50

100 100

n x n x
x

n n

? ?

? ?

? ?? ?? ?? ?? ?? ?? ? ? ? ?? ? ?? ?? ?? ?? ? ? ?? ?? ?? ?? ?? ?? ?? ?

                             
2

2 2
1 5000 (100)cos sin
50 2 2

n n
n n

? ?
? ?

? ?
? ? ?? ?

? ?

2

2 2
100 1 (100)0 .cos . sin

2 50 2
n n

n n
? ?

? ?
? ?

? ? ?? ?
? ?

                             
2

2 2 2 2
1 (100) 4002. sin sin , 0
50 2 2

n n n
n n

? ?
? ?

? ?
? ? ?? ?

? ?

                             
2 2

0 , When is even
400 sin , When is odd

2

n
n n

n
?

?

?
?? ?
??

                                 
as varies from1 .
(other termsget cancelled)

n to?

                             
2 2

0 , When is even
400 (2 1)sin , When is odd

(2 1) 2

n
m n

m
?

?

?
?? ??
? ??

             
As , take 2 1,

0,1, 2,...
n odd n m

m
? ?
?

                              
2 2

0 , When is even
400 ( 1) , 0,1,2,...

(2 1)
m

n

m
m ?

?
?? ? ? ?? ??

                           

sin( ) ( 1) sin

sin(2 1)
2

sin
2

( 1) sin
2

( 1)

n

m

m

n

Here m

m

? ? ?

?

??

?

? ?? ? ?? ?

?

? ?? ?? ?? ?

? ?

? ?

Therefore, from (6) the required solution is given by

2(2 1)
100

2 2
0

400( 1) (2 1)( , ) sin
(2 1) 100

m cm

m

mu x t x e
m

??
?

?? ?? ?? ?? ?

?

? ??
??

EXERCISE

1. (i) Solve: 







u
t

u
x


2

2 ;  constant, subject to the boundary conditions u(0, t) = 0, u(, t) = 0 and the initial

condition u(x, 0) = sin 2x.

(ii) Solve: ?
?

?
?
?

u
t

a u
x

2
2

2  given that



(a) u = 0 when x = 0 and x = l for all t (b) u = 3 sin 
?x
l  when t = 0 for all x.

2. (i) Determine the solution of one-dimensional heat equation 
?
?

? ?
?

u
t

c u
x

2
2

2  where the boundary conditions are

u(0, t) = 0, u(l, t) = 0 (t > 0) and the initial condition u(x, 0) = x : l being the length of the bar.
[JNTUK, (Set 1) 2016; M.T.U., 2013]

(ii) Find the temperature distribution in a rod of length 2 m whose end points are fixed at temperature zero
and the initial temperature distribution is f(x) = 100x.

(iii) Solve  



2

2
z z

yx
 = 0 using method of separation of variables to obtain the solution that tends to zero as y

  for all x.
3. The heat flow in a bar of length 10 cm of homogeneous material is governed by partial diff. eqn. ut = c2uxx.

The ends of the bar are kept at temp. 0°C and initial temp. is f(x) = x(10 – x). Find the temperature in the bar
at any instant of time.

4. Find the temperature u(x, t) in a homogeneous bar of heat conducting material of length L cm. with its ends

kept at zero temperature and initial temperature given by x x d( )L
L2
? .

5. A homogeneous rod of conducting material of length 100 cm has its ends kept at zero temperature and the

temperature initially is u(x, 0) = x x
x x

,
,

0 50
100 50 100

? ?
? ? ?

RST
Find the temperature u(x, t) at any time.

6. Find the temperature u(x, t) in a slab whose ends x = 0 and x = L are kept at zero temperature and whose
initial temperature f(x) is given by

f(x) = 
k x

x

,

,

when L

when L L

0 1
2

0 1
2

? ?

? ?

R
S|

T|
 .

7. Solve: ut = a2uxx under the conditions ux(0, t) = 0 = ux(, t) and u (x, 0) = x2(0 < x < ).
8. Find the temperature in a thin metal rod of length L with both ends insulated (so that there is no passage

of heat through the ends) and with initial temperature sin ?x
L  in the rod.

]
L
N
MM Hint. (ux)x=0 = 0 = (ux)x=L ; u(x, 0) = sin ?x

L
O
QP

9. (i) The temperature of a bar 50 cm long with insulated sides is kept at 0° at one end and 100° at the other
end until steady conditions prevail. The two end are then suddenly insulated so that the temperature
gradient is zero at each end thereafter. Find the temperature distribution.

(ii) A bar 10 cm long, with insulated sides, has its ends A and B maintained at temperatures 50°C and
100°C respectively, until steady-state conditions prevail. The temperature at A is suddenly raised to
90°C and at the same time that at B is lowered to 60°C. Find the temperature distribution in the bar at
time t.

10. A homogeneous rod of conducting material of length ‘1’ has its ends kept at zero temperature. The temperature
at the centre is T and falls uniformly to zero at the two ends. Find the temperature distribution.

12T , 0
2( , 0)

12T(1 ), 1
2

x x
u x

x x

         
        

Hint.

11. Solve ??
?

?
?
?t

k
x

2

2
? , such that

(i)  is finite when t , (ii)
??
?x  = 0 when x = 0 and  = 0 when x = l for all t,

(iii)  = 0 when t = 0 for all values of x between 0 and l.



12. Find a solution of the heat conduction equation ?
?

?
?
?

u
t

u
x

?
2

2  such that

(i) u is finite when t , (ii) u = 100 when x = 0 or  for all values of t,
(iii) u = 0 when t = 0 for all values of x between 0 and .
(Here, the initially ice-cold rod has its ends in boiling water.)

Answers

1. (i) u(x, t) = sin 2x e–4t (ii) u(x, t) = 3 sin ? ?x
l

e a t l? ( / )2 2 2

2. (i) u(x, t) = – 2
2 2 2
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l n
n

n x
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?

(ii) u(x, t) = 
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n

c n t
n

n
n x ecos sin

(iii) z(x, y) = (c1 cos px + c2 sin px) c e c p y
3

2 2–

3. u(x, t) = 
800 1

2 1
2 1

103 3

2 1
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2 2 2

?
?

?

( )
sin ( )

( )

n
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n ?
? ? ?L
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4. u(x, t) = 
8 1
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3
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2 1 2 2 2

d
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? ? ?
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5. u(x, t) = 400 1
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6. u(x, t) = 4 1
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sin sin
L
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7. u(x, t) = 
?3

2
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4 1 2 2

? ? ?
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? ( ) cos
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nx e

8. u(x, t) = 2 4 1
4 1
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1
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4 2 2 2
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?
m
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m x e

( )
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9.  (i) u(x, t) = 
200 1
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1

1

2500

2 2

?
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?
( ) sin? ?

?

? ?
F
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I
KJ?

n

n

n kt

n
n x e

(ii) u(x, t) = 90 – 3x – 80 1
5

2 2 2

25

1
?

?
?

n
n x e

c n t

n

sin
?
F
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I
KJ

?

?

?

10. u(x, t) = 8 1
2 1

2 12
1

1

2
2 1 2 2 2T
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m
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m
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( )
( )

sin ( ) [( ) ]

11.  = 4
2

1
3

3
2

1
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5
2

0 2
3
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5
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2 2

?
?

? ? ??
? ?

e x
l
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l
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( / ) cos cos cos ...

12. u(x, t) = 100 – 
400 2 1

2 1
2 1

1

2

?
?sin ( ) ( )m x

m
e m t

m

?
?

? ?

?

?
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5.5  SOLUTION OF LAPLACE EQUATION IN TWO DIMENSIONS  
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Consider the flow of heat in a metal plate, in the XOY plane. If the temperature at any point is inde-
pendent of the z-coordinate and depends on x, y and t only, then the flow is called two dimensional
and the heat-flow lies in the plane XOY only and is zero along the normal to the plane XOY.

Take a rectangular element of the plate with sides x and y and thickness . As discussed in the
one-dimensional heat flow along a bar, the quantity of heat that enters the plate per second from the
sides AB and AD is given by

 – k x 
?
?

F
HG

I
KJ

u
y y

and – k y 
?
?

F
HG

I
KJ

u
x x

respectively and that which flows out through the sides CD and BC per second is

– k x 
?
?

F
HG

I
KJ ?

u
y y y?

and – ky 
?
?

F
HG

I
KJ ?

u
x x x?

 respectively..

Therefore, the total gain of heat by the rectangular plate ABCD per second

= – kx ?
?

F
HG

I
KJ ? ?

?
F
HG

I
KJ ? ?

?
F
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I
KJ ? ?

?
F
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? ?
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k y u
x

k x u
y

k y u
xy x y y x x

?? ?? ??
? ?

= kxy 
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I
KJ ? ?
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I
KJ? ?

u
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u
x
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u
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u
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y
x x x y y y? ?

? ?
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PPP ...(1)

The rate of gain of heat by the plate is also given by

sxy ?
?
u
t

...(2)

where s = specific heat and  = density of the metal plate.
Equating (1) and (2), we obtain

kxy 
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MMM
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KJ ? ?
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I
KJ
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F
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I
KJ ? ?
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I
KJ? ?

u
x

u
x
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u
y

u
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y
x x x y y y? ?

? ?
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PPP = sxy ?
?
u
t

Dividing both sides by xy and taking the limit as x  0, y  0, we get

 k ?
?

? ?
?

F
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I
KJ ? ?

?

2

2

2

2
u
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u

y
s u

t
?

or  c2 ?
?

? ?
?

F
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I
KJ ? ?

?

2

2

2

2
u

x
u

y
u
t

where c2 = k
s?

...(3)

Equation (3) gives the temperature distribution of the plate in the transient state.

Note 1. In steady state, u is independent of t, so that 
?
?
u
t  = 0 and the above equation reduces to

?
?

? ?
?

?
2

2

2

2 0u
x

u
y

...(4)

which is known as Laplace’s Equation in two dimensions

Consider the Laplace’s equation in two dimensions as:
?
?

? ?
?

2

2

2

2
u

x
u

y
 = 0 ...(1)



Let  u = XY be a solution of (1), ...(2)
where X is a function of x only and Y is a function of y only

Then ?
?

2

2
u

x
 = XY and ?

?

2

2
u

y
 = XY

Substituting in (1), we have XY + XY = 0 or X
X

Y
Y

? ? ? ? ...(3)

Now the LHS of (3) is a function of x only and the RHS is a function of y only. Since x and y are
independent variables, this equation can hold only when both sides reduce to a constant, say k. Then
equation (3) leads to the ordinary differential equations

d
dx

2

2
X  – kX = 0 and d

dy

2

2
Y  + kY = 0 ...(4)

Solving equations (4), we get
(i) When k is positive and = p2, say

X = c1e
px + c2e

–px, Y = c3 cos py + c4 sin py
(ii) When k is negative and = – p2, say

X = c1 cos px + c2 sin px, Y = c3e
py + c4e

–py

(iii) When k = 0
X = c1x + c2, Y = c3y + c4

Thus, the various possible solutions of Laplace’s equation (1) are:
u = (c1e

px + c2e
–px)(c3 cos py + c4 sin py) ...(5)

u = (c1 cos px + c2 sin px)(c3e
py + c4e

–py) ...(6)
u = (c1x + c2)(c3y + c4) ...(7)

Of these three solutions, we have to choose that solution which is consistent with the physical
nature of the problem and the given boundary conditions. Solution (6) is the required solution.

u(x, y) = (c1 cos px + c2 sin px) (c3 e
py

 + c4e
–py).

SOLVED PROBLEMS

Example 1. Use separation of variables method to solve the equation
?
?

? ?
?

2

2

2

2
u

x
u

y
 = 0

subject to the boundary conditions u(0, y) = u(l, y) = u(x, 0) = 0 and u(x, a) = sin n x
l
? .

Sol. The given equation is

?
?

? ?
?

2

2

2

2
u

x
u

y
 = 0 ...(1)

Let  u = XY ...(2)
where X is a function of x only and Y is a function of y only then,

?
?

?
?
?

?
2

2

2
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2
u

x x
d
dx

( )XY Y X and ?
?

? ?
?

?
2

2
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2

2

2
u

y y
d
dy

( )XY X Y



 From (1),  YX + XY = 0

  X
X

Y
Y

? ? ?  = 0

Case I. When  X
X

Y
Y

? ? ? ?  = p2 (say)

(i)  X
X
? ? p2

  X – p2X = 0
Auxiliary equation is  m2 – p2 = 0

m = ± p
  C.F. = c1e

px + c2e
–px

 P.I. = 0
  X = c1e

px
 + c2e

–px

(ii)   ? ? ?Y
Y

p2  Y + p2Y = 0

Auxiliary equation is  m2 + p2 = 0  m = ± pi
  C.F. = c3 cos py + c4 sin py

 P.I. = 0
   y = c3 cos py + c4 sin py
Now,  X(0) = 0
  c1 + c2 = 0  c2 = – c1

 X(l) = 0
 c1e

pl + c2e
–pl

 = 0  c1 (e
pl – e–pl) = 0

  c1 = 0 | Since epl – e–pl  0 (as p  0  l)
  c2 = 0
   X = 0  u = XY = 0, which is impossible
Hence we reject case I.

Case II. When  X
X

Y
Y

? ? ? ?  = 0 (say)

(i)  X
X
? = 0

  X = 0  X = c5x + c6

(ii)  ? ? ?Y
Y

0

    Y = 0  Y = c7y + c8

Now,  X(0) = 0  c6 = 0
 X(l) = 0

 c5l + c6 = 0  c5l = 0
 c5 = 0 (Since l  0)
  X = 0



 u = XY = 0, which is impossible
Hence we also reject case II.

Case III. When  X
X

Y
Y

? ? ? ?  = – p2 (say)

(i)   X
X
? = – p2

    X + p2X = 0  d
dx

p
2

2
2X X = 0? .

Auxiliary equation is m2 + p2 = 0  m = ± pi
 C.F. = c9 cos px + c10 sin px

P.I. = 0
X = c9 cos px + c10 sin px

(ii)  – Y
Y
? = – p2

  Y
Y
? = p2  d

dy

2

2
Y  – p2Y = 0.

Auxiliary equation is
 m2 – p2 = 0

 m = ± p.
  C.F. = c11e

py
 + c12e

–py

P.I. = 0
Hence, Y = c11 e

py + c12 e
–py.

Now,  X(0) = 0  c9 = 0
 X = c10 sin px

X(l) = 0
 c10 sin pl = 0

  sin pl = 0 = sin n, n  I

  p = n
l
?

 X = c10 sin n x
l
? ...(3)

Again, Y(0) = 0
 c11 + c12 = 0  c12 = – c11

Y = c11(e
py

 – e–py) = c11 e e
n y

l
n y

l
? ?

?
F
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I
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JJ

? ...(4)

 u = XY = c10c11 sin 
n x

l
?

 [e(ny/l) – e(–ny/l)]

or u(x, y) = bn sin n x
l
?  [e(ny/l) – e(–ny/l)] ...(5)

Now, u(x, a) = sin n x
l
?  = bn sin n x

l
?  [e(na/l) – e

–(na/l)]

 bn =
1

e e
n a

l
n a

l
? ?

?
?

 = 1

2 sin h n a
l
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  u(x, y) = e e
n a

l

n x
l

n y l n y l( / ) ( / )
sin
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2 sinh
 = 

sinh

sinh

n y
l

n a
l

n x
l
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sin .

Example 2. A rectangular plate with insulated surfaces is 8 cm wide and so long compared to
its width that it may be considered infinite in length without introducing an appreciable error. If the
temperature along one short edge y = 0 is given by

 u(x, 0) = 100 sin ?x
8 , 0 < x < 8

while the two long edges x = 0 and x = 8 as well as the other short edge are kept at 0°C, show that
the steady state temperature at any point of the plate is given by

 u(x, y) = 100e sin x
8

y
8

? ? ? .
Sol. Let u(x, y) be the temperature at any point P of the plate.
Two dimensional heat flow equation in steady state is given by

  
?
?

? ?
?

2

2

2

2
u

x
u

y  = 0 ...(1)
Its solution is u(x, y) = (c1 cos px + c2 sin px)(c3e

py + c4e
–py) ...(2)

Boundary conditions are
u(0, y) = 0 = u(8, y)

 Lt
y

u x y
? ?

?( , ) 0

u(x, 0) = 100 sin ?x
8 , 0 < x < 8

From (2),
u(0, y) = 0 = c1 (c3e

py
 + c4e

–py)
 c1 = 0.
 From (2),

u(x, y) = c2 sin px (c3 e
py + c4e

–py) ...(3)
u(8, y) = 0 = c2 sin 8p(c3 e

py + c4 e
–py)

 sin 8p = 0 = sin n

 p = n n?
8

( )? I

 From (3),

u(x, y) = c2 sin n x c e c e
n y n y

?
? ?

8 3
8

4
8( )?

?
...(4)

 Lt
y ? ?

 u(x, y) = 0 = c2 sin n x c e c e
y

n y n y? ? ?

8 3
8

4
8lim

? ?

?
?( )

which is satisfied only when
c3 = 0.

 From (4), u(x, y) = c2c4 sin n x e
n y

?
?

8
8

?
 = bn sin n x e

n y
?

?

8
8

?
...(5)

From (5), u(x, 0) = 100 sin ?x
8  = bn sin n x?

8
 bn = 100, n = 1.



 From (5), u(x, y) = 100 sin 
?x
8

F
HG

I
KJ  e–(y/8)

which is the required steady state temperature at any point of the plate.
Example 3. An infinitely long plane uniform plate is bounded by two parallel edges and an end

at right angles to them. The breadth  is . This end is maintained at temperature u0 at all points and
the other edges are at zero temperature. Determine the temperature at any point of the plate in the
steady state. (G.B.T.U., 2012)

Sol. In steady state, two dimensional heat flow equation is
?
?

? ?
?

?
2

2

2

2 0u
x

u
y

...(1)

Boundary conditions are,
  u(0, y) = 0 = u(, y)

Lt
y ? ?

u(x, y) = 0 (0 < x < )

and  u(x, 0) = u0 (0 < x < )
Solution to equation (1) is
u(x, t) = (c1 cos px + c2 sin px)(c3e

py + c4e
–py)  ...(2)

From (2),  u(0, y) = 0 = c1(c3 e
py + c4e

–py)
 c1 = 0.
From (2), u(x, y) = c2 sin px(c3 e

py + c4 e
–py)

  u(, y) = 0 = c2 sin p(c3 e
py + c4 e

–py)
   sin p = 0 = sin n (n  I) ...(3)
  p = n.

 From (3),  u(x, y) = c2 sin nx (c3e
ny + c4e

–ny) ...(4)
lim
y ? ?

 u(x, y) = 0 = c2 sin nx lim
y ? ?

 (c3e
ny + c4e

–ny)

which is satisfied only when c3 = 0.
 From (4),  u(x, y) = c2c4e

–ny sin nx = bne
–ny sin nx, where c2c4 = bn

The most general solution is

u(x, y) = b e nxn
ny

n

?

?

?

? sin
1

...(5)

u(x, 0) = u0 = b nxn
n

sin
?

?

?
1

where bn =
2

0 0?

?z u nx dxsin

= 2 20
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0u nx
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n? ?

??F
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KJ ?cos  {1 – (– 1)n} = 

4

0

0u
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n
n


;

;
if is odd
if is even

R
S|
T|

 From (5), u(x, y) = 4 0

1 3 5

u nx
nn? ?

?

?
, , , ...

sin  e–ny (n is odd)

or u(x, y) = 4 1
2 1

0

1

u
nn? ?

?

? ?( )
 sin (2n – 1) x e–(2n –1)y.

Example 4. A rectangular plate with insulated surfaces is 10 cm wide and so long compared to
its width that it may be considered infinite in length without introducing an appreciable error. If the
temperature along the short edge y = 0 is given by



and u(x, y) = 20x, 0 x 5
20(10 x), 5 x 10

 
  

RST
and the two long edges x = 0 and x = 10 as well as other short edge are kept at 0°C. Find the tem-
perature u at any point P(x, y).

Sol. In steady state, two dimensional heat flow equation is

?
?

? ?
?

?
2

2

2

2 0u
x

u
y

...(1)

Its solution is
u(x, y) = (c1 cos px + c2 sin px)(c3 e

py + c4 e
–py)   ...(2)

Boundary conditions are   u(0, y) = 0
u(10, y) = 0

  lim
y ? ?

u(x, y) = u(x, ) = 0

and u(x, 0) = 20 0 5
20 10 5 10

x x
x x

,
( ) ,

 
  

RST
From (2),  u(x, y) = 0 = c1(c3e

py + c4e
–py)  c1 = 0

From (2), u(x, y) = c2 sin px (c3 e
py + c4 e

–py) ...(3)
u(10, y) = 0 = c2 sin 10p (c3e

py + c4e
–py)

 sin 10p = 0 = sin n
or 10p = n (n  I)

 p = n?
10 .

 From (3), u(x, y) = c2 sin n x c e c e
n y n y

?
? ?

10 3
10

4
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...(4)
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y ? ?

u(x, y) = c2 sin n x c e c e
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n y n y? ? ?
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?
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which is satisfied only when c3 = 0.

Hence from (4), u(x,  y) = c2c4 sin n x e
n y

?
?
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10

?
 = bn sin n x e

n y
?
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10
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? ...(5)

The most general solution is

u(x, y) = b n x en

n y

n
sin ?

?
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? ...(6)

u(x, 0) = b n x
n
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sin ?

101?

?

? ,
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From (6), u(x, y) = 800 2
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Example 5. Solve ?
?

? ?
?
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2

2

2
u

x
u

y
 = 0, 0 < x < , 0 < y < , which satisfies the conditions :

  u(0, y) = u(, y) = u(x, ) = 0 and u(x, 0) = sin2 x. (U.K.T.U., 2011)

Sol. The given equation is ?
?

? ?
?

2

2

2

2
u

x
u

y
 = 0 ...(1)

Its solution consistent with boundary conditions is
u(x, y) = (c1 cos px + c2 sin px)(c3 e

py + c4 e
–py) ...(2)

From (2), u(0, y) = 0 = c1(c3e
py + c4 e

–py)
 c1 = 0.
 From (2), u(x, y) = c2 sin px (c3 e

py + c4 e
–py) ...(3)

u(, y) = 0 = c2 sin p(c3 e
py + c4 e

–py)
 sin p = 0 = sin n(n  I)
  p = n.
Hence from (3), u(x, y) = c2 sin nx (c3e

ny + c4e
–ny) = sin nx (Aeny + Be–ny) ...(4)

where c2c3 = A and c2c4 = B.
From (4), u(x, ) = sin nx(Aen + Be–n)

0 = sin nx(Aen + Be–n)
 0 = Aen + Be–n

 Aen = – Be–n = – 1
2

Bn  (say)

then (4) becomes, u(x, y) = sin nx ? ?L
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n
n nye e e e? ?

= 1
2  Bn[e

n(–y) – e–n(–y)] sin nx = Bn sin hn ( – y) sin nx.
The most general solution is
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hn y nxsin ( ) sin? ?
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...(5)



u(x, 0) = sin2 x = Bn
n

hn nxsin sin?
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= 1 1
2

2 2
0?

?z ? ? ? ?L
NM

O
QPsin {sin ( ) sin ( ) }nx n x n x  dx

=
1 2

2 2
2

2 2 0?

?
? ? ?

?
? ?

?
L
NM

O
QP

cos cos ( )
( )

cos ( )
( )

nx
n

n x
n

n x
n

= 1
2

1
2

1
2

2 1 1
? n n n

n
?

?
?

?
F
HG

I
KJ ? ?

L
NM

O
QP

{( ) } , when n  2

Bn sinh n =





R
S|
T|

8
4

0 2
2n n

n

n
( )

,

,

when is odd

when is even and
when n = 2,

B2 sinh 2 = 2 2
0

2
?

?z sin sinx x dx

= 1 1 2 2
0?

?z ?( cos ) sinx x dx  = 1 2 1
2

4
0?

?z ?F
HG

I
KJsin sinx x dx

= 1 2
2

1
8

4
0?

?? ?F
HG

I
KJ

cos cosx x  = 0

 B2 = 0.
Hence the solution (5) becomes,

u(x, y) =
 





8
41 3 5

2


n

nx n y
n n n, , , ...

sin sinh ( )
( ) sinh

or u(x, y) = – 8 2 1 2 1
2 1 2 1 4 2 11 2,3

2


m

m x m y
m m m



   
   , , ...

sin ( ) sinh ( ) ( )
( ) {( ) } sinh ( )

.

Example 6. Solve ?
?

? ?
?

2

2

2

2
u

x
u

y
 = 0, with the rectangle 0  x  a, 0  y  b ; given that

 u(x, b) = u(0, y) = u(a, y) = 0 and u(x, 0) = x(a – x).
Sol. The equation is

?
?

? ?
?

?
2

2

2

2 0u
x

u
y

...(1)

Its solution is
u(x, y) = (c1 cos px + c2 sin px)(c3e

py + c4e
–py) ...(2)

u(0, y) = 0 = c1(c3e
py + c4e

–py)
 c1 = 0.
 From (2), u(x, y) = c2 sin px (c3 e

py + c4e
–py) ...(3)

u(a, y) = 0 = c2 sin ap (c3 e
py + c4e

–py)
 sin ap = 0 = sin n (n  I)

 ap = n or p = n
a
? .



 From (3), u(x, y) = c2 sin n x
a

c e c e
n y
a

n y
a? ? ?

( )3 4?
?

u(x, y) = sin n x
a

e e
n y
a

n y
a?

? ?

( )A B?
?

...(4)

where c2c3 = A and   c2c4 = B

u(x, b) = sin n x
a

e e
n b

a
n b
a?

? ?

( )A B?
?

0 = sin n x
a

e e
n b

a
n b
a?

? ?

( )A B?
?

 A e e
n b
a

n b
a

? ?

?
?

B  = 0

A e e
n b
a

n b
a

? ?

? ? ? ?
?

B 1
2

 Bn (say).

Then (4) becomes,

u(x, y) = sin n x
a

e e e en

n b
a

n y
a

n

n b
a

n y
a?

? ? ? ?
? ?

L
N
MM

O
Q
PP

? ?1
2

1
2

B B

= 1
2

Bn

n
a

b y n
a

b yn x
a

e esin [ ]
( ) ( )?

? ?? ? ?
?

= 1
2

2Bn
n x
a

n
a

sin . sinh   (b – y) = Bn sin n x
a
?  sinh n

a
?  (b – y).

The most general solution is

u(x, y) = Bn
n

n x
a

n
a

sin sinh 






1

 (b – y) ...(5)

Applying to this the condition u(x, 0) = x(a – x), we get

From (5), u(x, 0) = Bn
n

n b
a

n x
a

sinh sin 






1

 x(a – x) = Bn
n

n b
a

n x
a

sinh sin 






1

where   Bn sinh n
a

b
a

x a x n
a

a? ?
? ?z2

0
( ) sin  x dx

= 2 22

0

0a
ax x

n
a

x

n
a

a x

n
a

x

n
a

dx

a

a
( )

cos
( ) .

cos
?

?F

H
GGG

I

K
JJJ

R
S||

T||

U
V||

W||
? ?

?F

H
GGG

I

K
JJJ

L

N

MMMM

O

Q

PPPP
z

?

?

?

?

= 2 2
0a

a
n

a x n
a

a
. ( ) . cos

?
?z ? x dx

= 2 2 2

0

0n
a x

n
a

x

n
a

n
a

x

n
a

dx

a

a

?

?

?

?

?( )
sin

( )
sin

?

R
S|

T|

U
V|

W|
? ?

F

H
GGG

I

K
JJJ

L

N

MMMM

O

Q

PPPP
z

= 
4

0

n
a

n

n
a

x

n
a

a

? ?

?

?.
– cosF

H
GGG

I

K
JJJ

 = 4
2 2
a

n
a

n? ?
.  (1 – cos n)



= 4 1 1
2

3 3
a

n
n

?
[ – (– ) ]  = 

8

0

2

3 3
a

n
n

n


,
,

when is odd
when is even

R
S|
T|

  Bn = 
8

0

2

3 3

a
n
a

b n
n

n

sinh ( )
,

,


F

HG
I
KJ

R
S
||

T
||

when is odd

when is even

 From (5), u(x, y) = 8 2

3
1 3 5 3

a
n x

a
n n

a
b

n
a

b y
n











, , ,...

sin

sinh
. sinh ( – )

(n is odd)

or  u(x, y) = 8 1
2 1

2 1
2 1

2 1
2

3
0

3
a

n
n x

a

n
a

b y

n
a

bn









 




( )
sin ( ) .

sinh ( ) ( – )

sinh ( )

Example 7.  A  thin  rectangular  plate  whose  surface  is impervious to heat flow has at t = 0
an arbitrary distribution of temperature f(x, y). Its four edges x = 0, x = a, y = 0, y = b are kept at
zero temperature. Determine the temperature at a point of a plate as t increases.

Sol. Two dimensional heat flow equation is

 ?
?

? ?
?

? ?
?

2

2

2

2 2
1u

x
u

y c
u
t . ...(1)

Boundary conditions are
u(0, y, t) = 0 = u(a, y, t)
u(x, 0, t) = 0 = u(x, b, t)

and u(x, y, t) = f(x, y) at t = 0.
Let the solution be u = XYT

where X is a function of x only, Y is a function of y only and T is a function of t only.
?
?

? ?
?

?u
t t

d
dt

(XYT) XY T

?
?

?
?
?

2

2

2

2

2

2
u

x x
d
dx

(XYT) = YT X

?
?

? ?
?

2

2

2

2

2

2
u

y y
d
dy

(XYT) = XT Y .

From (1), YT X + XTY = 1
2c

( )XYT?

  X
X

Y
Y

T
T

? ? ? ? ?
c2 ...(2)

There are three possibilities :

(i) X
X
? = 0,  Y

Y
? = 0,  

T
T
?

c2  = 0

(ii)   X
X
? = K1

2,  Y
Y
? = K2

2,
T

T
?

c2  = K2



(iii) X
X
? = – K1

2,   Y
Y
? = – K2

2,  
T

T
?

c2  = – K2

where K2 = K1
2 + K2

2.
Of these three solutions, we have to select the solution which is consistent with the physical

nature of the problem.
The solution satisfying the given boundary conditions will be given by (iii).
Then, X = c1 cos K1x + c2 sin K1x

Y = c3 cos K2y + c4 sin K2y
T = c5e c t? 2 2K

 u = XYT

 u(x, y, t) = (c1 cos K1x + c2 sin K1x)(c3 cos K2y + c4 sin K2y)(c5e c t? 2 2K ) ...(3)

u(0, y, t) = 0 = c1(c3 cos K2y + c4 sin K2y)c5e c t? 2 2K

 c1 = 0.

 From (3), u(x, y, t) = c2 sin K1x(c3 cos K2y + c4 sin K2y)(c5e c t? 2 2K )

= c6 sin K1x (c3 cos K2y + c4 sin K2y)(e c t? 2 2K ) ...(4)
where c2c5 = c6

From (4), u(a, y, t) = 0 = c6 sin K1a(c3 cos K2y + c4 sin K2y)e c t? 2 2K

 sin K1a = 0 = sin n (n  I)

 K1 =
n
a
? .

From (4), u(x, y, t) = c6 sin n x
a
?  (c3 cos K2y + c4 sin K2y) (e c t? 2 2K ) ...(5)

u(x, 0, t) = 0 = c6 sin n x
a

c e c t? . 3
2 2? K

  c3 = 0.

 From (5), u(x, y, t) = c6c4 sin n x
a

y e c t? sin K K
2

2 2? ...(6)

u(x, b, t) = 0 = c6c4 sin n x
a

be c t? sin K K
2

2 2?

 sin K2b = 0 = sin m (m  I)
K2b = m

 K2 =
m
b
? .

 From (6),   u(x, y, t) = c6c4 sin n x
a

m y
b

e c t? ?sin ? 2 2K

= Amn sin n x
a

m y
b

e c t? ?sin ? 2 2K ...(7) | where c6c4 = Amn

But, K2 = K1
2 + K2

2 = n
a

m
b

2 2

2

2 2

2
? ?

?



or K2
mn = 2 n

a
m
b

2

2

2

2?
F
HG

I
KJ .

By using Kmn, equation (7) becomes,

u(x, y, t) = A K 2

mn
c t

nm

n x
a

m y
b

e mnsin sin? ? ?

?

?

?

?

?? 2

11
...(8)

which is the most general solution.

u(x, y, 0) = f(x, y) = Amn
nm

n x
a

m y
b

sin sin? ?

?

?

?

?

??
11

which is the double Fourier half-range sine series for f(x, y).

where Amn =
2 2

0 0a b
n x
a

m y
bx

a

y

b
. sin sin

? ?z z ? ?  f(x, y)dx dy..

Example 8. Solve the Laplace equation 





2

2

2

2
u

x
u

y
  = 0 in a rectangle in the xy-plane with u(x,

0) = 0, u(x, b) = 0, u(0, y) = 0 and u(a, y) = f(y) parallel to y-axis.
Sol. The given equation is









2

2

2

2
u

x
u

y
  = 0 ...(1)

Let u = XY ...(2)
where X is a function of x only and Y is a function of y only. Then,




2

2
u

x
 =




2

2x
 (XY) = YX

and 


2

2
u

y
 = 



2

2y
 (XY) = XY

 From (1), YX + XY = 0 
Y
Y

X
X


 

 ...(3)

Case I. When  Y
Y

X
X


 

  = p2 (say)

(i) Y
Y
  = p2

 Y – p2Y = 0
Auxiliary equation is

m2 – p2 = 0  m = ± p
 C.F. = c1e

py + c2e
–py

P.I. = 0
 Y = c1e

py + c2e
–py

(ii)  – X
X
  = p2

 X + p2X = 0



Auxiliary equation is
m2 + p2 = 0  m =  pi

 C.F. = c3 cos px + c4 sin px
P.I. = 0

 X = c3 cos px + c4 sin px
Now, Y(0) = 0
 c1 + c2 = 0  c2 = – c1

Y(b) = 0
   c1e

pb + c2 e
–pb = 0

 c1(e
pb – e–pb) = 0

 c1 = 0 Since
as
e e

p b
pb pb? ?

? ?

? 0
0( )

 Y = 0  u = XY = 0, which is impossible.
Hence, we reject case I.

Case II. When Y
Y
? = – X

X
? = 0 (say)

(i) Y
Y
? = 0

 Y = 0  Y = c5 + c6y

(ii)  – X
X
  = 0

 X = 0  X = c7 + c8x
Now, Y(0) = 0  c5 = 0

Y(b) = 0  c6b = 0  c6 = 0 |  b  0
 Y = 0
 u = XY = 0, which is impossible
Hence, we also reject case II.

Case III. When   Y
Y
  = – X

X
  = – p2 (say)

(i)  Y
Y
  = – p2

 Y + p2Y = 0
Auxiliary equation is

m2 + p2 = 0  m =  pi
 C.F. = c9 cos py + c10 sin py

P.I. = 0
 Y = c9 cos py + c10 sin py

(ii) – X
X
  = – p2  X – p2X = 0

Auxiliary equation is
m2 – p2 = 0  m = ± p

 C.F. = c11 e
px + c12 e

–px



P.I. = 0
 X = c11 e

px + c12 e
–px

Now, Y(0) = 0  c9 = 0
Y(b) = 0  c10 sin bp = 0

 sin bp = 0 = sin n, n  I

p = n
b


Hence, u = XY = c10 sin n y
b
  c e c e

n x
b

n x
b

11 12

 


F
HG

I
KJ


...(4)

Now, u(0, y) = 0 = c10 sin n y
b
  (c11 + c12)

 c11 + c12 = 0  c12 = – c11

 From (4), u(x, y) = c10 c11 sin n y
b
  e e

n x
b

n x
b

 


F
HG

I
KJ



= bn sin n y
b
  sinh n x

b
 ...(5)

| where bn = 2 c10 c11
Most general solution is

u(x, y) =
n

nb n y
b

n x
b




1

sin sinh 
...(6)

Now, u(a, y) = f(y) = 
n

nb n y
b

n a
b




1

sin sinh 

where sinh n a
b
F

HG
I
KJ  bn =

2
b  

0

b
f yz ( )  sin n y

b
  dy

 bn =
2

b n a
b

sinh F
HG

I
KJ

 
0

b
f y n y

bz ( ) sin   dy. ...(7)

EXERCISE

1. A long rectangular plate of width a cm with insulated surface has its temperature v equal to zero on both
the long sides and one of the short sides so that v(0, y) = 0, v(a, y) = 0,

lim
y

v x y
? ?

( , )  = 0 and v (x, 0) = kx

Show that  the steady-state temperature within the plate is

v(x, y) = 
2 1 1

1

ak
n

e n x
a

n n y
a

n
?

?
?

( ) sin? ? ? F
HG

I
KJ

?

?

? .

2. A square plate is bounded by the lines x = 0, y = 0, x = 20 and y = 20. Its faces are insulated. The temperature
along the upper horizontal edge is given by u(x, 20) = x(20 – x) when 0 < x < 20 while other three edges are
kept at 0°C. Find the steady state temperature in the plate.

3. A rectangular plate has sides a and b. Let the side of length a be taken along OX and that of length b along
OY and the other sides along x = a and y = b. The sides x = 0, x = a and y = b are insulated and the edge y =

0 is kept at temperature u0 cos 
?x
a . Find the steady-state temperature at any point (x, y).



[Hint. Boundary conditions are (ux)x=0 = 0, (ux)x=a = 0, (uy)y=b = 0 and u(x, 0) = u0 cos (x/a)]
4. The temperature u is maintained at 0° along three edges of a square plate of length 100 cm and the fourth

edge is maintained at 100° until steady-state conditions prevail. Find an expression for the temperature u
at any point (x, y).

Hence, show that the temperature at the centre of the plate

= 200 1

2

1

3 3
2

1

5 5
2

? ? ? ?cosh cosh cosh
...? ? ?

L

N

MMM

O

Q

PPP
.

5. A rectangular plate is bounded by the lines x = 0, y = 0, x = a, y = b. Its surfaces are insulated and the
temperature along the upper horizontal edge is 100°C while the other three edges are kept at 0°C. Find the

steady state temperature function u(x, y) and also the temperature at the point 1
2

1
2

a b,F
HG

I
KJ .

6. Solve the following Laplace equation ?
?

?
?

2

2

2

2 0u
x

u
y

? ?  in a rectangle with u(0, y) = 0, u(a, y) = 0,

u(x, b) = 0 and u(x, 0) = f(x) along x-axis.
7. Solve the boundary value problem:







2

2

2

2
u

x
u

y
  = 0, 0  x  a, 0  y  b

with the boundary conditions:
ux(0, y) = ux(a, y) = uy(x, 0) = 0 and uy(x, b) = f(x) )

8. Solve 
 


 

2 2

2 2
u u

x y  = 0 subject to the conditions u(0, y) = 0, u(x, 0) = 0, u(1, y) = 0 and u(x, 1) = 100 sin x.

(G.B.T.U., 2013)

Answers

2. u(x, y) = 3200
2 1

20
2 1

20
2 1 2 13

1
3?

? ?

?n

n x n y

n n?

?

?
? ?

? ?

sin ( ) sin ( )

( ) sinh ( )

3. u(x, y) = u0 cos ? ? ?x
a a

b y b
a

cosh ( )? sech

5. u(x, y) = 400 2 1 2 1

2 1 2 11
?

? ?

?
n

m x
a

m y
a

m m b
a

?

?

?
?RST

UVW ?RST
UVW

? ?RST
UVW

sin ( ) sinh ( )

( ) sinh ( )
 ;

u 1
2

1
2

200 1

2

1

3 3
2

a a
b
a

b
a

,
cosh cosh

...F
HG

I
KJ ? F

HG
I
KJ

? F
HG

I
KJ

?
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PPPP? ? ?

6. u(x, y) = 
n

n
n x

a
?

?

? F
HG

I
KJ

1
B sin ?  sinh n

a
?  (b – y), where Bn = 

2

a n b
a

sinh ?F
HG

I
KJ

 
0

a
f xz ( )  sin n x

a
?  dx

7. u(x, y) = b n x
a

e en

n y
a

n y
a

n

cos 
 


F
H
GG

I
K
JJ








1

 where, bn = 1
0n n

a
b

f x n x
a

dx
a

 


cosh
( ) cosz

8. u(x, y) = 100 sin x  
  

sinh
sinh

y .



5.6  OBJECTIVE TYPE QUESTIONS

1. A solution of 3 2 0z dzy x
x y


 
 

, z(x, 0) = 
34xe , is ...

(a)
3 34 3x yz e  (b)

3 24 2x yz e  (c) 
34 3x yz e  (d)

3 44 3x yz e 
2. A one dimensional wave equation is

(a)
2

2
y y
t x

 


 
(b)

2 2

2 2 0y y
t x

 
 

 
(c) 

2 2

2 2
y y

t x
 


 

(d)
2

2
y y

xt
 




3. The general solution of 
2

2 0z
x





 is ............

(a) z = ax (b) z = ax + b (c) z = ax2 (d) z = ax2 + b
4. The solution of wave equation is .........

(a) exponential (b) logarithmic (c) hyperbolic (d) periodic
5. The initial displacement of a string which is initially at rest in equilibrium position, is ...........

(a) positive (b) negative (c) zero (d) non zero

6. A suitable solution of the wave equation 
2 2

2
2 2
y yc

t x
 


 

 is ........

(a) y (x, t) = (A cos px + B sin px) (C epct + D e–pct)
(b) y (x, t) = (A epx + B e–px) (C cos pct + D sin pct)
(c) y (x, t) = (A epx + B e–px) (Cepct + De–pct)
(d) y(x, t) = (A cos px + B sin px) (C cos pct + D sin pct)

7. The solution of the wave equation 
2 2

2
2 2
y yc

t x
 


 

 with displacement as zero, is ....

(a) y(x, t) = 
1

C cos sinn
n

n ct n x
l l





    
   
    (b) y(x, t) = 

1
C sin sinn

n

n ct n x
l l





    
   
   

(c) y(x, t) = 
1

C cos sinn
n

n ct n x
l l





    
   
    (d) y(x, t) = 

1
C sin cosn

n

n ct n x
l l





    
   
   

8. One dimensional heat equation is ........

(a)
2 2

2 2 0u u
x y
 

 
 

(b)
2 2

2
2 2
u uc

t x
 


 

(c)
2

2
2

u uc
t x

 


 
(d) 2u uc

t x
 


 

9. Under the steady state condition, the heat equation 
2

2
2

u uc
t x

 


 
 reduces to .....

(a) 0u
x



 (b) 1u

x



 (c)

2

2 0u
x





(d)
2

2 1u
x





10. The steady state solution of the heat equation 
2

2
2

u uc
t x

 


 
, is of the form .........

(a) u = ax + b (b) u = at + b (c) u = ax + bt (d) u = axt + b

11. The trivial solution of the heat equation 
2

22u u
t x

 


 
 is .......

(a) u (x, t) = 1 (b) u (x, t) = 0 (c) u (x, t) = 2 (d) u (x, t) = x

12. The general solution of the heat equation 
2

2
2

u uc
t x

 


 
 with boundary conditions as u(0, t) = 0, u(l, t) = for all

t, is given by u(x, t) = .......



(a)

2 2 2

20

1

A A cos .
2

n c t
l

n
n

n x e
l

 



   
  (b)

2 2 2

2

1
A sin

n c t
l

n
n

n x e
l

 



 
 
 

(c)
2 2

1

(2 1)A cos ( ) ,
2

nc t
n n

n

nnx e
l


 



 
   (d)

2 2

1

(2 1)A sin ( ) ,
2

nc t
n n n

n

nx e
l


 



 
  

13. If u (x, t) = ek(x + t) is a solution of the heat equation 
2

2
u u
t x

 


 
, then the value of k is .......

(a) 0 or 1 (b) –1 or 1 (c) 0 or –1 (d) –1
14. A two dimensional Laplace equation is ..........

(a)
2 2

2 2
u u

x y
 


 

(b)
2 2

2 2 0u u
x y
 

 
 

(c)
2

2
u u
x y
 


 

(d)
2

2 0u u
x y
 

 
 

15. A solution of Laplace equaton 
2 2

2 2 0u u
x y
 

 
 

 is ............

(a) u = x2 + y2 (b) u = x2 – y2 (c) u = x2y2 (d) u = 
2

2
x
y

16. If u = kx2 + y2 is a solution of Laplace equation 
2 2

2 2 0u u
x y
 

 
 

. Value of k is :

(a) 2 (b) –2 (c) 1 (d) –1
17. The two dimensional steady state heat equation is ..........

(a)
2

2 0u
x





(b)
2 2

2 2 0u u
x y
 

 
 

(c)
2 2

2 2 0u u
x y
 

 
 

(d)
2 2 2

2 2 2 0u u u
x y z
  

  
  

18. The trivial solution of the Laplace equation 
2 2

2 2 0u u
x y
 

 
 

 is .........

(a) u = 1 (b) u = x (c) u = 0 (d) u = y

Answers
1. (d) 2. (c) 3. (b) 4. (d) 5. (c) 6. (d)
7. (b) 8. (c) 9. (c) 10. (a) 11. (b) 12. (b)

13. (a) 14. (b) 15. (b) 16. (d) 17. (b) 18. (c)



110. The one dimensional heat conduction partial differential equation 
2

2

T T
t x

? ?
?

? ?
 is  (GATE-96)

                (a)    parabolic                                 (b)     hyperbolic
                (c)    elliptic                                     (d)      mixed

111.  The number of boundary conditions required to solve the differential equation 
2 2

2 2 0
x y
? ?? ?? ?

? ?
is                                                                                                                                (GATE-2001)
                   (a)      2                                           (b)   0
                   (c)      4                                           (d)   1

115.    The type of the partial differential equation 
2

2

f f
t x

? ?
?

? ?
 is                                 (GATE-2013)

                  (a)    Parabolic                                (b)     Elliptic
                  (c)    Hyperbolic                              (d)      Nonlinear

116.  The type of the partial differential equation 
2 2 2

2 2 3 2 0p p p p p
x y x y x y

? ? ? ? ?? ? ? ? ?
? ? ? ? ? ?  is

                                                                                                                                 (GATE-2016)
                  (a)    elliptic                                    (b)    parabolic
                  (c)    hyperbolic                              (d)      none of these

117.  The solution of the partial differential equation 
2

2

u u
t x

?? ?
?

? ?
 is of the form        (GATE-2016)

                  (a)    
? ? ? ?/ /

1 2cos( ) k x k xC kt C e C e? ??? ??? ?? ?

                  (b)    
? ? ? ?/ /

1 2
k x k xktC e C e C e? ??? ??? ?? ?

                 (c)    ? ? ? ?1 2cos / sin /ktC e C k x C k x? ?? ?? ?? ?

                 (d)    ? ? ? ?1 2sin ( ) cos / sin /C kt C k x C k x? ?? ?? ?? ?

126.  Consider the following partial differential equation: 
2 2 2

2 23 3 4 0B
x x y y
? ? ? ?? ? ?? ? ? ?

? ? ? ?

For this equation to be classified as parabolic, the value of 2B  must be _______      (GATE-2017)
127.    Consider the following partial differential equation for u(x, y) with the constant

c > 1: 0u uc
y x

? ?? ?
? ?  Solution of this equation is                                                       (GATE-2017)

                     (a)  ( , ) ( )u x y f x cy? ?                         (b)   ( , ) ( )u x y f x cy? ?
                    (c)   ( , ) ( )u x y f cx y? ?                        (d)    ( , ) ( )u x y f cx y? ?



                                                   Answers
                110.     (a)       111.    (c)       115.    (a)     116.    (c)
                117.     (b)       126.    (36)     127.    (b).


